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Abstract

This supplement provides additional theoretical and empirical results, and also econometric
details omitted from the main text. Section S1.1 presents lemmas used in the proof of Proposition
3.2. Section S1.2 gives a result on the existence of unequal equilibrium entry probabilities. Sec-
tion S1.3 provides proofs of the results discussed in Section 8. Section S2.1 examines the observed
auction heterogeneity in explaining bid variation. Section S2.2 presents counterfactual results
under an alternative copula specification. Section S3.1 provides a detailed introduction to our
econometric results and reviews the related econometric and statistical literature. Section S3.2
gives identification results. Section S3.3 describes the generalized method of moments (GMM)
estimation procedure used in the main text. Section S3.3.1 establishes the asymptotic normal-
ity of the GMM estimator (Proposition S4). Section S3.3.2 presents a bootstrap method for
estimating the asymptotic variance and establishes its consistency (Proposition S5). Appendix
A presents ancillary results (concentration bounds for the local polynomial density estimators).

Appendix B contains the proofs of the main results in Section S3.3.
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Notation. For any m € N, denote [m] := {1,...,m}. For a finite set A, let |A| denote the
number of elements in A. Let 1,, (0,,) denote an m-dimensional vector whose elements are all one
(zero). Let I,,, denote the m-dimensional identity matrix. Let a Ab and a Vb be shorthand notations

for min {a, b} and max {a, b}, respectively.

S1 Additional theoretical results

S1.1 Auxiliary lemmas used in the proof of Proposition 3.2

Lemma S1. Let k and m be positive integers. For any fized ¢ € (0,1),

/Op uF (1 —u)" "™ du = (n—:n)kH (/OOO tF exp (—t) dt + 5, (p)) :

where &, (p) | 0 uniformly in p € [e,1], as n 1 co.

Proof of Lemma S1. By the change of variables t = (n — m)u,

P 1 (n—m)p ¢ n—m
k n—m k
1 - 1 .
/0 u®(1 —u)"""du (n—m)kﬂ/o t ( n—m> dt

By the dominated convergence theorem, the integral on the right-hand side of the above equation

converges to fooo t¥ exp (—t) dt uniformly in p € [g,1], as n 1 oo. |

Lemma S2. Under the assumptions in the statement of Proposition 3.2,

v 2 . v n—2 v = 1 20221(0,]7)
[ EE D000yt h = s (G 6.

where 6, (p) 4 0 uniformly in p € [e, 1], as n 1 oo.

Proof of Lemma S2. By change of variables u = C'(F(v), p),

v 2 _ v n—2 v = b C%(C_l(u,p),p) —u n—2 U
[ @00 - O @) = [t e (1 )
where C~1(-,p) denotes the inverse function of C(-,p). Define
$(u,p) = Co(C™(u,p),p),
U(up) = FEHCTHw,p)))C1(CT (u,p). ). (S1)

Since C2(0,p) = 0, we have ¢(0,p) = 0. Let ¢1(u,p) = dp(u,p)/du, ¢11(u,p) = *¢(u,p)/du?,
Cy1(u,p) = 0*C(u,p)/ou?, and Ca11(u,p) = 0Ca1(u,p)/Ou. By differentiation and the fact that
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oC~Y(u, p)/ou = (01 (Cil(u,p),p))fl, we have

Co1 (C™'(u,p),p)

C1(C~Hu,p),p)’

C11 (C~u,p),p) C1 (CH(u, p),p) — Co1 (C1(u,p),p) C11 (C1(u,p),p)
C} (C~Y(u,p), p) '

¢1(u, p)

$11(u,p) =
By second-order Taylor expansion and the fact that inf, )ec(0,11x[e,1] C1 (C‘l(u, p), p) >0,

¢(u,p) =91 (O,p)u + q@(u,p)u{ (82)

for some function ¢(-,-) bounded on [0,1] x [¢,1]. Similarly,

U(u, p) = P(0,p) + ¥ (u, p)u, (S3)
for some function t(-, -) bounded on [0, 1] x [, 1]. Clearly, we have

010.9) = Z ) and 0(0.0) = FIC0.0)

By this result, Lemma S1, the fact that inf(, ,yc(0,1]x[,1] ¥ (u, p) > 0, and fooo t? exp (—t) dt = 2,

Y 4 u + o, p)u2)2
[eamomn-comra - [ e

_ 1 20221(0ap) 0
R (f(v)Ci”(O,p)+ (”>‘ (54)

(1—uw)"2du

S1.2 Existence of unequal equilibrium entry probabilities

Recall that R (p,n) denotes the expected revenue of the marginal entrant. We show the following

result.

Lemma S3. Suppose that Assumption 3.1 holds, and the copula density function is bounded away
from zero on [0, 1]2. Then, for any fized € € (0,1),

inf {R(p’nl) _R(pan2)} < 07 (85)
pE[&,l]

if n1 > no are sufficiently large.
Proof of Lemma S3. It suffices to show

inf {R(p,n+1)—R(p,n)} <0, (S6)
pE[E,l]
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if n is sufficiently large. We decompose

R(p,n) = Rt (p,n) — R_ (p,n), where
Rem) = [ G 0.5 (1= CF @) do
R_(p,n) = (1—-p"! /UCQ (F (v),p)dv.

First, note that

pEle,1]

inf {Ry(p,n+1)—Ry(p,n)}— sup [R_(p,n+1)|— sup [R_(p,n)|. (S7)
p€le,1] pE€le,1] pE€le,1]

Since under the “good news” assumption, p — (1 —p)™ " ff Cy (F (v),p) dv is decreasing, we have

sup |R(p,n)] = sup (1—p)" / Cs (F (v),p) dv
pE[E,l} pE[E,l] v
< (1-gm! / Cy (F (v) &) dv, (S8)

where the right-hand side of the inequality decays exponentially as n 1 co. Similarly,
T
sup R (pn+ ] < (1-2)" [ Ca(F (0). ), (59
pEle,1] v

where the right-hand side of the inequality decays exponentially as n 1 co. Now note that

R+ (p7n+ 1) - R+ (pan)

_ / Cs (F (v),p) (1 = C (F (v),p))" dv — / Cs (F (v),p) (1 = C (F (v) )" do

v

_ _/”CQ<F<U>,p>c<F<v>,p><1—C<F<v>,p>>“‘1dv

< 0. (S10)

By change of variables u = C (F' (v),p),

v n—1 - P ¢(u7p) —u n—1 )
[ e nere.na-cwe . a = [T S0 -
where ¢ (u,p) and ¥ (u,p) are defined by (S1). Then, by (S2), (S3), and Lemma S1, we have
| @) CEe).p - CEw).p) o
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= /p 910, pJu+ fz;(u’p)lﬂu(l —u)"du
o ¥(0,p) + ¢(u,p)u

N 1 26&1(0,p) o
RRCESE <c%<o,p>f<v> * <1>) ’

uniformly in p € [e,1]. By this result and (S10), we have

2C21 (0, p)

n—1)% inf {R ,n+1)—Ry(p,n)} > inf —————— —0(1),
( ) pele] { + (p ) + (p )} pele] 012 (ng) f (Q) ( )
where 201 (0.p) 5
21 (U, p :
in > - inf Csy (0, > 0.
pelen1CE(0,p) f (v) ~ () <pe[e,11 2 (0o )>
Now (S6) follows from this result, (S7), (S8) and (S9). [

Let n1 and ng be sufficiently large such that (S5) holds. We have k,, = R (pny,n1), Kn, =
R (pp,,n2). If the entry costs are constant and py,,pn, € [¢, 1], it follows from Lemma S3 that we

cannot have p,, = pn,.

S1.3 Soft bid requirement

This section derives the expected profit and expected winning bid under the soft bid requirement
format introduced in Section 8. By the same arguments as in the proof of Proposition 3.1, the

expected profit of a bidder who receives signal s and enters the auction can be written as

I(p,n,k,s;0) = / Co(F(v),s;0)H(v | p,n;0)dv — k

L—p)""

_ /UUCQ(F(U), 5:6) {A"‘l(v | p:0) — (1= A | p; 9))} dv — x

)nfl

= [ aare.s0) {(1 —oF@).p o) — LT o), e)} do k.

p

In the limit of perfectly informative signals, the expected revenue vanishes:

limIT -0
Jim (p,n, K, p;0)

= /U 1(F(v) = p) {(1 — min{F(v),p})" ! — (1_21:)

The probability of having at least two active bidders or one active bidder who submits a bid
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lower than a random draw from the bid distribution is

n—1
Py = (1= —p)" —mpa—py) + LD

np(1—p)""!

= 1-(1-p" - 5

The equilibrium bidding strategy is still given by

Hiﬂn

B(v|pn)=uv+
(v]p,n)

The expected winning bid conditional on at least two active bidders or one active bidder who submits
a bid lower than a random draw from the bid distribution is
n

P@in) {Z ( 7; )pfu —p)"jj/,vﬁ(vlp,n) (1—F*(v|p)"dF* (v|p)

Jj=2

o \n—1 o
gw(lgw.(g/ mrp,n><1—F*<v\p>>dF*<vrp>)}

np v *
— P(p?n)/vﬂ(v\p,n)H(v\p,n)dF (v]p),

where

2 [ 5@lpn) (- F @) @lp) = [ lpmd(1-0-F @] ))

is the expected winning bid when there is only one active bidder. By the same arguments as in the

proof of Proposition 3.3,

/vﬁ(v|p,n)H(v|p,n)dA(v I p)

— wH@|pn) /H (v | p,) dv—/ A(w|p)d(B(v| pn) H (v | p.n))
—1 n 1
= —v—/ A (v |p)dv+(1_£) (v—v)— (1=p /A | p)d

—/v (v p) v’ (v | pom)

)n—l

v - _o\n—1 ,v
— o [t S oy - BEP apa

b v
T _ 1 v
=) [ @i en @ pae- S [ pon @] p o
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By this result and (A.4),
o [ 8 n H | pdr ] )
= (1—p)”_15(1+(g—1)p) —v—n/va”_l(vHo) <1—n;1A(v|p)>dv

S xarena

Therefore, the expected winning bid conditional on the event defining P(p,n) is

P(;,n){v_ (1—p)"_1®<1+ (g — 1>p)

+ n/UUA”_l(U|p) (1 _ ”T_lA(v |p)> dv — W/j(z\mp) - 1)%}.

S2 Additional empirical results

S2.1 Determinants of bid variation

This section examines the role of observed heterogeneity in explaining bid variation. The main con-
clusion is that the engineer’s estimate explains the overwhelming portion of bid variation. Moreover,
once bids are standardized by the estimate, very little of the remaining variation is explained by the

estimate or the observed project characteristics.

We regress the logarithm of the bid, log(Bid), and the logarithm of the bid standardized by
the engineer’s estimate, log(Bid/Estimate), on the logarithm of the engineer’s estimate and a set of
observed project characteristics. The observed characteristics include the logarithm of the number
of work days, the logarithm of the acreage of full width mowing, the logarithm of the acreage of other
mowing, indicators for the number of items (2, 3, 4, 5, or 7 items; 1 item is the omitted category),
and indicators for whether the project is a state highway or an interstate highway (local roads are
the omitted category). All specifications also control for the number of potential bidders, since the

bidding function depends on n.

Table S1 reports the results. Columns (1) and (2) use log(Bid) as the dependent variable.
Column (2) excludes the engineer’s estimate but includes the observed project covariates; it already
attains a high in-sample fit (R? = 0.675). This indicates that the observed project characteristics
account for a substantial fraction of the cross-contract variation in bids. Adding the engineer’s
estimate in column (1) increases the fit to R? = 0.935. The implied partial R? for the engineer’s
estimate, computed relative to column (2), is 0.800. Thus, the engineer’s estimate explains the bulk
of the variation in log(Bid) left unexplained by the other covariates. The coefficient on log(Estimate)

is close to one (1.032), consistent with bids scaling nearly proportionally with the estimate.
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Notes:

S o W N

Table S1: Determinants of bid variation

log(Bid) log(Bid/Estimate)
(1) (2) 3) (4)
Engineer’s Estimate (log) 1.032%** - 0.032** -
(0.013) (0.013)
Number of work days (log) -0.025%*%*  (0.310%** -0.025%**
(0.008)  (0.030) (0.008)
Acreage of full width mowing (log) -0.007 0.162%** -0.007 -0.004
(0.006)  (0.020) (0.006)  (0.005)
Acreage of other mowing (log) -0.012%%*  0.044%** -0.012%F*  _0.011%**
(0.004)  (0.014) (0.004)  (0.004)
2 items 0.036 -0.072 0.036 0.035
(0.030)  (0.094) (0.030)  (0.030)
3 items 0.070** 0.127 0.070** 0.072%**
(0.034)  (0.114) (0.034)  (0.034)
4 items 0.025 0.385%* 0.025 0.033
(0.060)  (0.171) (0.060)  (0.060)
5 items 0.148%* 0.310* 0.148%* 0.156**
(0.068)  (0.188) (0.068)  (0.069)
7 items 0.231%*%  0.638*** 0.231%* 0.245%**
(0.091)  (0.107) (0.091)  (0.091)
State 0.000 0.687*** 0.000 0.017
(0.018)  (0.035) (0.018)  (0.015)
Interstate 0.016 0.112%** 0.016 0.017
(0.012)  (0.025) (0.012)  (0.011)
R? 0.935 0.675 0.062 0.056
Partial R? (added variables) 0.800 - 0.006 -

The dependent variable is the logarithm of the bid in columns (1) and (2), and the logarithm of the bid
standardized by the engineer’s estimate in columns (3) and (4).

Controls include dummies for the number of potential bidders (suppressed).

HC3 robust standard errors are in parentheses.

Significance levels: *** p < 0.01, ** p < 0.05, * p < 0.10.

Observations: 1,593 in all specifications.

Partial R? is computed as (R — RZontrots)/ (1 — R2ontrots ), using (1) vs. (2) and (3) vs. (4), where RZ, (015 15
from the restricted model excluding the added regressor(s) and RZ,, is from the unrestricted model including

them.
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The list of significant covariates in column (1) includes the number of work days, the acreage of
other mowing, and several item count indicators. However, in our selected sample of homogeneous

projects with just one item, these factors become irrelevant.

The inclusion of the engineer’s estimate in column (1) renders the acreage of full width mowing
insignificant, while the number of work days remains significant. After controlling for the engineer’s
estimate, the number of work days has a negative coefficient, suggesting that projects with longer
durations tend to have lower bids, all else equal, possibly reflecting efficiency gains from spreading
work over a longer time horizon. As we discuss below, however, the engineer’s estimate and the

number of work days have little explanatory power for standardized bids.

Columns (3) and (4) report the analogous regressions using standardized bids, log(Bid/Estimate).
The standardized specifications have very low explanatory power: R? = 0.062 in column (3) and
R? = 0.056 in column (4). The partial R? associated with adding the engineer’s estimate and the
number of work days to the control set is only 0.006, implying that once bids are normalized by the
estimate, the estimate and work days contribute negligibly to explaining the remaining variation.
Because the standardized outcome removes scale variation by construction, the residual dispersion

in standardized bids remains largely unexplained by the included covariates.

Overall, the results suggest three complementary patterns. First, observed contract character-
istics explain a large share of the level variation in bids. Second, the engineer’s estimate is an
especially powerful summary statistic for bid levels, explaining most of the remaining variation in
log(Bid) beyond the other covariates. Third, very little of the variation in standardized bids is
explained by the engineer’s estimate or the number of work days, as reflected in the small partial

R? values.
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S2.2 Counterfactual results under an alternative copula specification

In this section, we repeat the counterfactual analysis of Section 7 using the Joe copula assumption
instead of the Frank copula assumption. Under the Joe copula assumption, the estimated Spearman’s
rank correlation is 0.60 (versus 0.68 under the Frank copula), and the estimated weighted average
entry cost is 0.056, or 5.6% of the engineer’s estimate (versus 0.046, or 4.6%). As in Section 7.1, we
set the reserve price to » = 1 and initially keep the entry costs at their estimated levels for each n.

The results are reported in Table S2.

Table S2: Counterfactual entry and bidding probabilities, auction failure probabilities, and expected
winning bids under the two formats for different numbers of potential bidders n at the estimated
entry costs k, (Joe copula)

Bid requirement Reserve price

n prob. prob. expect. prob. prob. prob. expect.

entry failure win. bid entry bidding failure win. bid
9 0.208 0.412 0.960 0.219 0.149 0.234 0.916
10 0.196 0.388 0.953 0.204 0.139 0.223 0.912
12 0.154 0.428 0.952 0.170 0.118 0.223 0.910
13 0.265 0.104 0.884 0.242 0.164 0.098 0.867
14 0.270 0.075 0.868 0.248 0.168 0.077 0.854

The qualitative patterns are the same as under the Frank copula assumption. The auction failure
probability is substantially higher under the bid requirement format for n between 9 and 12, with
the gap equal to 17.8%, 16.5%, and 20.5% for n = 9,10, 12, respectively. For n = 13,14, the
failure probabilities under the two formats are nearly identical, with gaps of only 0.6% and —0.2%.
Compared to the Frank copula results (22.1%, 20.3%, 28.1%, 0.5%, and —0.4%), the gaps are
somewhat narrower under the Joe copula, consistent with the lower estimated signal informativeness.
Entry probabilities are uniformly higher under the Joe specification, reflecting its lower estimated
dependence between signals and private costs. The expected winning bid is lower under the reserve
price format by 1.4%4.4% of the engineer’s estimate, similar to the 2.0%-3.7% range under the

Frank copula.

Next, as in Section 7.1, we set the entry cost to its estimated weighted average x = 0.056 and
extend the range of potential bidders to 4-25. The results are shown in Figure S1. Under the Joe
copula assumption, the auction failure probability in the bid requirement format is remarkably flat,
staying in a narrow range of 0.255-0.275 for n > 7. This contrasts with the results under the Frank
copula assumption, where the failure probability under the bid requirement format declines from
approximately 0.55 (n = 4) to 0.23 (n = 25). Under the reserve price format, the failure probability
declines from approximately 0.28 (n = 4) to 0.15 (n = 25). The gap between the two formats is
close to zero at n = 4 and widens to approximately 11% at n = 25. The reserve price format also
yields a lower expected winning bid throughout the range of n, with the gap approximately 4% of
the engineer’s estimate. Under the Frank copula assumption, this gap varies more widely, from 1.4%
to 9.2%.

We next examine the role of signal informativeness. We focus on auctions with n = 10 potential
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Figure S1: Counterfactual auction failure probabilities and expected winning bids for different num-
bers of potential bidders n and estimated weighted average entry cost x = 0.056 under the bid
requirement (dashed line) and reserve price (solid line) formats; the reserve price r = 1 (Joe copula)

bidders and set the entry cost to 0.063. Figure S2 plots the marginal entrant’s expected revenue from
entry for different entry probabilities and levels of signal informativeness. Under the bid requirement
format, at p = 0.60, the revenue curve is just above the entry cost 0.063. At p = 0.715, the revenue
curve lies entirely below the entry cost, implying zero entry. The threshold at which entry stops
under the bid requirement format is therefore between approximately 0.63 and 0.65, lower than
the threshold under the Frank copula assumption. Under the reserve price format, the revenue
curves cross the entry cost line for all levels of p, so entry remains positive regardless of signal

informativeness.

Figure S3 reports the auction failure probabilities and expected winning bids under the two
formats as functions of signal informativeness p, for n = 10. Under the bid requirement format,
there is no entry for p above approximately 0.65, and the auction fails with probability one, compared
to a threshold of 0.715 under the Frank copula assumption. Under the reserve price format, the
auction failure probability starts at 0.62 for p = 0 and reaches its minimum of approximately 0.13
at p ~ 0.85, remaining strictly below one for all p. The two formats yield equal failure probabilities
at p ~ 0.50; for higher signal informativeness, the reserve price format is superior. The expected

winning bid is also lower under the reserve price format at all levels of p.

In summary, we get the same qualitative conclusions as those from the analysis under the Frank
copula assumption. The reserve price format dominates the bid requirement format in terms of both

auction failure probability and expected winning bid at the estimated level of signal informativeness.
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(a) Bid requirement
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Figure S2: Entry cost and marginal entrant’s expected revenue from entry under the bid requirement
and reserve price formats in auctions with n = 10 potential bidders for different entry probabilities
and levels of signal informativeness as measured by Spearman’s rank correlation p (Joe copula)
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Figure S3: Probabilities of auction failure and expected winning bids under the bid requirement
(dashed line) and reserve price (solid line) formats in auctions with n = 10 potential bidders for
different levels of signal informativeness as measured by Spearman’s rank correlation p (Joe copula)
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S3 Econometric details

S3.1 Introduction and related literature

Li and Zheng (2009) uses variants of the models of Levin and Smith (1994) and Samuelson (1985),
with a focus on identifying the entry effect. Marmer, Shneyerov, and Xu (2013) considers the
fully nonparametric endogenous entry model, for which the models of Levin and Smith (1994) and
Samuelson (1985) are viewed as limit cases, and identifies the selection effect. This paper studies the
semiparametric model discussed in the conclusion of Gentry and Li (2014) and develops a complete
theory for identification and estimation that, to the best of our knowledge, has not been studied

L We derive testable sufficient conditions that ensure semiparametric local and

in the literature.
global identification of the copula parameter, in the sense of Lewbel (2019), and present them in

Proposition S2.

Chen, Gentry, Li, and Lu (2026) consider the first-price auction model with both endogenous
entry and risk aversion under a parametric assumption on the copula function for the signal and the
private cost. They show that the utility function and the distribution of private values are nonpara-
metrically identified conditional on the copula parameter, which can be set identified. In contrast,
we study both global and local point identification of the copula parameter under risk neutrality and
a parametric copula assumption. Chen, Gentry, Li, and Lu (2026) also show that the utility function
is nonparametrically identified when there is sufficient variation in the observed instruments and the
number of potential bidders, and they establish parametric identification of the utility function. In
either case, the distribution of private costs conditional on entry is nonparametrically identified. An
adaptation of our identification results provides testable sufficient conditions that ensure (local or
global) identification of the copula parameter in the semiparametric model with endogenous entry,

risk aversion, and a parametric copula assumption.

We propose a practical generalized method of moments (GMM) estimator and develop its first-
order asymptotic theory; several intermediate results are of independent interest. Our semiparamet-
ric GMM estimation uses the empirical CDF of pseudo values constructed from a nonparametrically
estimated inverse bidding strategy. Guerre, Perrigne, and Vuong (2000) proposes kernel density
estimation using these pseudo values, and Ma, Marmer, and Shneyerov (2019) derives the first-order
asymptotic theory of the pseudo-value-based density estimator.? The asymptotic properties of the
pseudo-value-based cumulative distribution function (CDF) estimator do not appear to have been
studied in the literature. The econometric theory derived in this paper complements Ma, Marmer,
and Shneyerov (2019) by providing the first-order asymptotic properties of the pseudo-value-based
CDF estimator; our proof technique also differs from that of Ma, Marmer, and Shneyerov (2019).

!Gentry and Li (2014) considers high-bid auctions with selective entry. The econometric part of our paper considers
procurement (low-bid) auctions under the bid requirement. However, our results extend straightforwardly to other
scenarios, including high-bid auctions (with or without binding reserve prices) and procurement auctions with binding
reserve prices.

2See Marmer and Shneyerov (2012) for an alternative estimation method that does not use the estimated inverse
bidding strategy or the pseudo values.
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Recently, Zincenko (2024) study estimation and inference of the seller’s expected revenue in
high-bid first-price auctions and derive the asymptotic linearization of a pseudo-value-based CDF
estimator. Their approach, however, plugs a kernel-smoothed bid CDF estimator into the inverse
bidding strategy to construct the pseudo values, whereas Guerre, Perrigne, and Vuong (2000) and
Ma, Marmer, and Shneyerov (2019) use the empirical CDF of bids without kernel smoothing. We
follow the latter approach, since the empirical CDF incurs no smoothing bias, and show that our
estimator admits the desired asymptotic linearization via a proof entirely different from that of
Zincenko (2024).

Estimating the inverse bidding strategy requires plugging in a nonparametric estimator of the
compactly supported bid density. The standard kernel density estimator suffers from boundary bias,
which can be addressed by either trimming (Guerre, Perrigne, and Vuong, 2000) or boundary bias
correction (see, e.g., Hickman and Hubbard, 2015 or Ma, Marmer, Shneyerov, and Xu, 2021). Fol-
lowing Ma, Marmer, Shneyerov, and Xu (2021), we use the boundary-adaptive local linear density
estimator (Lejeune and Sarda, 1992; Jones, 1993), which has the advantage of not requiring addi-
tional tuning parameters; see also Cheng, Fan, and Marron (1997) and Chen and Huang (2007).
The uniform convergence of this estimator over the entire support does not appear to have been

established in the literature.

We derive concentration bounds for the more general local polynomial (LP) density estimators
(Bickel and Doksum, 2015, Chapter 11.3), as well as their first and second derivatives, extending
the classical concentration results for kernel density estimators (Giné and Guillou, 2002). These
results yield the uniform rate of convergence of the LP density estimator over the entire support and
are useful in other semiparametric estimation problems that involve compactly supported density

functions as nuisance parameters.

The optimal weight matrix of the semiparametric GMM estimator depends on the asymptotic
variance of the pseudo-value-based CDF estimator, which takes a complicated form. To avoid direct
estimation of this variance, we use a bootstrap approach. We show that our bootstrap variance esti-
mator is consistent for the asymptotic variance of the pseudo-value-based CDF estimator.? The proof

hinges on the concentration bounds for the local linear density estimator derived in Appendix A.

S3.2 Semiparametric identification results

This section discusses the identification of the model primitives on which our estimation approach
is based. The following proposition shows that the equilibrium entry probability p, = p(n, ;6p) is

identified from the observed entry frequencies via equation (5.1).

3The bootstrap variance estimator may overestimate the asymptotic variance asymptotically, even when the con-
sistency of the bootstrap distribution can be established. See Hahn and Liao (2021) for examples and general theory.
Our consistency result rules out this possibility in our specific context. Ma, Marmer, and Shneyerov (2019) shows con-
sistency of the bootstrap distribution for the pseudo-value-based density estimator, but their result does not directly
imply the consistency of our bootstrap variance estimator.
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Figure S4: Pairs of candidate values (0, F'(v)) that satisfy the restriction F*(v | p) = C(F(v),p;0)/p
for entry probabilities p = 0.10 and p = 0.25. The true values are § = 5.0 and F(v) = 0.3. Each
line plots 6 — Q(F™*(v | p),p; ), where Q(-, p; ) is the inverse function of C(-,p;8)/p.

Proposition S1. Suppose that Assumption 5.1 holds. Under the bid requirement format, the equi-

librium entry probability p, is nonparametrically identified for all numbers of potential bidders n > 3.

Proof of Proposition S1. Define

p <1 - (1- p)”_l)
SOn(p) = n n—1"
I-(1-p)" —np(1-p)

We have limy g ¢n(p) = 2/n and ¢,(1) = 1. For n > 3, the function ¢, (p) is continuously differ-
entiable on (0,1] with a derivative ¢/,(p) > 0 and limy, | ¢),(p) = (n — 2)/3n. Hence, the inverse
function ¢ 1(-) is well-defined, and the equilibrium entry probability p,, is identified for n > 3. B

The identification of the distribution of private costs conditional on entry, F*(- | py), follows
from Proposition 5.1. We can therefore treat it as known for the purpose of identifying the signal

informativeness (i.e., copula) parameter 6 and the marginal CDF of private costs F'(-).

The copula parameter 6 is globally identified if for any 6 € © and a CDF F supported on [v, 7],
the condition F*(v | pp) = C(F(v), pn;0)/pn for all v € [v,7] and n € N implies § = 6. Note
that by the monotonicity of the copula function, it also follows that F(v) = F(v). We say that
0 is locally identified if the property is valid for all 6 in an open neighborhood around 6#y. These
definitions follow those in Lewbel (2019).
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The restrictions in (5.4) imply that for all v € [v, 7], the collection of curves
{0 — Q(F*(v | pn)ypn;0) :n €N}

must intersect at 6y (the true copula parameter). Global identification requires that no other point
in © satisfies this condition. This is guaranteed if, for some v and some n; # no, the curves 6 —
Q(F*(v | pny)yPny;0) and 0 — Q(F*(v | pny ), Pny; @) have a single crossing; the unique intersection
point then constructively identifies 6y. Figure S4 illustrates: the two plotted curves correspond to
0 — Q(F*(v | p),p;0) for two different values of p and a particular v, and they cross uniquely at
0 =5.0.

Denote Cy(u, v;0) := 9C(u,v;0)/00 and C1(u,v;0) := 9C(u,v;0)/0u. The following proposition
provides sufficient conditions for the global and local identification of the copula parameter. Since

all expressions involved can be estimated from the data, the conditions are testable.

Proposition S2. Suppose that Assumptions 4.1 and 5.1 hold, and the support N of the distribution
of the number of potential bidders contains two or more elements, with the smallest element greater

than two. (a) The copula parameter 0y is globally identified if for some ny,ny € N and v € [v,7],

0

min = (Q (F* (v | pa) Py 0) = Q (B (v pua) s ) ) > 0. (S11)

(b) The copula parameter 0y is locally identified if for some ni,ne € N and u € [0, 1],

C@(u,an;eo) C@(uapn1;90)
Cl(uvpnz; 90) Cl(uapm;Ho) .

(S12)

(c) A sufficient condition for (S12) can be stated in terms of the cross-derivative of the copula
function: for some distinct n1,n2 € N and u € [0,1], pn, # Pn, and

max 9*C (u, p; 6y)/0pdb < 0. (S13)

pe [pnl APngy,Pnq Vpng]

Proof of Proposition S2. By Propositions S1 and 5.1, p, and F*(- | p,) are identified for all
n € N. After partialling out F(-), equation (5.4) imposes the following restriction on the copula
parameter: A, n,(v;0) = 0, for all v € [v,7] and all distinct ny,ng € N, where

Am,nz(v;e) = Q(F*(U | pn1)apn1;0) - Q(F*(U | pn2)7pn2;9)'

A sufficient condition for the uniqueness of the solution for  is that the function § — A, ,,(v;0) is

strictly increasing for some v € [v,7] and some distinct ny, ng € N, which is satisfied if (S11) holds.

For Part (b), 6p is locally identified if A, n,(v;6p)/00 > 0 for some v € [v,7] and some distinct
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ni,ng € N. By the implicit function theorem,

8Q(y7vﬂ9) C@(Q(yav;9)7v;9>

00 CuQ(y,v:0),v;0)
By Assumption 5.1(vi), Q(F*(v | pn),pn;00) = F(v) for all v and n € N. We have

OAny ny (v;00) _ Co(F(v),pnyibo)  Co(F(v),pn,y300)
89 CI(F(U)vaLQ;GU) Cl(F(v)7pn1;90)

> 0,

where the inequality holds by (S12).

For Part (c), pick n1,ng € N such that p,, > pp,. Then we have

C@(F(U)7pn2;00) . C@(F(U),Pm;@o)
C1(F(v),pny;00)  C1(F(v),pny; o)

CQ(F(U)vpnz; 90) - C@(F<U)>pn1;00)
C1(F(v), pn,; bo)

[ Copl(F(0).p: o)

— Ci(F(v),pn,30)

>

>0,

where the first inequality holds by Assumption 4.1(i) and pp, > pn,, and because Ci(F(v),p;6p)
equals F! 5|V(p | v), the conditional CDF of the signal ranks S given the private costs V; the last
inequality holds by (S13). |

Both global and local identification conditions require p,, # ppn, for some pair of numbers of
potential bidders ny,n2 € N. The local conditions in equations (S12) and (S13) are easier to verify
than the global condition in (S11), since the former only require estimates of the entry probabilities
pn, n € N. Since the true value 6 is unknown in practice, the local conditions must be verified for
all values of 0 (Lewbel, 2019).

S3.3 Generalized method of moments estimation

Let
E[]l(Nl:n)Vl}
T EDMWN=n)]

where the second equality follows from the law of iterated expectations, and then we have ¢, =

©n (pn). The sample analogue of g, is thus given by

1
n = ————— N/, (S14)
n\{l:Nl—n}|M;:n t
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Let P, = ¢, (§n). A consistent estimator of G (b | n) is

N*
_ 2iN=n iz L(Ba <b)
Zl:Nl:n Nl*

Let b, = (0 | pp,n) and b,, := B (v | pn,n) denote the boundary points. Let

Gb|n):

(S15)

S
|

n = max{By:i=1,..,N/, Ny =n},
min{By :i=1,... N, Ny =n}

S
Il

3

be the estimated boundary points. The local-linear-type boundary adaptive kernel density estimator

of g(b|n)is A

Zl:len 25\51 %’Cl (Bilv b ’ h7/b\n75n>
> i:N=n NI ,

where the function Ky is defined in Appendix A. Then we construct the nonparametric estimator

G0 |n) = (S16)

E( | n) of the inverse bidding function & (- | pn,n).

In practical estimation of the copula parameter, we consider finitely many grid points vy < -+ <

vy in (v,). Then we have a finite set of restrictions
F* (0 | pa) = C (F (0}) ,pui00) /pns for (m) € {1, T} x N, (s17)

for the J + 1 parameters (6p, F' (v1), ..., F (vy)). Let M == |N| and let ny < ng < --- < nyy be the

elements of N. Write the equations as
Q (F* (vj | pny) s onyii00) = F'(v5) , for (4, k) € [J] x [M]. (518)
For © = (1, ...,ajM)T and y = (y1, ...,yM)T, denote

Q (w1,y1:0)
Q(x,y;0) = :
Q (s ym; )

Denote Fg = (F (vl)v"'vF(vJ))Tv by = (pnu"'vpnM)T’ F; = (F" (vj | D) sy B (vj |pTLM))T
for j € [J], and F* = (FTT, ...,F?T)T. For z := (a:]—,...,ar:}—)—r € R/M_ denote

Q (x1,y;0)
Y(z,y,0) = : . (S19)

Q(vayae)
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Equation (S18) can be written in vector form as

W (F*,py,00) = (I @ 1p) Fo. (S20)

~

-
~ ~ ~ T % ~ ~ . *

Let p = (Dnys-sDny) » Fj = (F* (V5 | Pry) s eees F* (v ]pnM)) for j € [J], and F =
T T

,FT, ) . Let W e RMI*XMJ he 3 symmetric and positive definite weight matrix and

F = (F,..,F;)". Let
F = {(Fl,...,FJ)T cl01]  R<P<-..< FJ}.

The GMM criterion function is

A % A %

D6, F; W) = (w (F ,i),e) . (1J®1M)F)Tw(qf (F ,ﬁ,e) —(IJ®1M)F).

The GMM estimator is defined by

(5 (W) ,ﬁ(W)) = argmin D (0, F; W). (S21)
(0,F)c©xF

To solve the minimization problem in (S21), we can easily partial out F given fixed 6. This requires

solving a quadratic program under linear inequality constraints. Let

F (0; W) := argmin D (6, F; W).. (S22)
FeF

Then, after partialling out F', we can calculate the GMM estimator

(W) = arg min (w (1?“*,;3, 9) C(Lyoly) F (H;W))TW (w (1?“*,;3, 9) (Lol F (e;W))

by one-dimensional grid search.

We now consider a useful special case. The first-order conditions corresponding to the uncon-

strained quadratic programming problem min FeRJﬁ (0, F; W) are
(L@ 1y) WP (1?*,13, e) Y 2Ly ®1y) W(Ly@1y) F =0.
In the case of W = I, since (I; @ 137)" (Iy ® 1p7) = M -I; and

15,Q (F1.5:0)
Ak .

oty @ (F p0) =

9

15,Q (F).5:0)
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the minimizer corresponding to the unconstrained problem min FeRJﬁ (0, F;1,5) is given by

15,Q(Fi.p:0)

— A~ % M
(Lo @en) @en) e (F 50)= s S (s
17,Q(Fl.p)
M

Since 1]\T/[Q <ﬁ‘>1k,f7, 9) < - <L ILQ (ﬁ’;,ﬁ, 9), the unconstrained minimizer satisfies the linear
inequality constraints in (S22). Therefore, F (6;157;) has a closed-form solution
15,Q(F1.p:0)
M
F(0:1Iny) = : :
17,Q(Fl.p:)
M

since it must coincide with the unconstrained minimizer.

S3.3.1 Asymptotic normality

We first establish the asymptotic normality of the pseudo-value-based CDF' estimator. In addition
to Assumptions 3.1 and 5.1 in the main text, we impose the following assumption on the data-
generating process. Recall that f = F’ denotes the probability density function (PDF) of the
marginal distribution of private costs and C; (x,y) == 9C (z,y) /0.

Assumption S1. (a) f is twice continuously differentiable and bounded away from zero on [v,v].

(b) Ci(+,y) is bounded away from zero for all y € (0,1).

Since OF (v | pn)  Cu(F (1) .pn)
* o Vi|ibn) U1 V), Pn
7wl = 20 GUEG

S (v),

Assumption S1(b) guarantees that f* (- | p,) also satisfies the conditions in Assumption S1(a). If
C(+,-) is an Archimedean copula with a twice differentiable strict generator ¢ : [0,1] — [0, 0]
such that ¢’ (u) < 0 and ¢” (u) > 0 for u € (0,1), (1) = 0, and ¢ (0) = oo (see Nelsen, 2006,
Chapter 4.1 for details on Archimedean copulas), then the one-sided derivative ¢’ (1) exists and
satisfies ¢’ (1) < 0. Furthermore, 92C (z,y) /022 < 0, which implies that C; (-, y) is non-increasing.
Moreover,

¢ (1)

¢ (y)

lim t =
tlTl Cl ( 7y)
'I‘huS7 Assumption Sl(b) hOldS lf SDI (1) < 0.

We also require the following mild condition on the kernel function K (-) used in (S16).

4Since ¢ (u) > 0 for u € (0,1), ¢’ is non-decreasing on (0, 1). Tt follows that lim,1¢’ (u) = sup {¢’ (u) : u € (0,1)}
and limyq1¢" (u) < 0. Therefore, by the mean value theorem, ¢’ (1) exists and equals limy+1¢’ ().
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Assumption S2. The kernel function K () is symmetric, compactly supported on [—1, 1], and twice

continuously differentiable on R.
Proposition S3 establishes the asymptotic normality of the estimator. Let 8’ (- | pn,n) denote
the derivative of (- | pn,n), and let ¢” (- | n) denote the second derivative of g (- | n).

Proposition S3. Suppose that Assumptions 3.1 and 5.1 in the main text and Assumptions S1 and
S2 hold, and that the bandwidth h is chosen to be proportional to L= with 1/5 < v < 1/3. Then
the following results hold.

(a) The estimator F* (v | pn) is asymptotically normal:

\/ﬁ<ﬁ*(vpn)—F*(v|pn)—E(v|n) </K(u)u2du> h2> —>dN<o,2(vyn)/K2(u)du>,

where

1 (Pn, G (B (v | pny1) [ 1)) B" (v | pn 1) " (B (v | pny 1) [ 1)
2(n=1)g(B(v|pn,n)[n) ’

M (P G (B(v | p,n) [ 1)) (8 (v | paym))?

(n—=1)%g(B(v|pn,n) | n)ra '

E(wl|n) = —

Y(wln) =

(b) Let ;= (2 (vj | n1), ... 2 (vj | nar)) " and Ej = (E(vj | n1),...,E(vj | nar)) . The joint

asymptotic distribution is given by:
VLh <ﬁ —F -5 (/K(u) uzdu> h2> —4N (0, 2/1{2 (u) du> ,

. . . . T . .
where 3 is a diagonal matrixz with (2?,2’;,...,2’}) being the diagonal elements and E =
(:T ':IT :T)T.

l—117l—l27...,l—1J
Let
ov (z,y,0
WO(Z7y50) = (89,!/)’
ov (z,y,0
@ (zy0) = LB

denote the partial derivatives. The asymptotic theory of our GMM estimator parallels that of
the local GMM estimator in Lewbel (2007). Denote ¥ = (G,FT)T, Yy = (GO,FOT)T, 3(W) =

(é (W), F (W)T>T and write
Y(z,y9)=%(zy0) - (1;@1y)F.
Equation (S20) can then be written compactly as
Y (F*,py, %) = Om,
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and the estimator 9 (W) can be represented as

9 (W) = arg min D (W),
VYO xF

where
D@;W)=1" (F',p,9) WT (F",,9).
We say that 0 is globally identified from the finite set of restrictions if the system of equations

Y (F*,py,d) =01 (S24)

has a unique solution at 1 = 9¥¢. Similarly, 6 is globally identified from the finite set of restrictions
under the stronger condition that for some k,1 € [M] and j € [J],

0

min = (Q (F* (v | puy) oy 0) = Q (" (05| puy) s pnii 0)) > 0. (525)

Likewise, 6y is locally identified from the finite set of restrictions if there exists an open neighborhood
around 6y such that for any 6 # 6y in the neighborhood and (F1, ..., Fy) € [0, 1]‘] satisfying F < Fy <
-+ < Fy, (0, F1,...,Fy) is not a solution to (S24). The condition in Proposition S2(b) guarantees

that there exists some v € [v, 7] such that 6y is locally identified from the restrictions

F* (v | pn) =C(F (v),pn;00) /Pn, n €N.

The following mild assumption on the parametric copula family {C (-,-;6): 60 € O} is satis-
fied by most commonly used parametric copula families (e.g., Gaussian, Ali-Mikhail-Haq, Clayton,
Frank, Gumbel, and Joe). Let C) (z,y;0) = 0C (z,y;0) /0x, Ca(x,y;0) = OC (x,y;0) /0y and
Cy (z,y;0) :== 9C (z,y;0) /0.

Assumption S3. For alle € (0,1/2), Cy (z,y;0) > 0 for all (z,y,0) € (0,1) x [e,1 —¢] x O.

Under Assumption S3, C (-, y;0) /y is strictly increasing on [0, 1], and therefore, @ (-, y; 6) is also

strictly increasing on [0, 1]. Then,

0<Q(e9:0) <Q(x,y:0) QL —e,:0) <1, (526)
for all (z,y,0) € [e,1 — €] x ©. Since we can write

C(Q(x,y:0),y;0)
y

—x =0,

by (S26) and the implicit function theorem, @ (-, ;) is continuously differentiable on [e,1 — 5]2 x 0.
Let W1 =W, (F*,py, 6), Yo = Py (F*,py,00), and Qy = ¥1X¥;. Clearly, ¥; and Q are
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both diagonal matrices. Let

oY (F*,py, %)

II, =
0 007

— | ¥ - (et
The second equality shows that ITy has full rank under condition (S25). Denote

T T
2y (W) = — (1‘[0 WHO) W, =,
T LT T -1
Sy (W) = (1‘[0 WHO) 1] Wy WII, (HO WHO) .
Using Proposition S3 and standard arguments for M-estimators (e.g., Hansen, 2022, Chapter 22),

we establish the consistency and asymptotic normality of the GMM estimator.

Proposition S4. Suppose that the conditions in Proposition S8 and Assumption 4.1 in the main
text are satisfied. Suppose further that W —p Wy for some deterministic positive definite matriz
Wy, that 9 is in the interior of © X F, that IIy has full rank, that (S24) has a unique solution at
Y = Vg, and that Assumption S3 holds. Then the following results hold.

(a) The GMM estimator is consistent: 9 (W) —p Jo.

(b) The GMM estimator is asymptotically normal:
VLh <?9 (vAv) — 9y — By (W) ( / K (u) u2du> h2> N <o, >y (Wo) / K2 (u) du) .

Standard calculations (e.g., Hansen, 2022, Theorem 13.5) imply that 3y (Wq) — Xy () is

positive semidefinite, with the optimal weight matrix given by Qg L

S3.3.2 Bootstrap estimation of the optimal weight matrix

Estimating the optimal weight matrix €2 ! requires estimating ¥ (v | n), which takes a complicated

form and depends on the derivative 8’ (v | p,,n). We propose the following nonparametric bootstrap

f f )
{(Bll,...,BNl*Tl,Nl* ,Nl) e [L]}

be the nonparametric bootstrap sample drawn with replacement from

estimator of 3 (v | n). Let

{(Bll,...,BNl*l,Nl*,Nl> e [L]}. (S27)

Let E; [-], Vart [], and Pry [] denote the conditional expectation, variance, and probability given
(S27).

Let

1
~ *t
qr = E N,
" n‘{l:NlT:nH

I:N/=n

525



be the bootstrap analogue of g, and let

N
Gi(byn) = % 3 Zlﬂ(legb),

I:Nf=n =1

Gi (bn) = + Z Z /Cl(Bl,b|h,bn,§).

NT—n i=1

By construction, E; [GT (b,n)} =G (b,n). Let

1
~ o & ul
r), = i3 Z N,
l:NlT:n
1
T = Z Z Nl*a
I:N;=n
~ 1 *\2 -~
Jg,n = Z Z (Nl) -
I:N;=n
2-log (L
?IL = FL\/ <?n_a'7’,n Ol%()>7

Gy (b|n) = Gy (b,n) /7h and Gy (b | n) == §; (b,n) /7. Then let pl, = ;! (@t) and let

Mn <13IL7GT (0] n))

GOlIm =t e BT

be the bootstrap analogue of g(b | n) and let XA/J = {AT (B;rl | N;). Then let

N
1 ! ~
From=1 5 3 1(7<v)
1:Nf=p =1

be the bootstrap analogue of F* (v,m). Let ﬁf* (v ] pp) = ﬁT* (v,n) /?IL

(S28)

Proposition S5. Suppose that the assumptions in the statement of Proposition S/ are satisfied.

Then, for all (4,k) € [J] x [M],

Var; [ “(vj |pnk)}

(= (o) () [ K2 (w)da) /() 7"

Let 0 = é\(IMJ) be the preliminary estimator. Let U, = ¥, (ﬁ‘*,ﬁ, 5) and let & be the
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AT ~T ~T\ T
diagonal matrix with (21 , 2, 2J> € R/M being the diagonal elements, where

2'j = (Lh) (VarT [ﬁT* (v pnl)} , ey Vary [ﬁf (v ] pnM)DT.

N
The estimated optimal weight matrix is given by (\111 E\Ill> .

Appendix

Notation. For any function f : A — R, let || f|| 4 == supgea |f (z)|. For a univariate function f,
denote fU) (2) := (d/dz)’ f (x). For a bivariate function f, denote D1 f (z,y) == 0f (x,y) /0x and
Dsf (z,y) == 0f (z,y) /Oy. For a symmetric matrix A, let mineig (A) denote its smallest eigenvalue.
Let [a £ b] be shorthand notation for the interval [a — b, a + b]. “a =: b” is understood as “b is defined
by a”. We write a < b if a < C - b for some positive constant C' that does not depend on the sample
size L. Let ||x|| denote the Euclidean norm of a real vector x. For a matrix A, ||A] is understood
as the operator norm of A. “Law of iterated expectations” is abbreviated as “LIE”. “First-order

conditions” is abbreviated as “FOCs”. “With probability approaching one” is abbreviated as “wpal”.

Let § denote a class of R-valued functions defined on a compact set .S in a finite-dimensional
Euclidean space. Let § be equipped with a norm ||-||. We say that a finite subset §° of § is an
e-net if the union of the closed ||-||-balls of radius e centered at points in §° covers §. N (g,5, |]|) =
inf {|F°] : §° is an e-net of F} is called the e-covering number. A function F': S — Ry is an envelope
of § if supsez |[f| < F. We say that § is a (uniform) Vapnik-Chervonenkis-type (VC-type) class
with respect to the envelope F (see, e.g., Giné and Nickl 2015, Definition 3.6.10) if there exist some
positive constants (A4, V') that are independent of the sample size such that for all € € (0, 1],

A 1%
N F . < | — 29
s (= 1Flgy 5. 102) < () ($20)

where Q denotes the collection of all finitely discrete probability measures on S and ||f|lg, =

\/ [ Q.

Appendix A Concentration analysis of the local polynomial density

estimator

Let Xi,...,X, be an iid. sample where X; has a bounded PDF f supported on X = [z,Z].
In this section, let p denote the polynomial order. For some p € N, let r,(t) = (1,t, ...,tp)T,
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where e; = (1,0, ..., O)T € Rt By the symmetry of the kernel function, when h is sufficiently

small,

sup [W! (a | oz 2)]| < <mineig < /0 "R, () K (1) dt>>_1 R (S30)

The local polynomial density estimator of f is
~ 1 & _
fla)=— izlicp (Xi,z | h,z,7). (S31)

In practice, the boundary points z and T are unknown. However, the validity of the first-order
asymptotic results derived in this section is unaffected if we replace the unknown x and T with their
super-consistent estimators min {X;, Xo, ..., X;,} and max {X, Xo,..., X,,}. Let f’ and f” be the

first and second derivatives of f .

Denote
dKp(t)  dry(t)

. dt
and K7 (t) .= d’K, (t) /dt*. By differentiation,

K, (t) = K (t)+m7,(t) K'(t)

d _ 1 _
@WP (.%' | h?ly ZE‘) = EDP (.%' | h?ly ZL’), (S32)

Do hoai7) = Ry (555 ) 1 (T3 ) + 8y (557 & (£57)

and sup,cy [|Dp (2 | h,2,7)| < oo, since K (-) is compactly supported on [—1,1]. By this result,

where

the product rule and

d . _ _ _. d ke _
%Wpl (x| h,z,T) = —Wpl (x| h,z,T) %Wp(az ] h,g,x)Wpl (x| h,z,7), (S33)
we have 5 .
%K:p (lex ’ hagvf) = E’CP (lex | h?@af)a
where
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) X —
ICP(XZ'aJ: | h’£7j) = —€ W (‘T | h,QU,JJ)K;;( h x)

X; —
—e] W, (xyh,g;,x)Dp(x\h,x,x)wpl(a;|h,x,x)K,,< h$>(834)

Then we have

~

F@) = = 3Ky (i | 7). ($35)
=1

For some matrix S, (z | h,z,T),

d
7Dp (:IZ ‘ h7£7f) =

dr .Sp (CU | h7£75)

S

and sup,cy ||Sp (z | h,z,7)|| < co. By (S32), (S33) and the product rule,

82

G:L‘QIC (Xi,x | h,z,T) =

hzl(: (szx | ha@aj)v

where

. X; —
Kp(Xi x| hyz,7) = ef pl(x|h,x,a:)Kg( - “"’“’)

X; —
+2.e] W, (x\h,x,x)Dp(mh,x,x)W;l(xyh,x,@K;( - “”)

+2- elTWp_I(a: | h,z,T)Dp(z | h,z, T)W;1

p (@|h,z,T)

X, —
x Dyl | bz, 7) W, (| h,ffaiU)KP<hx>

X; —
— e[ W, (x|h,x,x)sp(x\h,x,x)W;l(xm,x,x)Kp( h“”).

Then we have

1 <. - B
f”(l’) = WZKP(X’HJ" ’ hazvx)‘
=1

Let f(z) = []?( )] i () =E {f’ (:c)} and [ () =E {f" (:U)] We have the following results

on the bias f (x) — f (x) and its first and second derivatives.

Proposition A.1. Suppose that f is (p+ 1)-times continuously differentiable on [z,Z|, that h | 0
as n T oo, and that the kernel function K (-) satisfies Assumption S2. Then the following results
hold uniformly in x € X.

(a) The bias off admits the expansion

fx)=f(x)+ <e1TWp1 (x| h,z,T) ﬁgz K, (u) upHdu) mhpﬂ +o (hpﬂ) .
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(b) F (z) = f'(z) + O (h?).
(c) F' (x) = f" (x) + O (h*~1).

Proof of Proposition A.1. Denote ¢ (z) = (f(o) (z) /0, fO (z) /10, ..., @) (z) /p!)T. Let H be
the (p + 1)-dimensional diagonal matrix with diagonal elements (1, h, ..., h?). By change of variables

and Taylor expansion,

P = oWyl he) [ m, () F)d

£ @) (™!
p<u>{rp<u>TH¢<x>+ ol }du,

Z;(E
— oW, (o [z [
“ho

where & denotes the mean value that lies between x and x + hu. The conclusion in Part (a) follows

from this result.

Now by (S34), (S35), integration by parts and tedious algebra, we have

71 T

@ = [ el Wyt neak, (L) ) dy

—i—helw Yo | hz,2)K (x—x)

e T W, o |z )y (T ) Teo), (536)

I(w>:—f(x)—7“;<m ) “"‘h“”/zilz <

and T (z) is defined similarly. By Taylor expansion,

where

*) 1) an

10 = J@-r (5 W ne [ r, (U0) fway
= f@) - @0 $ ) 7

- 5 (1) (4 41
Ty (x hx) W, (x| h,z,7) / K, @™

P (p+1)!

where 7 denotes the mean value that lies between x and = + hu. Since

‘K(f”;x)‘swx—x\gh), (338)

by this result, (S30) and Taylor expansion,

r—x

Eelw (:1:|h,g,§)Kp (h ){f(:c)—rl(x—fc)cb(w)}=O(hp),
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uniformly in 2z € X. By this result, (S30) and (S37),

1 —
—el W, (@] h2,7) K, <m - m) L(z)=0(n"), (S39)
uniformly in x € X. Similarly,
_ r—x)\ =
hel Wy e s Ky (T ) T = 000), (540)

uniformly in z € X'. By Taylor expansion and (S30),

/fllelw (wfh,x,x)Kp<y;x>f’(y)dy

E% (p+1) i w)?
- eIW;l(xyh,x,x)/“ Kp(u){rp(u)er)/(fo ;!)(h ) }du
)

= f'(z)+O(NP),

uniformly in # € X, where ¢/ (z) = (f) (z) /01, f® () /11,..., f® () / (p — 1)1,0) " and & is the
mean value that lies between = and = + hu. The conclusion in Part (b) follows from this result,

(S36), (S39) and (S40).

For Part (c), first note that we can write

7 = / Rl Wy e Lz K (U0 ) 1 ) dy

-
+ﬁ%e1 Wp (| h,z,T)K, - I(x)

—lieTW_l(:U | h,z,7)K) il x> 1(z). (S41)

By integration by parts and (S33),

/ ST W x|h,x,x)Kp<y_$> f'y)dy

h
:/ x\h,x,m)Kp<y;x)f”(y)dy
r— I

T(l‘), (542)

where )
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and T(:):) is defined similarly. By Taylor expansion and (S30),

T

/xfllelW (x\h,x,x)Kp<yh )f”(y)dy

= e[ W, ' (z|h,z,7) / h K, (u){rp (0)T H () + 17 (@) ()" } "

(p—1)!
= =) +0 (),

uniformly in z € X, where ¢ (z) == (f® (z) /0!, f® (2) /11, ..., f®) (2) / (p — 2)!,0,0)T and & is
the mean value that lies between x and x 4+ hu. By using arguments similar to those used in the
proof of (S39) (Taylor expansion, (S30) and (S38)), we have

T—x

Rl W, o b Ky (555 ) 1) = 0 (1),

uniformly in x € X. Similarly,

%el W, (2| h,z,7) K, (x;:”> T(z)=0 (h 1),

uniformly in z € X'. By these results and (542),

y—x _
/ 3:|hxx)Kp< - >f’(y)dy:f”(x)—|—0(hp 1). (543)
By Taylor expansion with remainder terms written in their integral forms,

@ - @-now= [ L em o

and

@ - [ e

x ifx z+hu _
—r) (95;3:) W, (x| h,l‘,x)/m K, (u){/ + Fo+1) (t)Wdt}du.
By calculations,
/ K {/x-‘rhuf( +1)()(£L‘+hu }
S (hx>/fp+1 P i, (50) [0 L

f(p+1 Fz= » z+hu (1) (m+hu7t) p—1
/ K, (u) (hu) du+/ K (u ){/x f (t) =1 dt 3 du.
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By these results, (S30), (S33), and

‘K(f”;m)‘ < 1(F—z|<h),
’K(l“;x)‘ < 1(F—z|<h),
we have L4 B
Tyr—1 = L=\ = -1
E%elwp (1:|h,x,x)Kp< )I(w):O(hp ),

uniformly in € X. A similar result holds for the second term on the right-hand side of (S41). The

conclusion in Part (c¢) follows from these results, (S41) and (S43). |
Consider
R = {K(,z|hz7T):2e X},
o2 = supBE [IC% (Xi x| h,z,7)].
rzeX

Let (ﬁ, O’é) and (ﬁ, 0’%) be defined similarly. By change of variables and (S30), o2 = O (h).
Similarly, 0; \Y U% = O (h). Let K; (t) == /K (t) and cx = sup;cpK (t). It follows from Giné and
Nickl (2015, Proposition 3.6.12) that for all j = 0,1, ..., p,

t_
{t*—)Kj <bx> :xe)(,b>0}

is VC-type with respect to the constant envelope cx. By (S30), Giné and Guillou (1999, Lemma 3
(b,c)) and Chernozhukov, Chetverikov, and Kato (2014, Corollary A.1(i)), R is also VC-type with
respect to the constant envelope Fg = (p+ 1) wyck, where wy is defined in (S30). By similar

arguments, & and R are also VC-type with respect to some constant envelopes F; and F.

Proposition A.2. Suppose that the assumptions in the statement of Proposition A.1 are satisfied
and that \/|log (k)| / (nh) 1 0 as n 1 co. Then the following results hold.

(a) There exist some positive constants c1,ca,c3 which depend only on K (-), such that, for alln

sufficiently large,

Pr [H‘}?—?Hx > E} < ¢y -exp (—02 . %) (S44)

log (2n—1/2 .
C3<%VFﬁ> O‘c’»(nh>§€§c2s_

(b) There exist positive constants ¢}, ch,cs which depend only on K (-), such that, for all n
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sufficiently large,

(nh?) 2

2 2
<J§/h> V

Pr[f’—f’ >e]§c’1-exp —cly -

.

. 1 2h—1/2 /
Cé(aﬁ\/F') Og(h)gegzcz‘

Jh R nh3

(¢) There exist positive constants cf,cy,cs which depend only on K (), such that, for all n
sufficiently large,
(nh5) €

= (o2/h) v F2

|

X>e] <dl-exp | —c)-

o log (2h—1/2 !

Proof of Proposition A.2. We apply Giné and Guillou (2002, Corollary 2.2) with F = R, 0 =
ogV (Fg\/ﬁ) and U = 2Fg V1. Note that log (U/o) < log (2hi1/2) and /no > vVnhFg under these

definitions. Therefore, we have

Uy [log <U> < 2Fgy/log (2h~1/2) < VnhFg < /no,
g

when n is sufficiently large so that \/log (2h=1/2) / (nh) < 1/2. Therefore, Condition (2.5) in the
statement of Giné and Guillou (2002, Corollary 2.2) is satisfied. Note that o2/ (Uh) > 1/2 and

U@ 5 (Uﬁv (Fﬁ\/ﬁ?f) log (2n~1/2) _ O( llog (h)|> |
nh - nh n

Therefore, when n is sufficiently large,

n02

U
1 — —_—
Vno og<0)< 7

The conclusion in Part (a) follows from applying Giné and Guillou (2002, Corollary 2.2). The

conclusions in Part (b) and Part (c) follow from the same arguments. [

Corollary A.1. Suppose that the assumptions in the statement of Proposition A.2 are satisfied.
Then we have the following results. (a) There exists some M > 0 such that

P (77, > v (v ) 2 — 0 o,
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(b) There exists some M' > 0 such that

o (k) [ les (27172
Pr (f fX>M<\/E\/Fﬁ> e

(¢) There exists some M" > 0 such that

log (2h=1/2)

~ —I (o
Pr ‘f”—f X>M” (\/%ka> 5

Proof of Corollary A.1. For all C > 1, C ((aﬁ/\/ﬁ) v Fﬁ) oz (2h7112) [ (nh) < 1/2 if n is

sufficiently large. Therefore, for € = Ces ((aﬁ/\/ﬁ) v Fg) \/log (2r=1/2) / (nh), (S44) holds if n is
sufficiently large. And it is easy to see that the right-hand side of (S44) is O (nfl) if C is taken to

be sufficiently large. The conclusions in Part (b) and Part (c) follow from similar arguments. [

Let {XI, e X:Q} be a nonparametric bootstrap sample from {X7, ..., X,,}. Let J?T () be defined
by the right-hand side of (S31) with X; replaced by XiT. Let

Q = {IC%(-,x|h,g,f):xEX},
o3 = supE [lC; (X,z | h,z,7)] .
zeX

Let 9, 9, 052-3, and Ué be defined analogously. The following result is a bootstrap analogue of
Corollary A.1.

Corollary A.2. Assume that the assumptions in the statement of Proposition A.2 are satisfied.

Then we have the following results. (a) There exist positive constants (My, M) such that

2 log (2h=1/2) " log (2h=1/2)

Pt Hﬁ_?Hx > M, %+M2 <;%\/F§> - . 2
=0, (n7h)
(b) There exist positive constants (Mj, M) such that
e 1 > | 5o (v G |
=0, (n7Y)
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(¢) There exist positive constants (M{, ML) such that

2
i
h

ﬁ/ B 7// log (2]’L71/2) v F- log (2h71/2)

Pry ‘ nh " nhb

" " 0-7)3 2
X>M1 +M2( \/Fﬁ

Vh

Proof of Corollary A.2. Let

n

qz) = — > Ky (Xi,x| h,z,T)

i=1

and g (x) = E[¢(x)]. By Chernozhukov, Chetverikov, and Kato (2014, Corollary A.1(ii)), 9 is
VC-type with respect to the constant envelope F; g By change of variables and (S30), 0'31 = O (h).

By similar arguments as those used in the proof of Part (a) of Corollary A.1, for some My > 0,

A o9 log (2h=1/2) B
Pr || =g, > Ma (\/E \ F§> — | =0(). (S45)

Let
62 == sup E; [ICIQ7 (Xj,x | h,g,f)} .
zeX

Since ||g]| y = 6%/h and ||q||» = 0%/h, it follows from (S45) and the triangle inequality that

6% o log (2h—1/2
P[5 an () (BN =owy e

and |6%/h — 02 /h| = O, <\/log (2n=1/2) /(nh)) By Proposition A.2(a),
~ A €2
po [ ], < er-emn (- s

& log (2h—1/2
Cg<ffﬁvFﬁ) <)g(nh)§€§623_

By this result, for all C' > 1,

p [ 71, (G ) 225
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—cpc2C? o log (2h_1/2) 1
< —1/2) % o8 =2 S S
=a (Qh ) P\ Vs nh 20

By [6%/h — 0%/h| = O, <\/Iog (2n=1/2) / (nh)> and the fact that 0%/h = O (1), the second term

on the right-hand side of the above inequality is zero wpal. Therefore,

~ G log (2h—1/2 B
Pry HfofHX>CC3 <\/’%vFﬁ> (nh) ~0,(n ), (S47)

if C is taken to be sufficiently large. By the triangle inequality,

" G log (2h—1/2
Pry “fT_f“X>CC3 (OEZ\/%\/FJQ> Og(nh)
CCg a'_q log (2h71/2)
ry (\/g v Fﬁ) T ah

~ = Ces (og log (2n=1/2)
L [F=7, > 5 (v ) V=
+ U x” 2 N Vie nh
By Corollary A.1(a), the second term on the right-hand side of the above inequality is zero wpal, if
C' is taken to be sufficiently large. By this result and (S47),

P Ga  og log (2n=1/2) 1
by [ 7] > ces (2w ) O oy s
||\ fr — f|, > Ces N AL s p(n) (548)
if C' is taken to be sufficiently large. Fixing any C' > 1 and taking M; to be such that (S45) holds,

we have

log (2n=1/2) U log (2n=1/2)

~ o2 09
p H — H c I8 L, (22 F2
vy |||y = f L > Ccs + M, VAL T " T

h

P G log (2h=1/2
SPI‘T Her—fHX>CC3 <U”‘Z\/UJZ\/F§> Og(nh)

oq 5\ [log (2n=1/2)
My | —=VF _—
g Q(JEV ﬁ) nh

It follows from (S46) that the second term on the right-hand side of the above inequality is 0 wpal.
It follows from (S48) that the first term on the right-hand side of the above inequality is O, (n_l),

if C' is taken to be sufficiently large. The conclusion in Part (a) can be deduced from the above
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inequality and these results.

The conclusions in Parts (b) and (c) follow from similar arguments. [

Appendix B Proofs of the results in Section S3.3

Denote B, := [Qn,gn]. Smoothness results similar to those in Guerre, Perrigne, and Vuong (2000,

Proposition 1 and Lemmas Al and A2) are summarized in the following lemma. Let

R(v | pp,n) = o0 | pun)

Let £'(- | pn,n) denote the derivative of £(- | pp,n). R'(- | pn,n), R"(- | pn,n), H'(- | pn,n), ¢'(- | n),
g"(-In), ¢(-,n) and ¢"(-,n) are defined similarly.

Lemma S4. Suppose that the assumptions in the statement of Proposition S3 are satisfied. Then we
have the following results. (a) & (- | pn,n) is thrice continuously differentiable on By, and &' (- | pn,n)
is bounded away from zero on By,. (b) g (- | n) is twice continuously differentiable on By, and g (- | n)

s bounded away from zero on B,.

Proof of Lemma S4. For any v € (v,7), we have

_B(’U ’pnvn)_
H(U |pn7n)
= —H'(v|pp,n) R | pn,n)

= (n=1)paf* (v pa) 1= puF™ (v] pa))" R (v | pn,n) (549)

B' (v | pnsn) Y H (v po,n)

where
H (v |pp,n) == (n—=1)puf* (v ] pn) (1 = puF* (v | pn))" 2.

Moreover, 3’ (- | pn,n) is continuous on (v,v) and 5’ (v | pp,n) > 0 for all v € (v,v). By L'Hopital
rule, limzR (v | pp,n) = — (2H' (U | pn,n)) "t > 0, where

H' (0| poin) = = (n = 1) py (1= pa)" 7 f* (0| pa) <0,

and hence, limy58' (v | pn,n) = 1/2. A similar argument shows that 0 < lim,|,8’ (v | pn,n) < 00.
Therefore, 3 (- | pn,n) is continuously differentiable on [v,?] and f’ (- | p,,n) is bounded away from

zero on [v,7]. By the inverse function theorem,

1
B(E® [ pnin) | ppym)’

& (b]pn,n) = (S50)

for b € (b,,by). It follows that & (- | py,n) is continuously differentiable on B, and &' (- | pn,n) is
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bounded away from zero on B,,. By the quotient rule, for v € (v, ),

H2 (v ] payn) + 28 (0| pa,n) ([ H (t] pasn) dt)
H (0| pu, )

R'(v|pn,n) =~

and

R (0 posn) = —H 0 o) {27 0 [ pos) B0 ) (/ H(t )it
—3H2 (v | pn,n) H (v | pn,n) (/ H (t]| pn,n dt) (H’(v|pn,n))2}.

Then, it is easy to check that the limits of R’ (v | pp,n) and R” (v | pn,n) (as v | v or v 1 v) all exist
and are finite. It follows from this fact and (S49) that 8’ (- | p,n) is twice continuously differentiable
on [v,7]. It follows from this fact and (S50) that &' (- | pp,n) is twice continuously differentiable on
B,.

The conclusion in Part (b) follows from results in Part (a) and

gb|n)=f (| pp.n)|pn)& (b|pn,n).

|
Denote
Ly S imen,
lNl n =1

and G (b,n) = [C:’ (b, n)} =r,G (b | n), where

™ = Pr[N,=n],

rn = E[L(N;=n)N/]

=  Tndnh,
and the second equality follows from LIE. Let
1 A 2

lZNl:'r‘L =1

~

and g (b,n) == rng (b |n). We can now write G (b|n) = G (b,n) /F and §(b|n) = §(b,n) /7.
Denote G (b |n) =G (b |n)—G®|n)and H(b|n) =G| n)—gb|n). Let G (b,n) =G (b,n) —
G (b,n) and H (b,n) = g(b,n) — g (b,n). Let g’ (-|n), " (-|n), ¢ (-,n) and §" (,n) be the first

|n) and g (-,n). Let H' (- | n) and H”( | n) be the first and second

and second derivatives of g (-
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derivatives of H (- | n). Let

.1
ﬂn.:ZZn(N,:n).

Then we can write ¢, = 7,/ (n7,). The following lemma collects results on the rates of convergence

of Gp, G (- | n) and § (- | n) (and its derivatives).

Lemma S5. Suppose that the assumptions in the statement of Proposition S3 are satisfied. Then

we have the following results. (a)
Pr([pn —pnl > of] = O (L),
for some ol = O (\/m) (b)
Pr|IG (- In)llg, = ar] =0 (L7"),
for some &, = o( Tog (L) /L). (c)
Pr(|[H(- | n)l|g, > ar] =0 (L),

for some ar, = O ( log (L) / (Lh)) and similar results with o/, = O ( log (L) / (Lh3)) and o] =
O (\/og (L) / (LA%)) hold for [ (- | n)l|, and [H" (- | n)ll,

Proof of Lemma S5. By Bernstein’s inequality (Giné and Nickl, 2015, Theorem 3.1.7),

log (L)
L

Pr [m — Tn| > Oant\/2- =0(L™), (S52)

where o2, = m, — 2. By this result and simple calculation,

2 .
Tn *

Oxny/2-1log (L) /L

= >
T ‘ Ty — Oxny/2-1log (L) /L

Similarly, by Bernstein’s inequality,

] =0(L™). (S53)

log (L)
L

Pr [|?n —rp| > 0rnt/2- =0 (L_l) , (Sh4)

r,n

where o2, = m,E [(Nl"‘)2 | Ny = n} — r2. By this result, (S53) and

~

N Ty —T 7 T
B ()

Ny nTy, \Tn
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theorem and taking off =

we have Pr [|G, — gn| > a?] = O (L™!) for some of = O ( log (L) /L) Then, by the mean value
‘ aL, we have

]|

qn:I:aqL]ﬁ[O,l]

Pr Uﬁn _pn‘ > CV[L)] <Pr UZ]\” — qn\ > quL] =0 (L_l) .

By (S54) and simple calculation,

n n 2-1 L)/L _
Pr 7;—1‘ ornyV2 108 (L)L | _ 6 11y (S55)
T'n Tn — Orny/2-log (L) /L

Let (B, Bay, .., Bn) be ii.d., By == (By, ..., By, Ni, N;) " and
G (Bi;b) =1 (N, =n) Z]l (Ba <D).

Then we can write G (b,n) = L™ Zle G (By;b). By Kosorok (2008, Lemma 9.8), Giné and Nickl
(2015, Theorem 3.6.9) and Nolan and Pollard (1987, Corollary 17), {G (:;b) : b € B, } is VC-type
with respect to the constant envelope n. Then we apply Giné and Guillou (2002, Corollary 2.2)
with U = 2n, 0 = n’r, and t taken to be C'y/log (L) L for some positive constant C. Note that
Equations (2.5) and (2.6) of Giné and Guillou (2002) hold for all L large enough. By Giné and
Guillou (2002, Corollary 2.2), taking C' to be sufficiently large, we have

Pr{|G (- n)llg, > ar] =0 (L77),

for some ar = O ( log (L) / L). The conclusion in Part (b) follows from this result, (S55) and

Gloln) = G (b,n) +@(b,n) (f—1).

Tn Tn Tn

By (straightforward adaptations of) Proposition A.1(a) and Corollary A.1(a),
Pr [[H (- n)l|s, > af] = O (L71),

for some af = O ( log (L) / (Lh)). The first conclusion in Part (c¢) follows from this result, (S55)

and R
H(b|n)= 200 §0n) <A”—1>. (S56)

Tn Tn Tn

The other results follow from similar arguments, Proposition A.1(b,c) and Corollary A.1(b,c). W
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Proof of Proposition S3. Let

Now we can write F* (v | pp) := F* (v,n) /. Denote

Let Vi := £ (By | N;) and F* (v | pn) := F* (v,n) [, where

Ly ya(ne).

lNl n =1

Then, we decompose

B (0] pa) = F* (v | pa) = {F" (0 | pa) = F* @ | p) } + {F* (v pa) = F* (v | pa)},  (857)

and

B* (v pu) = B* (v | po) = W =7 (0m) | F7 (o) (’1"—1). ($58)

Tn Tn

Let X(b|n) == &b |n)—&(b | pn,n). Let X' (- | n) and X” (- | n) denote the first and second

derivatives of X (- | n). Then, by straightforward calculation, we have

M (pn, G (b n)) I
X(b|n)= —] {g(b|n) g(b|n)}, (S59)

X'(b|n) = - D2t (pn’i(iun))g(b = {g(bly n) g(b1| n)}
RARAULD) { 52 <(Z; \‘ Z)) _ 3; <(l; !’ 73 } , (S60)
and
0wy - _D%Un(pn,G(b\n))QQ(b|ngi—fzﬁn(pn,G(Mn))g/(b|”) {A(b1| n)_g(;’ n)}
+2Dmn<pmf<_b |1 n))g(b | n) { g((z; r’v; 32 I;|| 7:3 }
+nn<pn7;c_:<z1) [ n)) {A”(b [ n)3%(b| n) i 2|<A)<b )%5(b | n)
g"(b | n)g*(b | ng>4(—b 2’%@ | n>>2g<b | n) } . (S61)
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Denote
K (| n) = (5ns G (b)) = 1 (90, G (b ).

By straightforward calculation, we have
1K 1 mlls, < (1Dl oy Y 102y s oy ) (B = 2l +1G [ m)ls,)

p
forward calculation. Therefore, by these results and Lemma S5(a,b),

if [P, — pn| < off . We have HDlnnH[ Ixo.] = O (1) and HDQ%H[ wta?|x[01] = O (1) by straight-

pniai

Pr(IK (- | n)ll, > az) = 0 (L), (362)

for some a;, = O (N/log (L) /L) Let T:=1(|K(- | n)llg, <ag). Let (T, T’,T”) be defined by the
same formula with (K (- | n), &z) replaced by (H, ar), (H', o/} ) and (H", o] ), where (o, o}, af ) are
defined in the statement of Lemma S5. Let I := TTT'T”. It follows from (S62) and Lemma S5 that
Pr(l=0]=0 (L.

Note that

K| n)
(n=1)g(b|n)
5 Then, by the triangle inequality,

n

EbIn)—€b|n)=—

Denote 4, := HE( | n) — g( | n)‘

Ny
)ﬁ*(y,n)—ﬁ*(v,n)’ S% Z Z{l(vﬂgv‘f‘(ﬁ)—ﬂ<‘7il§’l)—5L)}-

I:N;j=n i=1

Let v, = E(Bn | n) and v, = (b, | n). By direct calculation, we have ||, (pn, M,y < oo and
[D2mn (Pn, ) lljg,1) < 00. By these results, (S60) and Lemma S4(b), IX" (- | n)l|g, is sufficiently small,
when I = 1 and L is large enough. By Lemma S4(a), £ (- | n) is strictly increasing on B,, and its
inverse function 3 (- | n) :== &1 (- | n) exists, if I = 1 and L is sufficiently large. 3 (- | n) is a strictly

increasing function on [v,,,7,|. We can write
1(EBuIm) <y) =1y =0) + 1y € (v, ) 1 (Ba < Bly|n) (563)

when £ (- | n) is strictly increasing. If I = 1 and L is large enough, 67, < \/log (L) /L, |vn — 7| <
log (L) / (Lh) and |v,, —v| < v/log (L) / (Lh). We have

]I.% Z Z{ﬂ (‘ZlfvﬁL(sL)*]l(‘N/ilSU*éL)}
:]I{@(E(quéL|n),n)—@(5(v—5L!n),n)}v
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when L is sufficiently large. Then,

Hﬁ*(v,n)—ﬁ*(v,n)‘ < H{G(ﬁ(v+5L|n),n>—G(g(v—5L|n)7n>}
+H{G(§(v+5L\n),n)—G(B(v—aL\m,n)}, (S64)

when L is sufficiently large. By Dette, Neumeyer, and Pilz (2006, Lemma A.1), if I = 1 and L is
large enough, there exists A € (0,1) such that

B X (b
B(v—i—&;\n)—ﬁ(v+5L‘p”’n>:_§’(b>\ ’pn 7(1))\—|-|;l§)§/(b)\|n)’

where by == (£ (- | pn,n) + AX (- | 7)) " (v + 61) and by (S59), (S60), Lemmas S4 and S5,

- infbegnf/ (b ‘ pm”) - HX/ ( ‘ n)HBn
_ log (L)
— 0 < ; ) . (S65)

By mean value expansion, if I = 1 and L is large enough, |8 (v— 4z | pn,n) — B (v | pp,n)|
\/1og (L) /L. Therefore, if I = 1 and L is large enough, we have ‘E(v +0r|n)—pB @ ]pn,n)‘

log (L) / (Lh) and similarly, ‘E(v -0 |n)—B(v] pn,n)‘ < y/log (L) / (Lh). Therefore, when L
is sufficiently large, the first term on the right-hand side of (S64) can be bounded by

S
<

H{G(B(v+5L|n),n) —G(B(u—5L|n),n)}
< sup |G (B | pn,n) +t1,n) =G (B (v|pn,n) +t2,n)|, (S66)

(t1,t2)€[—€peL])?

for some e, = O ( log (L) / (Lh)). By calculation and the mean value theorem,

s B[(G (B8] pan)+t) —G(BiB (0] pn) + 1))

(t1,t2)€[—ep eL])?

sup  E[(G(BiBW|pp,n)+t1) =G (BB (v |pn,n)— tz))Q}
(t1,t2)€]0,e)?

IN

< sup  G(Bw]|pn,n)+ti,n)—G(B | pn,n)—tan) (S67)
(t1,t2)€[075L]2

_ log (L)

- ofy=m) -

Let & == {G(;8(v|pn,n)+1t):te|—e€r,er]}. By Nolan and Pollard (1987, Corollary 17), the
function class {f — g : f,g € &} is VC-type with respect to a constant envelope. By Chernozhukov,
Chetverikov, and Kato (2014, Corollary 5.1) with F taken to be {f —¢g: f,g € B}, F taken to be a
constant envelope, and o2 taken to be the term on the left hand side of the first inequality in (S68),
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we have

E sup |G (B (v | pnsn) +t1,n) =G (B (v | pp.n) + t2,n)|

(t1,t2)€[—erer]”
_1ss (log (D) M4
_ 1/2 ( 108
0<L ( i ) . (S69)

By the mean value and inverse function theorems, if I = 1 and L is sufficiently large,

N _ 207,
),3 (U +0r, | n) - B (U —r | n)‘ < infbegnﬁl (b | pmn) - HX, ( ‘ n)”Bn

B log (L)
o

H‘G(B’(Hmn),n)—G(B’(v—mn),n)‘g

By the above result and Lemma S4(b),

log (L)
L )

(S70)

if L sufficiently large. Now by this result, (S64), (S66) and (S69),

H’ﬁ'* (v,n) — F* (v,n)’ =0, < logISL)> :

It follows from this result, (S55), (S58) and Pr[I =0] = O (L™!) that

ﬁ*<v|pn>—ﬁ*<v\pn>=op< log(”)

L

By this result and (S57), we have

ﬁ*(v|pn)_F*(U’pn):{ﬁ*(Upn)_F*(U|pn)}+Op< logL(L))

By using (S63), write

G(E(Mn),n)

Tn

L(F* (] pa) = F* (v | pn)) =T +1{G (Bw|n) [n) =G @B@|pun) | n)}.

where the equality holds when L is sufficiently large. The first term on the right-hand side can
be bounded by [|G (,n)z, = Op( log (L) /L) By similar arguments in the proof of (S65),

’B(v |n)— 8| pn, n)’ < W/log (L) /(Lh) if I =1 and L is sufficiently large. By using this result

and the mean value theorem, we have
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{c(Belnin)=GEw ) n}
19 (30 |par) [) (30 |0 = 50 [ ) +0

1ogL ELL)> |

By Dette, Neumeyer, and Pilz (2006, Lemma A.1), if = 1 and L is sufficiently large, there exists
A € (0,1) such that

CX@@lpan) | 2K (0¥ (b In)
3 (ﬁ (U |pn,n) ‘pnan) (5/ (Z)A |pn,n) + X/ <l;)\ | n))2

X2 (13A | n) (5" (EA ypn,n) XY (b; | n)>
(g/ (BA |pn,n> X/ (Z)A | n))

where by = (£ (- | pp,n) + AX (- | n)) ! (v). It now follows from the above result, (S59), (S60), (S61)
and Lemmas 5S4 and S5 that

Bw|n)—B|ppn) =

+

)

P () = " (0 ) =~ RO (50 ) 1) 0, (). 7

By (S59),

. - H|n) HG|n) (g9b]n)
1 1
_ - _ _ -1
7 b Im) g b ) = S 2o 1),
Lemma S4(b) and Lemma S5(c), we have

_ 1 (P, G(B(v ] pn,n) [ n)) oo m I n log (L)
(B (0| o) [ ) = PP CRLL) L 5 ) ) 40, (1)),

Then, by this result and (S71),

i _F* (v _ nn(pnvG(IB(U|pn;n)|n)) v I n
F@lm) = F o) = G0 e B0 e | pema (@ pem o) OO 17

+0, (105,5?) ' (572)

For b € [’b\n + h,gn - h}, we have

By Taylor expansion,

E[g (6 (v ] pnn),n)]=g(B ]| pnn),n)
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+ %g” (B (v | pn,n) | n)ry (/ u?K (u) du) h? + o (h?). (S73)

Let

Ny

Ji (v,n) = 1(N; = n) \}EK (Bﬂ —5(; !pnan))

=1

.

N}

m 3 e zlﬂfpn,n»]’

=1

—-E

and o (v,n) =E {(Zle (Jl (v,n) /\/Z))Q} =E [J? (v,n)] . Then we can write

L
VIR (B (0 | pam) )~ B35 (0 | o) m))) = D2 101

By LIE and Taylor expansion, we have

02 (v,n) =g (B W |pn,n /K2 )du+o( (S74)

and

=0 (&),

3
Ji (v,n)
Z |:\/f og (v,n)

=1

which shows that Lyapunov’s condition holds. By Lyapunov’s central limit theorem (Severini, 2005,
Theorem 12.2), S22, J; (v,n) /o, (v,n) —4 N (0,1). By this result, (S74) and Slutsky’s theorem,

x/fh(a(ﬂ(v\pn,n),n)—E[a(mv\pn,n),n)})wN(og v | pn,m) / K*(u du) (875)

By (S55), (S56) and Lemma S5(c),

B (S (0] poyn) | m) = L0 @120 =9 B0 ) o) +Op< 1ogL<L>> (s

By this result, (S73) and (S75),

VIR (B3 0 o) 1) = 30" (5 L) [ ([ 2K ) du) )

4N (0 |p"’ /K2 du)

The conclusion in Part (a) follows from this result and (S72).
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It follows from straightforward calculations that E[J; (v,n) J; (v,n')] = o(1) for all (v,n) #
(v/,n’). The Lyapunov condition for the multi-dimensional Lyapunov central limit theorem can also

be easily verified. Then by these results,

VLR (G (B (v1 | pryma) 1) = E[G (B (01 | pay,ma) 1))

\/ﬂ(ﬁ (B (v | Prpsmar) smar) = E[G (B (v | Prygsmar) ,nnr)])
)

0 g (5 ('Ul ‘ PniyM1 7n1)
—a N B /K2(u)du
0 g(ﬁ(vJ‘pnM7nM)7nM)
The conclusion in Part (b) follows from this result, (S72), (S73) and (S76). |

Proof of Proposition S4. For notational simplicity, write 9=10 (\/7\\7) Since Q (-, ;) is contin-

uously differentiable on [e,1 — 6]2 x ©, under Assumption S3, the uniform convergence

sup
IeOXF

‘T (ﬁ*,f),ﬂ) —T(F*,po,ﬁ)H 5,0 (S77)

follows from the consistency of F" and p. Let
Dy (197W) = TT (F*?p07ll9) wTr (F*vpofﬂ) )

and it follows that

Yo = arg min Dy (J; W) .
YO XF

By the reverse triangle inequality,

‘ \/ D (9;Wy) — /Dy (9; W)

<(r (7 5.0) -1 (. 0) W (x (B

*

B.0) =T (F*,py,9)).

It follows from this result and (S77) that

\/ D (9; Wo) — /Dy (9; Wo)

sup
YEOXF

—p 0.

It follows from the reverse triangle inequality and (S77) that

sup
YeEOXF

D <19; \/7\\7) - B(ﬂ;Wo)‘ —p 0.
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It follows from these results and the triangle inequality that

sup |D (19; \/7\\7> — Dy (¥; Wy)| = 0.

YeOXF

Consistency of 9 follows from this result and the standard arguments used in the proof of the
consistency of M-estimators (see, e.g., Hansen, 2022, Theorem 22.1). Compactness of © x F and
continuity of Dy (-; Wy) ensure that the second requirement in the statement of Hansen (2022,
Theorem 22.1) is satisfied.

It follows from consistency of 9 and the assumption that 9 is an interior point that 9 satisfies
the FOCs wpal. Then, we have

op ((Lm)™7%) = ing( " 5.0) W (F.5,9)
= DT (B p8)W{r (F.5.9) ~ 1 (F5.90) + 7 (F"5.00) ).

and therefore,
(5 59) S (0 (558) (7.0
_ _aif ( B, f9) WY (13*,13, 190) + 0, <(Lh)_1/2> .

Therefore, by the mean value theorem,

(" (5 50 o (5.9)) (5 1)
0

:_%TT( ,p,ﬁo) W (fr*,ﬁ,ﬁo) + 0, ((Lh)_m), (S78)

where 9 denotes the mean value. By Proposition S3, the fact that p — Py = Op (Lfl/ 2), the mean
value theorem, and (S24),

T(F*ﬁ,ﬁo) = T(F*,f’,ﬁ())—T(F*vpmﬁo)
- o (ﬁ - F) +op ((Lh)_1/2> .

Then by this result, (S78), W —p Wo, F’ —p F* and p —, py, we have

D9 = — (HJWOHO)_ 1] Wo e, (ﬁ - F) + 0, <(Lh)_1/2> . (S79)
The second conclusion follows from this result and Proposition S3. |
Denote Gy (- | n) == G (- | n) = G(-| n), G (n) = Gi (n) = G (,n), Hy (- | n) = Gi (- | n) -

g(-In) and Hy (-,n) == gi (~n) — g (-,n). Let g (- |n), g (- | n), g; (-,n) and g{ (-, n) be the first
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and second derivatives of gi (- [ n) and g; (-,n). Let H: (- | n) and HY (- [ n) denote the first and

second derivatives of Hy (- | n). The following lemma is a bootstrap analogue of Lemma S5.

Lemma S6. Suppose that the assumptions in the statement of Proposition S3 are satisfied. Then

we have the following results. (a)

Pry ([ — pa| > 07, = 0, (271),

for some deterministic sequence O‘?L =0 ( log (L) /L) (b)

Pry [IIG1 (- [ mllg, = ar| = 0p (7).
for some deterministic sequence &y = O ( log (L) /L) (c)

Pry [ (- [ ), > ag.c] = 0p (17,

for some deterministic sequence oyt 1, = O (\/log (L)/ (Lh)> and similar results with deterministic

sequences o ;= O( log (L)/(Lh3)> and of ; = O (\/W) hold for HH/T (-] n)HBn
and HH;’ (- | n)’ 5

n

Proof of Lemma S6. Let

|

| L
7l = Z]I(Nszn>.
=1
i

Then, we can write g, = s / (n%fl) By Bernstein’s inequality, we have

~ ~ 2-log (L .
Pr; [ﬁn—m > G 705( =0, (). (S80)
By Bernstein’s inequality and (S54),
N log (L) -
P 2 _ 52 | > — 0O (L!
r [|U7,7n 0T7n| >C i O (L)

for some C' > 0. Then by this result, (S54), (S80) and the triangle inequality, we have

> 2\/0,%,71 + C\/logL(L) \/2 ' 10Lg D _o, (1. (S81)

Wn—rn

Pry
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It follows from similar arguments that

77;2 — Ty

er [ o] = 0,

for some deterministic sequence of ; = O ( log (L) / L). By simple calculation,

Pr; ﬂ-”_l‘ Zi ZOp(L_l).
At T —Oof

It follows from this result, (S81) and

~ Tn — T T T
& —gn=" ”+(;;—1>
Ny, nTn \ 7,

> O‘?,L} = O, (L™') for some deterministic sequence O‘?,L =0 ( log (L) /L)

The conclusion in Part (a) follows from this result.

that Pry H(’]\L —qn

By (S80) and the fact that for all z € R and ¢ > 0, |z V (—c¢)| > ¢ if and only if |x| > ¢, we have

Pry [

Then it follows from the same arguments as those used to prove (S81) that

r;rl —7Tn

> Orn

I
-
il

2-log (L)
L

= 0, (L7"). (S82)

> a?,L} =0, (L7,

TIL—Tn

PrJr [

for some deterministic sequence of ; = O ( log (L) / L), and by simple calculation,

a']"
Pry || - 1‘ >t 1 —0,(L7). (S83)
Tn Tn — Q4 1

Then we apply Giné and Guillou (2002, Corollary 2.2) with U = 2n, 0? = n?#, and t taken to

be C/log (L) L for some positive constant C. Let af = or /2 (log(L)/L). Then, by Giné and
Guillou (2002, Corollary 2.2), taking C' to be sufficiently large, we have

o log (L)

P B L

L (|7 —m| < af) =0, (L_l) .

|Gi ) =G )

Note that by (S52), we have 1 (|7, — m,| < ] ) = 1 wpal. Therefore,

S C log (L)

Pr; 5 i3

|G ) =G m)

=0p (L_l) ’
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if C is sufficiently large. The conclusion in Part (b) follows from this result, (S83) and

Gy (b Gy (b 0
61 (s ) = Sy GO (T2 y),
Tn Tn n
The other conclusions follow from using (S83) and Corollary A.2. |

Proof of Proposition S5. Denote

_Tin (pna G(b | TL))

&(bfn)=b (n—1)g; (b|n)

Let I~/J = ET <B2Tl | NIT). Let ﬁr* (v,n) be defined by the right-hand side of (S28) with f/\;} replaced
by 175 and let ﬁT* (v|pn) = fT* (v,n) /rp. Let X; (b | n) = ET (0 n)=&(b] pn,n). Let Xi (- | n) and
XY (- | n) denote the first and second derivatives of X (- | n). Then, we have

M (Pn, G (b n)) 11
Xi (0] n) = S {gT(byn) g(b|n)}, (S84)

, D (GO g [ 1 |
Xp(bln) = = w1 {m<brn>‘g<b|n>}

L (2n, G (b)) {ﬁ% (bIn) g (b]n) } (S85)

n—1 Zoin) g 0n)

and

Xﬁfl(b In) = _D%nn(pmG(b ‘ n))QQ(b | n) + Danp(pn, G(b | n))g'(b | n) {’g}( 1 1 }

n—1 bln) g(b|n)

n—1 B

gi(b|n)  ¢*bln)
M (Pn, G(b | n)) [ G101 0)GF(b | ) —2(g(b | n))?G4(b | n)
3T )
"(b1n)g®(b | n)—2(d' (b n))gd|n
I 201 1)), 50

2D (P, (b m)g(b | n) {ﬁﬂb (m)_gb[n) }

+

n—1

Denote
Ki (0 ) = (1, C1 (0| 1)) = 0 (0, G (0] ).

By Lemma S6(a,b) and similar arguments as those used to prove (S62),

Pri [IK; (- | mll, > dre] = 0, (27,
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for some deterministic sequence &y, = O ( log (L) /L) Let T; == 1 (HKT (1)l < dhL). Let
(’]TT, ’]I‘ﬁr, ']I‘ﬁr’) be defined by the same formula with (K, &4 1) replaced by (Hy, o4 1), (H’T, aQL?L) and
(B0 ). Let Ij = TyTyT{TY. Then, we have Pry [I; = 0] = O, (L™1).

Decompose
. ~ Fy (v,n) — F¥ (v,n) Ef (v,n) /1
By (v pa) = Ff (0] po) = = Lo A (), (587)
Tn Tn n

It now follows that

i) < Bl ey

~f R 2
n (rn — 0rny/2-log (L) /L)

2 -log (L 2
+]]- <7/"\n S 8r,n Og()) ET (7:\? - 1) ] )
Tn

L
where the second term on the right-hand side equals zero wpal. For the first term, we have

B ((@_rn)v(@_m_aﬁn ‘“Lg@)) <5 [ -n)]

2
2-log (L) <? w5 2-log(L)>
n n rn I,

L
2
Note that Ej [(FL - rn> ] = O, (L™'). It now follows from this result, (S82) and the above

+PI'T ﬂn_?n

> Orn

2
inequalities that E; [(rn/ﬁl - 1) ] =0, (L7).

Denote 52 = Hg} (-|n)— §~T (| n)HBn. Then,

«t
) - Fr )< ¥ Ni{ﬂ(%} <v+d})-1(V]<v-0o})}.

N/ =n =1

Let o), = ET (bn | n) and vl = ET (b, |n). If I; = 1 and L is large enough, (52 < log (L) /L,

ail—@’ < /log (L) /(Lh) and ‘QL—Q) < \/log (L) / (Lh). By (S85), if I; = 1 and L is large
Xt (- n) G

a strictly increasing function on [QL,@H with ET (QL ] n) =b,, and ET (@L ] n) = b,. Then, when

enough,)

is sufficiently small, the inverse ET (-|n) = fT_l (- | n) exists and BT (-] n)is

n
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L is sufficiently large,
I; ﬁ}* (v,n) _ﬁT* (v,n)‘ < Iy {GT (BT (U—i—(ﬂé | n) ,n) -Gy (B} (v—é} | n) ,n)}
+I; {G (BT (U—I—(Sz ] n) ,n) -G (ET (v—éz | n) ,n)} (S88)
By arguments similar to those in the proof of (S70),

4o (o vtin) ) -6 G (ot 1)) < 52

if L is sufficiently large. For the first term on the right-hand side of (S88),

LG (B (v+3) 1n).n) -G (B (v—(s;m),n)}z

2
< ( sup |G (B (v | pp,n) +t1,n) — Gy (B(v\pn,n)thQ,n)l) ;

(t1,t2)€l—ep,er]?

1%\

for some deterministic sequence e, = O ( log (L) / (Lh)). By arguments similar to those in the
proof of (S69),

Ey

sup  |Gy(B(v | pn,n) +t1,n) — Gy (B(v | pn,n) +t2,n)}]

(t1,t2)€[—er,en)?

=0, (L—I/Q (bi(}fl)>1/4> |

By this result and Ledoux and Talagrand (1991, Theorem 6.20),

(t1,t2)€[—€r,eL]?

=0, (L—l <1°i(hL))1/2> .

It now follows that

2
E; !( sup  |G(B(v | pn,n) +t1,m) — Gy (B(v | pn,n) +t2,n)|> ]

oh {(ﬁ;(v,m—ﬁ;(v,mﬂ < B {]IT ;(v,m—ﬂ*(v,n)ﬂ+PrT[11T:0]
_ o, <1g<L>> (589)
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2
Then it follows from this result, (S87) and E; [(rn/ﬂb — 1) ] = O, (L71) that

By (0 1o = B 0 1) | = 0, (252)). (s90)
Write

Frwlpn) = Li-Ff(v]pa)+ 10 —1) F (v]pn)
= 1 (G (B (v ] n) |n) =GB |pnn) | n))
Gi (B (v]n).n)

Tn

+HT'G(ﬁ(U|pmn)‘n)+HT'

+ (1= L) B (v ] pa) - (S91)

By Dette, Neumeyer, and Pilz (2006, Lemma A.1), if It = 1 and L is large enough, there exists
A € (0,1) such that

X Blpwn)n) o, X Ga[n) X (0a [ n)
O @) o) (¢ 0| poym) + 05 O | )
X2 (b [ 1) (€ (bx | pnsm) + XX (b | )

(6 (0n [ ) + X5, (05 | )

Bi(v|n) =B |pan) =

; (592)

where by == (£(-| pn,n) + AXs (- | )7 (v). By (S84), (S85), (S86), (S92) and the mean value

theorem, we have

L (G (BiwIn) In) =GB pan) [m) = L-g(B]pun) n) (B (©]n) -8 pan)
0, <loi§f))

= Xt (B(v ] pnsn) [ 1) log (L)
HT(BT(”|”)_6(U’pmn)> —I; - 5/8( |pn,n)|pn,n)+0p< Lh )

It is easy to check that

and

]IT.XT(/B(U|pn’n)|n):HT"’7n(pn,G(/8(’U|pna )| )) ( ("U|pn,n)|n)+op<log(L)>'

(n—1)g*(B (v Ipn, n) [ n)

By these results and (S91), we have

e g e G B0 pun) | ) Hy (B0 pan) [ )
Fwlem) = T G g o) [0 € B @ ]| puur) | puin)
Gi (i (v n).n) _
+I -G (B (v | pp,n) | n) +1T; - - + (1 =1It) F{ (v | pn)
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Then, by this result and

gt (B(v]pn,n) | n) =

BECImn.n) , BEC ) (7 )

Tn Tn

we can write

- PGB | pun )\”))QT(ﬂ( 0| payn) )
FT( |pn) (n—l)fl( (U|pn7 ‘pna ( (v |p”l7 n), )
i v+ v v v 4o, <°gL§L ) (593)
where
b oy e (e G (B0 pain) | 1) Gt (B (v | ) 1)
= ) G T (B0 pu) | )9 (B (0| ) )
b (@G (B pan) )G (B ] pan)n) (T
T T DB o) [pem) g B | pun), ><¢L 1>
Vi o= 1 {G (B | pnrm) | n) + (TZ”L_OS“&/G(;% Lﬁfﬂ |pn)3z> }
G B. vin),n
— TWT‘ )on)
V'; = (1—HT)ﬁT*(U|pn)'

It follows from the Cauchy-Schwarz inequality that

Ei [(1 = 1)*G7(B(v | pa,n),n)]

VPrills = 00 B [@34(B( | puy ). ) — G5B | pm).m)
+Pr[L; = 012(B(0 | o). ). (394)

By the Rosenthal inequality,
Er (G (B 1 pnn),n) =3 (B (@ | pasn) ,m)* | = 0, ((L0)7?).

By this result, Pr; [l; = 0] = O, (L) and (S94), we have Var; [V{f] = O, (L71). Tt follows from

2
similar arguments and E; [(rn/?}; — 1) } =0, (Lfl) that Var; {Vﬂ =0, (Lil). It follows from

Vary[ly] = Pry[l; = 0]- Pri[I} = 1] = Op(L ™)

that Vary [V;] = Op(L™1). By Chernozhukov, Chetverikov, and Kato (2014, Corollary 5.1), we have
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E[|G(-,n)||5,] = O(L~"/2) and E:[||G+(-,n) — G(-,n)||5,] = Op(L~/2). By these results and Ledoux
and Talagrand (1991, Theorem 6.20), we have

vary ] < 1 (161 (2l )] = 00 271
Since 0 < FV{" (v | pn) <n/rp,
Vary [V;} < By {(1 ~Ip)* (ﬁf* (v ] pn)ﬂ SPri[ly =01 =0, (L7).

It follows from the above results, (S90), (S93) and the Cauchy-Schwarz inequality that

i (B (v !pmn)m)]
g(B(v|pn,n),n)

Vary B} (v ] pa)| = Vary [ M (Pay G (B (v | pusn) | n))@)

(=D& @[ pwn) [pa: o, ((Lm)) . (895)

By simple calculation, we have

Vary [g; (8 (v | pn,n) ,n)]
2

:% % Z Z Kl( zlv |pn, )‘hainail;n) _./9\2(5(U|pn’n)7n)

I:N;=n

The conclusion follows from this result, (S95), g (8 (v | pn,n),n) =p g (8 (v | pn,n),n) and the fact
that

2

=% Z/cl(u, 01 onn) [Bbib) | =0 9 (8 (@ pan) ) [ K ()

I:N;=n \ i=1
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