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CHAPTER 1

Recap and limitations of traditional methods

In this chapter, we review the basics of the linear regression model, OLS estimation, the
instrumental variables (IVs) regression model, and 2SLS estimation. In the case of OLS, we
will focus on the effect of many covariates on the variance of the OLS estimator. We consider
a typical scenario where there are some important regressors, which are the main focus of
a study, and there are many potential controls. The econometrician is unsure which of the
controls should be included. Omitting important controls results in biased estimates for the
main parameters when the main regressors and controls are correlated. However, including
too many controls may lead to very imprecise estimates for the main coefficients (excessively
large standard errors). This motivates the need for automatic or machine learning (ML)
methods for selecting of controls.

In the case of IV estimation, we will show that the 2SLS estimator is inconsistent when
there are too many IVs. Since dropping important IVs would reduce the efficiency (precision)
of the 2SLS estimator, we again face the problem of choosing among many potential problems.

We also discuss the difficulties associated with “traditional” hypothesis-testing-based (i.e.
statistical-significance-based) practices of choosing variables, which further motivates the need

for machine-learning-based methods.

1.1. Linear Regression and OLS

The researcher observes data on the dependent variable Y; and the k explanatory variables

Xi1,...,X;k. The index ¢ denotes individual observations, and the sample size is n: i =
1,...,n. A classical linear regression models the conditional mean of Y; given the regressors:
foralli=1,...,n,

EYi| X1, o, Xig) = B1Xin + o+ BeXik,
where f1,..., B are the unknown regression coefficients to be estimated. The intercept is

included by allowing one of the regressors to take the value one for all observations (the

corresponding (3 is the intercept). Equivalently, we can write
Yi=pXia+...+5Xik + Ui,

where
EU; | Xia,...,Xix) =0.
The residual terms U;’s capture the effect of unobserved factors on Y;. The classical linear

regression model also assumes that for alli =1,...,n,

EU? | Xi1,..., Xip) = 02,
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and that for i # j,
EUU; | Xi1,...,Xix) =0.

It is convenient to switch to the matrix notation. Define the n x k matrix of observations
on the regressors:

X11 X12 ... Xig
¥ — 21 Xoo 2.k
Xng Xn2 ... Xok

Note that the rows of X represent different observations, and the columns represent different
regressors. Thus, the element i,j of X is observation ¢ on the j-th regressor. To rule out

multicollinearity, we assume that the n x k matrix of regressors X has a full column rank:
rank(X) = k.

The last condition implies that there is no exact linear combination among the k& columns of
X (the k regressors).

Similarly, let an n x 1 vector Y collect the n observations on the dependent variable:

and U collect the n observations on the residuals:

Ur

Us
U =

Un
Lastly, let the k x 1 vector 8 collect the unknown regression coefficients:

Ej1

65

Bk

Note that XS is an n x 1 vector of the predicted values of Y given X. Assuming that
observations are independent, the model can now be stated as

(1.1.1) Y=X5+U,

(1.1.2) EU|X)=0,

(1.1.3) Var(U | X) = 0*1,.

(See Appendix 1.7 for the definition and properties of the variance of a vector.)
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For an n x 1 vector y, its Euclidean norm is given by

lyll = /93 + ... + 42

Hence, the squared distance between two n-vectors y and g can be written as

n

ly =917 = > (i — 90

i=1
Note that for a k x 1 vector b, Xbisn x 1.
The ordinary least squares (OLS) estimator of [ is obtained by solving

(1.1.4) min ||Y — Xb|?,
beRk
where
IV = Xb|> =D (¥i — Xinby — ... — Xixbs)?
=1

=1

where X; is the k£ x 1 vector collecting the i-th observations on all k£ regressors:
Xi1
Xi2
X, = )
Xik
Let B denote the OLS estimator, i.e. B is the solution to the least squares problem in (1.1.4).

The first-order condition for the least squares problem is given by

0="> X;(Yi— X|B)
=1
= X'(Y — XB),
which implies that
B=(X'X)"'X'Y.

Define the fitted/estimated residuals

i — sz - X'Z/B’
and collect them into an n x 1 vector
U1
) U,
U =
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We choose the OLS estimator 3 so that the resulting fitted residuals are orthogonal to the

regressors:

S

0=X'

X,U;,

I
NE

1

-
Il

which can be seen from the definition of U and the first-order conditions for the least squares
problem.
The properties of the OLS estimator are summarized below.

Proposition 1.1.1.
(a) Suppose that (1.1.1) and (1.1.2) hold. Then § is unbiased:

E(3|X) = 5.
(b) Suppose that (1.1.1)-(1.1.3) hold. Then
Var(3| X) = o?(X'X)7".
PRrROOF. For part (a),
f=X'X)"'XY
= (X'X)"' X' (Xp+U)
(1.1.5) =8+ (X'X)"'X'U,
where the second equality is by (1.1.1). The result follows since
(1.1.6) EB|X)=p8+X'X)"'X"-EU | X)
=B+ (X'X)7'X" -0
=0,
where the second equality holds since E(U | X) =0 by (1.1.2).
For part (b), by (1.1.5):
Var(B | X) =Var(B+ (X'X)"'X'U | X)

= (X'X) ' X'Var(U | X)X (X'X)7!

= (X'X)"' X (o)X (X'X) 7!

=X’ X)) X' X(X'X) !

— e2(X'X) 7,
where the first equality holds by (1.1.5), the second equality holds by the properties of the
variance,! and the third equality holds by (1.1.3). O

The unbiasedness property in Proposition 1.1.1(a) requires that we control for all regres-
sors included in the model (have non-zero 8’s) unless they are orthogonal. To see this, let us

1See Appendix 1.7, Proposition 1.7.1.
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partition the model as
(117) Y:X151+X262+U,

where X7 is n x k1 and contains the first k&1 columns of X, X5 is n X k9 and contains the last
ko columns of X, and k1 + ko = k:

X:<X1 Xg).

[ A
().

where (51 is k1 X 1 and (s is ko x 1. We can view X as the main regressors and Xs as potential

Similarly, we partition

controls or covariates.
Suppose the researcher estimates (31 by regressing Y only on X; without including X9 (we

also say without controlling for X5). Let 1 denote the resulting estimator:
b= (X1X1)7' XY
=B+ (X1 X1) 7 X X + (X1 X1) 71X UL

We have:

E(Bi]X) = i+ (X1X1) ™ X] Xafh,
where (X} X1)71X{ X2/, is the bias term. Thus, unless B2 = 0 (there is no need to control for
X5) or X{Xo = 0 (the regressors in X are orthogonal, i.e. unrelated, to X3) the estimator 1

is biased: it is “contaminated” by the effect of X5 on Y as captured by s and the relationship
between X7 and Xs.

1.2. The effect of covariates on the variance of the OLS estimator

In practical applications, researchers often have long lists of potential controls Xs. See
for example the discussion of the cross-country growth regression model in Belloni and Cher-
nozhukov (2011, Example 3). The cross-country growth regression model is concerned with
estimating the effect of initial conditions (initial GDP) on future growth rates. There is a
long list of additional potential controls related to the initial GDP that may also affect future
growth rates. The list includes variables describing institutions and technological factors, and
overall there are about 60 potential covariates, while the sample size is about 90 observations.
While only a few of the potential covariates may have non-zero coefficients in the true model,
unfortunately, we do not know which ones.

To avoid the omitted variables bias, the researcher may attempt to include all potential
controls. Unfortunately, that results in large variances and standard errors on the main
parameters of interest as we discuss next.

To isolate the variance of one of the elements of the vector B , we need the following result.

Proposition 1.2.1. Consider the partitioned regression model (1.1.7).
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(a) The OLS estimator of B1 in the regression of Y against X1 and Xy is given by
B = (X{MaX1) ' X{MyY,
where My is an n x n orthogonal projection matriz:
My = I, — Xo(X5X5) 1 X3,
(b) Suppose that (1.1.1)-(1.1.3) hold. Then,
Var(f | X) = o2(X| My X)L
Remark. The result in part (a) of the proposition is important on its own. Some ML
methods that we will be discussing later in the course rely on it. As we discuss below, the
result implies that 31 can be obtained by first regressing X, against the other regressors Xo,
saving the residuals; then regressing Y against X9 and saving the residuals, and then lastly
regressing the residuals of Y against the first-step residuals of X;.
PRrROOF. For part (a), first note that by the properties of the projection matrix M2
MsXo = 0.
Recall that by construction,
(1.2.1) X'U =0,

where
U=Y - X181 — X2.
Re-write the last equation as

Y = X161+ Xofo + U.
We now have:
(XM X1) ' X{MpY = (XM X1) ™' X{ Mo <X1B1 + Xofs + U)

= B+ (X] Mo X1) ' X[ M, <X25A2 + U)

= By + (X My X)X MU
Next,

MU = U — Xo( X5 X)L X450

=,

where the second equality holds since Xéﬁ =0 by (1.2.1). Similarly,
XU =0,

and the result in part (a) follows.

2See the discussion of projection matrices in Appendix 1.8.
3See Proposition 1.8.1(c) in Appendix 1.8.
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To prove part (b), note that
B = By + (XI Mo X1) " X Mo U.
Note also that the projection matrix Ms is symmetric and idempotent:*
M} = Ms,
MoMy = M.
Using these facts, we obtain:
Var(fy | X) = (X{ Mo X1) ' X MaVar(U | X)My X, (X Mo X;) !
= o?( X M2 X1) " X Moy X (X Mo X)) ™t
= o} (X| My X1)™ L.

Let us partition the regression model as follows:
Y =1 X1+ Xof2 + U,

where X is n x 1 and contains the observations on the main regressor of interest (the initial
GDP in the cross-country growth regression model), 3 is a scalar coefficient on the main
regressor, and Xo is n X (k — 1) and includes observations on the potential controls. In view
of Proposition 1.2.1(b), the variance of the OLS estimator of 8; while controlling for the

covariates X is given by®
2

. o
14 X)=————.
a1 X) = 3,
Let us discuss the effect of adding more controls into Xo, i.e. the expression in the
denominator of Var(,é’l | X). Since My = M}, and MaMy = Mo,

XIMyX| = X{MyMo Xy = X|MyMy X, = X1 X,

where
X| = MoX| = X1 — Xo(X5X0) 1 X0 X = X1 — X5,
and 4 is the OLS coefficient from the regression of X against X». Hence, X is the matrix

of residuals from the OLS regression of X; against Xs, and X {X 1 is the sum of the squared
residuals:

XXy =) X7,
i=1

and we can write

o? o?

Var(f | X) = = —
2?21 le Z?Zl (Xizl - X£,27)2

Thus, the denominator of Var(Bl | X) contains the residual sample variation of the main

regressor of interest X; after removing from it everything linearly related (explainable) by

4See Proposition 1.8.1(a), (e).
5Note that (1 is an estimator of a scalar parameter, and therefore, its variance is a scalar.
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Xo. When we include more controls into Xo, a larger portion of the variation of X; is
removed resulting in a smaller sample residual variation ;" ; Xfl(’

The above discussion shows that when we include unnecessary controls into Xo that are
correlated with X7, the variance of the OLS estimator of 81 increases. As a result, the esti-
mates of the main parameter of interest become noisier. In practice, one would tend to see
larger standard errors for Bl, smaller t-statistics and larger p-values, and wider confidence
intervals for $;. When the number of potential controls is large and they are highly corre-
lated with the main variable of interest, the impact of including unnecessary controls on the

informativeness and significance of the main estimates can be drastic.

1.3. Including only significant covariates

To address the issue of many potential controls described in the previous section, one might
consider including only covariates with statistically significant coefficients. Unfortunately,
due to the nature of hypothesis testing, such a practice would typically result in exclusion
of relevant controls and the omitted variables bias. The reason for that is that inference
procedures do not control the probability of Type II errors (not rejecting a null hypothesis
when it is false) and as a result the probability of seeing insignificant coefficients when in fact
the true parameters are different from zero can be large. We illustrate this point below using
a simple stylized example.

Suppose 6 is an estimator for a scalar parameter 6, and

0~ N(9,w?).
Suppose further that the variance w? is known. Consider testing Hy : # = 0 against Hy : 6 # 0.
Since .
0—0
— ~ N(0,1
£~ N(O,D),

a size « test rejects Hy in favor of H; when

~

0

> zl—oz/27

where z, denotes the 7-th quantile of the standard normal distribution. The probability of
Type I error (rejecting Hy when it is true) is controlled as under Hy, 6/w ~ N(0,1) and
therefore P(|0/w| > Zi_a2 |0 =0) =
To consider the probability of Type II error, write

6 0—-0 0 0

e W Te Aty
where

Z ~ N(0,1).

Note that since we are now under Hi, @ # 0. The probability of deciding that 6 # 0
(significant) is given by

P(I1Z+0/w| > z1_q)2) -

6See Proposition 1.8.2 in the Appendix.
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Note that this probability converges to 1 — « as 8 — 0. Le. in this case, the probability of
Type II error can be as large as 1 — . If the value 6/w is not very large, the probability of
detecting 6 # 0 can be relatively small.

The above example illustrates that a failure to reject Hy : # = 0 cannot be used as reliable
evidence that the true coefficient is zero. In the context of regression, dropping insignificant

regressors can lead to the omitted variables bias.

1.4. Data snooping

Data snooping (also known as p-hacking) occurs when the researcher repeatedly re-uses
the same data in order to produce “statistically significant” estimates with large t-statistics
or small p-values (which generated the name “p-hacking”). This is typically done by tweak-
ing the specification of a model numerous times, adjusting the definitions of the variables,
excluding some observations, and etc until sufficiently small p-values are obtained for the
main parameters of interest. Data snooping/p-hacking destroys the validity of t-statistics and
p-values, and leads to false discoveries. We illustrate the issue using a simple example.

Suppose the researcher wants to show that data supports their hypothesis that some scalar
parameter 6 is different from zero. Suppose that the researcher can construct J independent
estimators for 6 such that

0; ~ N(0,w7),

where wJQ» are known. To demonstrate the “significance” of 6, the researcher conducts J size

a tests of Hy: 8 = 0 vs Hy : 0 # 0, each test based on different 6;, until they find a test with
]éj/wj| > 21_q/2 O Tun out of tests. Suppose in fact § = 0. In this case, the probability of
concluding that 0 is “significant” is given by

P | max
1<5<J

7]
wj

where the second equality holds because the maximum of J statistics is below the critical
value if and only if each of the J statistics is below the critical value. The third equality holds

has size a:

A~

by the independence of éj’s across j, and the last equality holds because each of the J tests
23

0
P < > Zl—a/2> = .
w

j
Hence, when the J tests are independent and 6 = 0, the probability of falsely concluding
that 6 # 0 is given by

1—(1-a)’.
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TABLE 1. The probability of false discovery that 8 # 0 with J independent
size a = 0.05 tests

J 1 ) 10 15 30 60 85

Prob. of false discovery 0.05 0.23 0.40 0.54 0.79 0.95 0.99

Since 0 < 1 — «a < 1, the probability of falsely concluding that 6 # 0 quickly grows with J as
illustrated in Table 1 for a = 0.05. For example, with 10 independent tests, the probability
of falsely concluding that 6 # 0 is 40%, and escalates to almost 80% with 30 tests. With 85
tests, the researcher is almost assured to falsely conclude that 6 # 0.

While in practice tests are rarely independent, the same relationship holds qualitatively.
Since by design, each test comes with the probability a of making a false discovery (or the
Type I error), when the researcher performs many of such tests the probabilities of Type I
error quickly accumulate. Thus by the design of statistical tests, if the researcher searches
long enough, with a high probability they would find something that is not actually there.

The nature of empirical research is such that one cannot know the right specification
until they start working with data. Since the search for correct specifications is unavoidable
and in view of the dangers of data snooping, there is a great need for ML procedures that

automatically detect correct specifications in a data-driven way.

1.5. Instrumental variables (IV) regression

In many economic applications the assumption that regressors are exogenous is implausi-

ble:
(1.5.1) Y =XB+U, pBeRF,
but
E{U|X)#0.

The last equation immediately implies that the OLS estimator of 3 is biased,” and therefore
one should use an alternative estimation strategy.

One example of such a model is the Mincer earnings regression, where the dependent
variable is the log wage, the main regressor of interest in X is years of schooling, while other
regressors included in X are a gender dummy, years of experience, etc. The residual term U

is often interpreted as the unobserved ability. Since individuals with higher ability typically
self-select to obtain more education, the education variable predicts an individual’s ability:

E(ability | education)# 0.
Suppose that in addition, the researcher observes an n x [ matrix of IVs such that

E(U | Z)=0.

"See equation (1.1.6) in the proof of Proposition 1.1.1(a).



1.5. INSTRUMENTAL VARIABLES (IV) REGRESSION 14

Thus, Z contains data on [ exogenous variables (in the sense that they are not related to U).

We also assume that Z are related to X through the so-called first-stage equation:

(1.5.2) X =ZI+V,
E(V|Z)=o0.

In the first stage equation, the matrix of coefficients II is [ x k. We assume that the [ IVs in

Z are sufficiently informative about the k regressors in X in the sense that
rank(IT) = k.

The last condition implies that [ > k. Note also that the regressors in X that are exogenous
can and should be included in Z.

Given the first-stage equation and since E(U | Z) = 0, the regressors in X can be endoge-
nous only because of the correlation between U and V.

For the Mincer earning regression, Angrist and Krueger (1991) proposed to use the quarter
of birth dummy variables as instruments for schooling. To justify the choice, they argue that
while the quarter of birth is exogenously assigned, it predicts education due to compulsory
schooling laws. In the US, education is mandatory until the age of 16 in most states. Since
people born in the first quarter reach 16 before those born later in the same year, they tend
to have slightly less education.

Combining the first-stage equation in (1.5.2) with the main regression equation in (1.5.1),

we obtain:
Y=ZIO+V)p+U
=(ZI)p+ U +Vp)
— (ZI)B+e,
where
e=U+Vg.
Note that
E(e| Z)=0,

and therefore one can obtain an unbiased estimator of 8 from the OLS regression of Y against

ZII. Since II is unknown, in practice it is replaced by its estimator from the first stage:
(1.5.3) = (72)7"1ZX.
The IV or two-stage least squares (2SLS) estimator of 3 is given by
b= ((ziy(zm) " (ziyy
= (irz'z1) sy

(1.5.4) — (X'Z2(Z22)' Z'X) " X'2(Z'2) Z'Y,
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where the last equality holds by substituting the expression for II from (1.5.3) into the second
line.

Define an n x n projection matrix®
Py =27(2'2)17.
The 2SLS estimator can be written as
B=(X'"PzX) ' X'PyY.
When the number of IVs is the same as the number of regressors (I = k), the 2SLS estimator
simplifies to
(1.5.5) B=(Z2'X)"12,
which is often referred to as the IV estimator. The result holds by (1.5.4) and because the
matrix Z’X is now square (k x k) and (Z'X)~! exists:
B=(X'2(22) ' Z'X) " X'2(Z'2) 'Y
=(Z' X)W 22 (X' 2\ X' 2(Z'2)" Z'Y
= (Z'X)"17'Y.
We can denote
X =PzX = ZII,

i.e. X contains the exogenous variation in X due to Z. Note that by construction, Xisnxk.
Thus, whether [ = k or [ > k, the 2SLS estimator can be re-written as

B = (X'X)"' XY,

Hence, X can be viewed as k IVs for X: the 2SLS estimator is an IV estimator that uses the
first-stage predicted values of X as IVs. To make the 2SLS estimator more efficient, one would

like to include all relevant IV variables into Z to capture all available exogenous variation in
X.

1.6. IV regression with many IVs

In this section, we discuss the bias of the 2SLS estimator. Since the first-stage matrix
IT must be replaced with its estimates, the 2SLS estimator is typically biased. However, its
biased disappears as the sample size n — co. L.e. in large enough samples, the bias of the
2SLS estimator is negligible. However, the situation changes drastically when the number of
IVs is very large and of a similar order as n. In such cases, the bias of the 2SLS estimator
does not disappear even in large samples, which makes it inconsistent.

The many IVs scenario can easily arise in practice when F(U | Z) = 0, and the econometri-
cian suspects a non-linear relationship between X and Z’s. In that case, the econometrician
may try to gain more efficiency by including the polynomial and interaction terms on the
right-hand side of the first-stage equation. By including polynomial terms of higher orders

8See a discussion of projection matrices in Appendix 19.
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and many interactions, the number of the right-hand side variables can grow fast. For ex-
ample, Angrist and Krueger (1991) generated many IVs by interacting the quarter of birth
dummies with exogenous regressors in X.

To simplify the presentation, suppose k = 1, i.e. there is only on regressor. In that case,
the 2SLS estimator satisfies

. X'PgY n~1X'PyU

(16.1) b=Xp,x =Pt X
and, hence, the bias of the 2SLS estimator depends on n~'E[X'P,U].

Proposition 1.6.1.

(a) Suppose that the covariance between U and V is given by
E (UV’ ] Z) = oyv Iy,

for some scalar oyy. Then

1 !
E (X’PZU | Z> = oyy—.
n n

(b) Suppose in addition that the variance of V is given by
E(VV'| Z) = o1,
for some scalar U‘Q/ > 0. Then

1 1 !
E (X’PZX | Z> = -T'Z'Z0 + o} —.
n n n

PROOF. For part (a), since X'P,U is a scalar (as X and U are n vectors),
X'PU = tr (X'PyU)
= tr(PzUX’),
where the second equality holds by the properties of the trace: tr(AB) = tr(BA). Next,
E (tr(PzUX") | Z) = tr (PzE (UX' | 2)),
where
E(UX'|2)=E@UWZ +UV'| Z)
=EU|2)I'Z'+E(UV'| Z)

= oyvin,
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where the last equality follows because E(U | Z) = 0. Combining these results, we have:

The result in part (b) holds by the same arguments. O

Note that

1 1 n o1
—WZ'ZI =~ ) (Zi;11;)%, and
n ni j=1

l

B(X? | Z)=> (Zi;I)
j=1

Thus, the first term in the expression for the denominator (in Part (b) of the proposition)
measures the exogenous variation of the endogenous regressor X;, i.e. the variation due to
Z!11. For the variance of X; to remain finite as [ — oo, we need to assume that for all values
z of ZZ',

(1.6.2) lim Yy (z11;)* < K < oo,

The condition holds, for example, if Z; ;’s are bounded and only a few II; # 0. Such models are
called sparse: many of Z; ;’s are irrelevant. Alternatively, the condition holds when II; — 0
sufficiently fast. In that case, most of the IVs Z; ; can be viewed as weak.

The result of Proposition 1.6.1 shows that the bias of the 2SLS estimator depends on the
covariance between the second-stage errors U and first-stage errors V', and the ratio of the

number of IVs to the sample size. When X is endogenous,

opy # 0.

However, if the number of IVs is fixed (small)
l
oyy— — 0
n

as n — oo0. On the other hand, when the number of I'Vs is large and comparable to the sample

size, it is more appropriate to model it as

=1,
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where
lp — 00,
ln
— —=c>0,

n

as n — oo. In such cases,

Ly
UUVg — OUVve,

and, therefore, the bias term is non-negligible even in very large samples (we assume that
(1.6.2 holds).

When [ is small, adding a few extra IVs can improve the performance of the 2SLS esti-
mator. The situation is drastically different when [/n is large. In such cases, the researcher
needs to be able to pick a small subset of the best IVs out of a long list of potential instru-
ments. Hence, there is a need for a procedure that automatically selects the “best” IVs in a

data-driven manner.

1.7. Appendix: The variance of a random vector

Let X be an n x 1 vector of random variables:

X1
X = :
Xn
Its expectation is defined as a vector (matrix) composed of expected values of its corresponding
elements:
X1
BEX)=FE]|
Xn
E(X1)
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The variance-covariance matrix of a random n-vector is a n X n matrix defined as

Var(X) = E(X — EX) (X — EX)'

X1 —-FX,

_E : (Xg-EXl.” Xﬁ—EXn)
X, —EX,
E(X: - EX1) (X1 — EX1) ... E(Xi—EX1)(Xn— EXy)
E(Xn— EXy) (X1 — EX1) ... E(Xn—EX,) (X0 — EX,)
Var(X1) .. Cov(X1,X,)
Cov(X,,X1) ... Var(X,)

It is a symmetric matrix with variances on the main diagonal and covariances off the main
diagonal. The symmetry follows from the fact that for two random variables X; and Xj,
Cov(X;, X;) = Cov(Xj,X;). The variance-covariance matrix is positive semi-definite (de-
noted by Var(X) > 0), since for any n-vector of constants a, we have that a’Var(X)a >0 :
dVar(X)a=dE(X — EX)(X —EX)a
= Ed (X - EX)(X —EX)a
= E((X - EX)a)’
> 0.

Proposition 1.7.1. Suppose Y = a+TX, where a € R¥ is a fized (non-random) vector and
I' is a k x n fized matriz, then Var(Y) =T'(Var(X))I'.

PRroOOF. First, note that
Y - EY =T(X — EX)
By the definition of the variance-covariance matrix,
Var(Y)=E(Y —EY)(Y — EY)
=T'(X - EX)(X - EX)T
=TVar(X)I'.

1.8. Appendix: Projection matrices
Let X be n x k with rank(X) = k. The first projection matrix we consider is
Px = X(X'X)'X'.

Note that P is n x n by construction. Let Y be an n x 1 vector, and consider the projection
of Y using P:
Y =PxY = X(X'X)'X'Y = X3,
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where 3 = (X’X)"'X'Y. Thus, PxY can be interpreted as the fitted values of Y from a
regression of Y against X. Thus, Py projects n x 1 vectors onto a linear subspace of R"
spanned by the columns of the matrix X:

S(X)={yeR":y=XbbeRF}.
However, the projection is orthogonal in the following sense.
Consider the difference between Y and its projection PxY:
Y — PxY = (I, - P)Y = (I, - X(X'X)"1X)Y = MyY,
where
Mx=1,-P=1,- X(X'X)'X
is the second projection matrix we are interested in. Note that

MxY=Y-Y=Y—-X3=U.

Thus, a projection by Px generates fitted /predicted values, and a projection by My generates
fitted /sample residuals. Moreover, since

I, = Px + Mx,

we have

Y =PxY +MxY =Y +U,
with

Y'U =0,

which holds by X’ U = 0. Thus, M projects n-vectors onto

SHX)={yeR":¢y/X =0}

Additional properties of the projection matrices are given below.

Proposition 1.8.1.
(a) Px and Mx are symmetric: Py, = Px and M5 = Mx.
(b) PxX = X.
(C) MxX =0.
(d) Px and Mx are orthogonal: MxPx =0 and PxMx = 0.
(e) Px and Mx are idempotent: PxPx = Px and MxMyx = Mx.
(f) rank(Px) =k and rank(Mx) =n — k.
PROOF. The results in (a) follow immediately from the definitions of Py and My.
For part (b),
PxX =X(X'X)"'X'X = XI;, = X.
For part (c),
MxX =(I,—-Px)X =X —PyX =X — X =0.
For part (d),
MxPx = MxX(X'X)"'X" =0,
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and
PxMx = (MxPx) =0.

For part (e),
PxPy = PxX(X'X)"'X' = X(X'X)"'X' = Py,
and
MxMyx = Mx — MxPx = Mx.
For part (f), using the results that Py and Mx are symmetric and idempotent, one can

show that their ranks are equal to their traces. Then,
tr(Px) = tr(X (X' X) 71 X) = tr(X'X) 71 X'X) = tr(I},) = k.
O

In an OLS regression, where Y is the vector of observations on the dependent variable

and X is the matrix of regressors, the sum of squared residuals U = MyY is given by
U'U =Y MxY.

Proposition 1.8.2. The sum of squared residuals cannot decrease when adding more regres-

S0TS.

PRrROOF. Consider partitioned regression matrix X = (Z W). Let us study the effect of

adding extra regressors W on the sum of squared residuals. Let
Py =X (X'X )71 X’ be the projection matrix corresponding to the full regression,

P, =7 (Z’ Z )_1 Z' be the projection matrix corresponding to the regression without W.

Define also
Mx =1, — Px,
Mz =1, — Py.
Note that since Z is a part of X,
Px7Z =27,
and
PxP; =PxZ(Z2'2)" 7
S AVAA A
= Py.
Consequently,

Mx My = (I — Px) (In — Py)
=1, - Px — Pz + PxPy
=1I1,—Px —Pz;+ Py
= Mx.
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Define
Uy = MyY,
Uy = MyY,
and write

0< (ﬁx - Uz)/ (UX - UZ)
= UkUx + UyUy — 204Uy,
where the inequality in the first line holds by the fact that 2’z =", x? > 0. Next,
UUy =Y'MxMzY

=Y'MxY

= U4Ux.
Hence,

UyUy > UsUx.

1.9. Appendix: Matrix square root

Let A be a symmetric and positive definite & x k matrix. One can show that there exists

a unique symmetric k X k matrix B such that

BB = A.
We therefore denote

AY? = B.
Moreover, the inverse of the matrix B exists and

B BTl =471
Hence,
A2 =,

Note that

A71/2AA71/2 — A71/2A1/2A1/2A71/2 = 1.



CHAPTER 2

Selecting regressors using the Bayesian Information Criterion

(BIC)

In the context of linear regression and OLS, we discuss information-criteria-based ap-
proaches for selecting relevant regressors among many potential controls. We discuss consis-
tency, the oracle properties, and post-selection inference. While the results are presented for
the linear regression model, the same approach can be applied to nonlinear models such as
probit, logit, and etc.

2.1. Selecting regressors

Consider a linear regression model with k potential regressors:

k
(2.1.1) Y, = Zﬁin,j + U,
=1

EX;;Ui=0, j=1,... k.

For now, we assume that the number of potential regressors is small: k is fixed and does not
depend on n.

Let A denote the set (list) of regressors with non-zero coefficients:

A={j:B; #0}.
For example, A = {1, 3, 7} implies that only the regressors X; 1, X; 3, and X; 7 have non-zero
coefficients, and that the remaining regressors have coefficients equal to zero. We use Ag to
denote the true set of relevant regressors: i.e. the true data generating process (DGP) for Y;
only includes the regressors in Ajg:
Y; = Z ﬁij‘ + U;.
Jj€Ao
Our goal is to estimate Ay using the data {(Y;, X!),i=1,...,n}. We use A, to denote
an estimated set of relevant regressors produced by a selection procedure. We say that the

selection procedure is consistent if
(2.1.2) P (An - Ao) S

as n — 0o.
Let 8 = (B1,...,08k)", and by S4 we denote the subvector of 8 that includes only the
coefficients in A:
Ba=(Bj:j€A).
23
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We use |A| to denote the number of elements in A, and hence 54 is a |A|-subvector of the
k-vector 5.

Suppose a procedure produced the set of selected regressors A,, and the vector of estimates
Bn = (Bn,h ey Bnk)’ Here we set ij =0forj¢ A,. We say that the procedure is oracle
if, in addition to the consistency property in (2.1.2),

V(Ba, — Bag) —a N(0,V(A)),

where V(Ag) is the best asymptotic variance one can obtain when the true model Ay is
known. The oracle property means that not only the econometrician consistently selects the
true regressors, but also the coefficients on the relevant regressors are estimated as precisely
as when the set of the true relevant regressors in the DGP is known.

2.2. BIC

Recall that if the econometrician tries to select the regressors by minimizing the sample
sum of squared residuals (SSR), or equivalently maximizing R?, the procedure would result
in overfitting: the SSR is monotone non-increasing in the number of included regressors. The
idea behind BIC is to penalize the SSR for the model complexity.

Let X; = (Xi1,...,X; ), and define X; 4 as the subvector of X; that includes only the
regressors in A:

X@A = (Xw‘ 1] € .A)
Again, X; 4 is a | A|-subvector of the k-vector X;. The true DGP can now be written as
Yi= Y 8Xij+Ui
JjEA
= X;,AOﬁAO +U;.

Let Bn A(A) denote the OLS estimator of 54 that only uses the regressors in .A:

n -1 n
B a(A) = (z xi,Axg,A> S XY
=1 =1

We can set

B,ac(A) =0,
and view B,(A) = (Bn.a(A), Bn.ac(A)) as the estimator of 3 = (B4, B'4c) under model A.
The corresponding SSR is given by

n , . 2
SSRu(A) =) (Y - Xi,ABn,A(A)>
i=1
The complexity of model A can be measured by the number of included regressors, i.e.
the number of elements in 4. BIC for model A is defined as
BIC,(A) =SSR, (A) + |A|logn,

where the second term is a penalty. A model with more included regressors receives a larger
penalty. A BIC-based selection procedure selects the regressors by minimizing BIC across all
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possible models:
ABIC — arg mfi\n BIC,(A).

We show below that BIC selects the relevant regressors consistently.

Proposition 2.2.1. Suppose that data are iid, EX; X! and EU?X; X! are finite and positive
definite, and EU? < co. Then P (Aflc = A()) — 1 asn — oco.

We will see in the proof below that the penalty term only plays a role when Ag C A:
omitted regressors are detected by the SSR term in the BIC definition. The penalty term is

only needed to deselect irrelevant controls.

PROOF. It suffices to show that for all A # A
(2.2.1) P (BIC,(A) > BIC,(Ag)) — 1

i.e. the true model Ay minimizes BIC with probability approaching one.

We say that the random sequence V,, = 0,(1) if V;, converges in probability to zero, see
the discussion in Appendix 2.6. For example, V;, = 0,(1) when EV,, = 0 and Var(V,) — 0.
First, consider the average SSR for the true model:

n

n_ISSRn(.Ao) =n! Z (Y@ — X£7A0/én,¢40 (»AO)>2

=1

=n! Z (Uz' = X} 4o (Bn.ao(Ao) — BAo))2

i=1

3

n

-1ZU2 (Bn.ao(Ao) = Bay)’ < 1ZXZAO >5nAO<Ao> Bao)

— 2(Bn,a(A0) — Bay)’ (1ZXzA0 )

- EU7,2 + OP(1)7

where the 0,(1) term in the last line is by the LLN and consistency of the OLS estimator

under the true model:
n~t Z U? = EU? + 0,(1),
Bn,.Ao = /B.Ao + Op(1)7

n
Y X X, 4y = EXi 40X 40 + 0p(1),

n
n_l ZXi,.AoUi == Op(l).
=1

Suppose that model A omits some relevant regressors:

(AN Ag) # Ap.
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Since the OLS estimator is inconsistent in general when there are omitted relevant regressors,

Bu(A) = B =y 6 #0,

where Bn,j (A) is the corresponding element of Bn A(A) for j € A, and B,(A) =0 for j ¢ A.
We have:

PSS R(A) =S (¥~ X1Ba(4)
=1
— (0~ Xt (B ) - 5))’
1=1

=n! Z; U? 4 (Bn(A) = B) (nl Z;XZ-X{> (Bn(A) = B)

—2(Bu(A) - B) (”_1 > XiUi>
=1
= EU? + 0'EX; X[5 + 0p(1).

Note also that
logn

|A| o(1).

n
Therefore, for such a model A,

P (BICy(A) > BIC,(Ag)) = P (n"'BIC,(A) > n~'BIC,(Ay))
logn

_p <nlsSRn<A> FARE™ S LSS R (Ao) + \Aollog”>

n n
=P (VEXiX[6 + op(1) + 0(1) > 0)
— 1,

where convergence in the last line holds because § # 0 and EX;X] is positive definite.
Next, consider model A such that

AoCA.

In this case, A contains all the relevant regressors as well as some irrelevant ones. The OLS

estimator 3, 4(A) is consistent and asymptotically normal:

(B, 4(A) = Ba) =4 U,
where
Uy~ N(0,V(A4),
V(A) =0? (BX;aX] 4)~"

The result follows from

n
n~1/2 Z XiU;i —q P4,
i=1
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where
D4~ N(0,0°X;4X] 4) -
We use V;, = O,(1) to say that V;, is bounded in probability. For example, the sequence of

random variables V;, = O,(1) when Var(V,,) < K < oo for all n. Convergence in distribution

and convergence in probability to a constant both imply Op(1):

02 (B a(A) = Ba) = Op(1),
77,71/2ZX2‘U¢ = Op(l),

i=1
n
' X aX] 4= 0y(1).
i=1
In all the above cases, the variances become bounded as n — oo (zero in the latter case).
We have:

n

SSRA(A) = Y U2 = 3 (U = X (B alA) ~ 5)) ZW
=1

i=1

= n'2(B,4(A) ( - Z XiaX ) 02 (Bn, a(A) — B4)

— 20! (Ba(A) = Ba)’ (n—”? ZXi,AUi>

=1
= 0,(1).

By the same arguments,
n
SSR,(Ag) = Y UE —q Wy (BEX; 40X} 1) Vo — 204,04,

i=1

= 0,(1).
Lastly, when Ay C A,
P (BIC,(A) > BIC,(Ay)) = P (SSRu(A) — SSR,(Ap) > (| Ao| — |A|) logn)
= P(0p(1) > (|Ao| — |A]) log n)

— 1,
where convergence in the last line holds since | Ag| < |A|, and therefore

(| Ao] — |A]) logn — —o0.

2.3. Post BIC inference

Suppose the econometrician selects the true model using flfl ¢ and conducts inference
using Bn(/lflc). For j € /lfjlc, the distribution of the estimator of the j-the coefficient is
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given by

P (2B (AF'C) = ) < u)

= P (n'2(Bg (AT1€) = B)) < u, AT'C = Ao)

+ P (n2(Bug(AFTO) = 8) < u, AP # Ao

= P (n"2(Bo g (AEC) = 8) < u, AFTC = Ag ) +o(1)

= P (n'P(Bus (A7) = 55) < u | AT = Ao) P (A1 = Ao) +o(1)

= P (n12(B.j(Ao) — ) < ) (1+0(1)) + o(1)

= P (n!/2(B5(A0) = 8) < u) +0(1).
where the second equality holds by

P (n'2(Bug (AR1C) = B)) < u, ATIC # Ag) < P (A2 2 Ay ) = o(1).

Hence, the BIC-based selection and estimation procedure is oracle.

2.4. Akaike Information Criterion (AIC)

AIC is another popular criterion for model selection (and actually precedes BIC). AIC for
a model A is defined as
AIC,(A) = SSR,(A) + 2|A|.
In comparison with BIC, AIC penalizes the model complexity less heavily and, therefore,
tends to select a bigger model with more regressors than BIC.
By the same arguments as in the proof of Proposition 2.2.1, for a model A that omits

some relevant regressors, i.e. (AN Ag) # Ao,
P (AIC,(A) > AIC,(Ag)) — 1.
However, because AIC penalty is not sufficiently strong, if Ay C A,
P (AIC,(A) > AIC,(Ap)) - 1.

Hence, while AIC detects omitted regressors with probability approaching one, it is more
likely to overfit by also including some irrelevant regressors than BIC.

2.5. Limitations

One should note several limitations of our arguments. First, we assumed that k is small
(fixed). Some of our arguments would breakdown when the number of potential regressors is
large (comparable to the sample size). However, this technical issue can often be addressed
with somewhat different arguments.

More importantly, our analysis ignores the situation where some [3; are very close but
different from zero. One cannot expect that the BIC (or any other procedure) would detect

small coefficients with a probability approaching one. Even in the limit, regressors with very
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small coefficients are likely to be omitted from the model, which can potentially create the
omitted variable bias. This shortcoming can be addressed using a double selection procedure,
which will be discussed later in the context of Lasso.

Lastly, while the BIC procedure delivers an automatic selection of regressors, it may be
infeasible in practice if the number of potential regressors is very large. With k regressors,
there are 2* possible models A. For example, if k¥ = 30 one has to run and compare over 1
billion potential regressions. For k = 40, one has to run over 1 trillion (10*2) models. Suppose
the CPU time for one regression is 10~3 (This is a typical CPU time for estimating a regression
with n = 10,000 and k& = 40 on a high-end modern laptop using the “lm()” function in R.)
In that case, it would take about 2.6 years to run all 1 trillion possible regressions using 12
cores in parallel.

The many regressors situation can easily arise in practice even when there is a relatively
small number of explanatory variables. Suppose that the econometrician considers flexible
specifications that include quadratic terms as well as pairwise interaction terms of all right-
hand side variables. In that case, 10 potential right-hand side variables generate 65 potential

regressors.

2.6. Appendix: Law of Large Numbers (LLN); Little—o notation
We say that 0,, converges in probability to 0 if for all € > 0,
lim P (Hén —0) > e) —0.
n—o0

Convergence in probability implies that the probability of 0, deviating from # by any amount

€ > 0 becomes negligible as n — co. We use the notation

~

O —0 —,0

and
0, — 0 =0,(1).
The main device for establishing convergence in probability is the law of large numbers.
Let Xi,...,X, be uncorrelated random variables with EX; = p and Var(X;) = o2, and

consider the average

n
Xn = ’I’L_1 Z Xz
=1

Note that

EXTL =M
_ 0‘2

(2.6.1) Var(X,)=——0 asn— oo.
n

Hence, as n — oo the distribution of the average X,, becomes concentrated around the mean
. More formally, by Markov’s inequality

0,2

_ 1 _
(2.6.2) P(|Xu—p|>e) < 5E|X0—u|" = 5 =0
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To show (2.6.1), which also implies the equality in (2.6.2),

Var(X,) = Var (nl Zn:Xz>
=1
=n"*Var (i Xi>

=1

=n 2 Zn: Var(X;) + Z”: Z Cov(X, Xj)
i=1

i=1 j#i
n
=n2 Z Var(X;)
i=1
= n_102,

where the equality in the fourth line holds because we assume that Cov(X;, X;) = 0 for i # j,
and the equality in the last line holds because Var(X;) = o2.

In the case of iid data, the following result can be used. Let Xi,..., X, be iid random
variables such that E|X;| < co. Then

1 n
= (Xi - EX;) = 0,
g
or equivalently

X,=FEX;, + Op(l).

2.7. Appendix: Consistency of OLS

We say that the OLS estimator B is consistent for the true 3 if

n -1 n
f=(X'X)1X'Y = <n—1 ZXMQ) 1Y XY =, 8
=1 =1

Proposition 2.7.1. Suppose that data {(Y:, X;) : i =1,...,n} are iid,

(2.7.1) Y = X;B+ U,

EUX; =0,
(2.7.2) EX;X] is finite and positive definite.
Then,

B —p B
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PrRoOOF. Write
—1

8= ( 1ZXX> *1ZXY
—B+< _IZXX> _1ZXU

_5+(EXX’+0p 1)~ (EX:U; + 0p(1))
_>p5+(EXX) -0
= 5.

The OLS estimator is inconsistent when
EX;U; #0.

In this case,
-1

A—<1ZXX> *1ZXZ~YZ~
=1
n -1 n
=B+ (n_l ZXiX{> nt ZXiUi
=1 =1
=y B+ (EXiX]) " EX,U;
# B,

where
(EX, X)) EXiU; #0
can be viewed as asymptotic bias. For example, suppose the true model is given by
Y= Xz{,lﬁl + X{,Zﬂ? + €,
EX;q1€; =0,
EX@QQ’ = 0,
but the econometrician omits X; o from the model:
Y = X161+ U,
Ui = X] 502 + ei.
Then
EXi Ui = EX;1X] 562 #0,

and
-1

n n
e (n_l ZXMXZ{J) Nt XinY; oy B+ (BXinX[) T EXin X ofs.
=1

=1

31
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2.8. Appendix: Convergence in distribution and asymptotic normality /Central

Limit Theorem; Big—O notation

Let 6,, denote an estimator of a scalar parameter 6. To perform hypothesis testing about
6 (or construct a confidence interval for #) using the estimator 0,,, one needs to know the
distribution of the latter. Unfortunately, in many circumstances, it is impossible to derive
the exact distribution of 6, either because the expression is too complicated, or because the
derivation of the exact finite sample distribution requires very restrictive assumptions. In
such cases, we rely on asymptotic approximations that are usually applied to \/ﬁ(én —0), ie.
we approximate the distribution of the scaled estimation error. The scaling is necessary when

0, — 60 —, 0. While the probability

is unknown for finite n, suppose we can establish that for all x € R,

lim P(v/n(b, —0) <z)=P(X <),

n—oo

where X ~ N(0,w?). In such cases, we say that \/n(f, — 6) converges in distribution to a

normal random variable, denoted as
(2.8.1) V0, — 0) =4 N(0,w?).

We use the N(0,w?) distribution to approximate that of v/n(6, — 6). Suppose that (2.8.1)
holds. Then for any M > 0,

P (|¢ﬁ(én —9)| > M) S P(IX|> M) where X ~ N(0,w?).

Thus, in large samples, the probability of \/ﬁ(én — #) taking on a large value greater than M
is approximately the same as that of a normal random variable.

We say V;, = Op(1) if it is bounded in probability: for all € > 0 there is M. > 0 such that
P(||Va|l > M) < € for all n large enough. Since limps oo P(|X| > M) = 0 for any proper
random variable (that does not take infinite values), the convergence in distribution result

V/n(0n, — 0) —4 X implies that.

We can also write
a 1

0, =0+ \/ﬁOp(l) =0+ 0, (%) ,
i.e. 0, converges to 0 at the rate 1/y/n.

The concept can be extended to random vectors by considering the joint distribution of
its elements. Suppose now that the random k-vector 6,, is an estimator of § € R¥. Suppose
further that for all x = (x1,...,2;) € R”,

lim P (\/ﬁ(én,l — 91) S L1,y .- .,\/ﬁ(én,k — Qk) S .CCk) = P(Xl S L1y ,Xk S Z‘k),

n—oo
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where for some positive definite and symmetric k x k matrix €2,

X1
~ N (0,9),
Xy

where N (0,2) denotes the multivariate normal distribution with zero means and a variance-

covariance matrix given by €. Then we say that /n(, — 6) converges in distribution to the
N(0, ) random vector, denoted as

V6, —0) =4 N(0,Q).

We use the N(0, ) distribution to approximate the joint distribution of \/n(6, — 6).

The main device for establishing convergence in distribution is the Central Limit Theorem
(CLT).

Proposition 2.8.1. Suppose that X1,..., X, are iid random k-vectors such that EX; = 0
and Var(X;) = EX; X] = Q, where Q is a positive definite matriz. Then,

1 n
— ) Xi »a N (0,9).
v

Note that
1 n
El—=Y"x;] =0,
1 n
Var | —= > X; | =Var(X;) =9Q,

however, the CLT also says that the distribution of n~1/2 >+ X; can be approximated by
that of a N (0, 2) vector.

2.9. Appendix: Asymptotic normality of the OLS estimator

Consider the model defined by equations (2.7.1)—(2.7.2). The following result establishes
the asymptotic normality of the OLS estimator.

Proposition 2.9.1. Suppose that data are wid, (2.7.1)-(2.7.2) hold, and
(2.9.1) E(U? | X;) = o>
Then,

Vi (B=8) —»a N©O,0*(BX,X])™).

PrOOF. By (2.7.1),

n -1 n
ﬁ(B—B) = (;ZXJQ/) \}EZXiUi-
=1 =1
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By the LLN, .
% > XiX] =, EX;X],
and the matrix in the limit is positivel;iteﬁnite and therefore invertible. By the law of iterated
expectation,
Var(X;U;) = BE(U}X; X)) = E(BE(U}? | Xi)X;X]) = E (c’EX;X]) = 0’ EX; X,

where the third equality holds by (2.9.1). Hence,

1 n
N Z} XiUi =4 N (0,0*EX;X])
P

and

Vi (8= 8) »a (BXX)) ™ N (0,02EXX]) = N (0,02 (EXiX]) ™) .



CHAPTER 3

Ridge and Least Absolute Shrinkage and Selection Operator
(Lasso)

We start by discussing Ridge regression and its coeflicients-dependent penalty. We then
cover the basics of Lasso using results for convex optimization. The special case of orthonormal
regressors (for which Lasso has an analytical solution) is analyzed before moving to the general
case. Using the Lasso first-order conditions, we discuss its consistency properties. We also
cover weighted and adaptive Lasso and conclude with some adjustments needed for high-

dimensional data.

3.1. Ridge Regression

Ridge regression is based on a similar idea to that of BIC and AIC: penalize a measure
of fit by taking into account the size/complexity of the model. However, the Ridge penalty
term depends on the estimates of the regression coefficients.

For a vector x, recall that the p-norm is defined as

1/p
zll, = <Z |£B¢|”> ,

with [|- ||2 being the usual Euclidean norm. The Ridge criterion function for a linear regression

model with k& potential regressors is given by

n k k
Y (Y= Y b )P+ A b =nTH Y — Xb|[5 4+ Ablf5.
=1 j=1 j=1

where Y is the n x 1 vector of observations on the dependent variable, and X is the n x k
matrix of observations on the potential regressors. Here A > 0 is a tuning penalty parameter:
larger values of A imply heavier penalization.

The Ridge estimator is given by

gRidge — arg min {n"!|Y — Xb||3 + A||b|j3) .
B gbeRk’ { | 12 | Hz}
The first-order condition for the Ridge problem is
_x’ (Y o XBRidge) + )\BRidge =0,
which implies that
BRidge — (X/X + )\Ik)_l X'y

One can see that, relative to the OLS estimator, Ridge shrinks the estimates of all coefficients

toward zero, with more shrinkage applied for larger values of A.

35
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Suppose that the classical regression assumptions hold:

Y =Xp+U,
E(U | X)=0,
rank(X) = k.

In that case, the Ridge estimator is biased:
E (BRidge | X) = (X'X +\L) T X'XB £ B.

However, when there are many potential regressors and k is close to n and, as a result, X'X

is close to being singular, Ridge provides a reqularization as the eigenvalues of
X'X + M,

are pushed away from zero. Even when the number of potential regressors is very large and
k > n (so that X'X is singular and the OLS estimator cannot be computed), the Ridge
estimator is still well-defined.

The regularization property of Ridge makes it useful in prediction problems where the
number of potential predictors is very large. While Ridge regularization introduces a bias,
it also reduces the variance, which may produce better (in the mean squared error sense)
forecasts for Y.

The Ridge problem can be also viewed as a constrained optimization problem:
min ||Y — Xb|% s.t. ||b]|3 < M,
beRk

where M > 0 is some constant. Hence, Ridge imposes a “budget” constrained on the coeffi-
cients: Z?:l b? < M. Note that the budget constraint defines a sphere of radius M with the
center at zero. Next, consider the contours Csgr = {b € R¥ : |Y — Xb||2 - ||Y — XBors|2 =
SSR}. These contours have a stretched ellipsoid form with the center at the OLS estimates
BOLS. Note that larger contours correspond to larger SSRs. Due to the quadratic shape of
the budget constraint and of the contours, the solution to the Ridge problem is always in
the interior in the sense that Bfidge # 0 for all j =1,...,k. Hence, Ridge cannot provide a

selection of regressors.

3.2. Lasso criterion function

As discussed in the previous section, Ridge is not useful for selecting regressors because
of the shape of the constraint of its constrained minimization problem. Lasso addresses that
issue by replacing the 2-norm in the penalty with the 1-norm. Thus, the Lasso criterion
function is given by

n k k
Y (Y= ) biXa )24 A bl = nTH Y — Xbl5/2 + Allb]1.
i=1 j=1 j=1
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The corresponding constrained optimization problem is now

min |[Y — Xb|3 s.t. [|b]l; < M,
beRF

i.e. the “budget” constrain is given by

k
> bl < M.
j=1

The “budget” constrain now has sharp corners at zero coordinates (b; = 0 for some j =
1,...,k), and for sufficiently large A, we will see corner solutions with exactly zero estimates
of some of the coefficients. The Lasso estimator is defined as

. 1
= in ¢ —||Y — Xb[l5 + Allb
B = ang iy { 5 1Y = X013 + Mol }.

and for sufficiently large penalty parameter A, Bj = 0 for some j’s. Moreover, for larger values
of A\, more estimates tend to be exactly zero.

Note that ||Y — Xb||2 and ||b]|; are convex functions of b and, therefore, the Lasso criterion
function is convex. Moreover, it is differentiable every except b = 0. To discuss the solution

to the Lasso problem, we need some results from convex optimization.

3.3. Convex minimization and subgradients

Recall that if a real-valued function f(z),2 € R¥, is convex and differentiable at x, then
for all y € R*

where

Vi) = 21

is the gradient, i.e. the k-vector of the partial derivatives of f(z). Suppose that f(z) is convex

but not necessarily differentiable. Subgradient generalizes the notion of the gradient to such

cases.

Definition. A k-vector g is a subgradient of f at x if for all y € R*

fly) = f(@) = g'(y — x).
The set Of(x) of all subgradients at x is called subdifferential of f at x.

0f () ={g € R": f(y) = f(w) 2 g'(y — ) for all y € R*}.

One can show that if f is differentiable at z, then 0f(x) = {Vf(x)}. Moreover, if the
subdifferential of f at z is a singleton, i.e. Jf(x) = {g}, then f is differentiable at x and
9=Vf(=)

For example, the absolute value function f(x) = |z| is convex, continuous, and differen-

tiable everywhere except at * = 0. Hence, for z > 0, df(x) = {1}. Similarly, for z < 0,
Of(x) = {—1}. Next, consider x = 0. The condition

ly| = [0] > g(y —0) for all y € R,
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implies that

-1<g<L
Thus,
-1, z <0,
(3.3.1) Olz| = ¢ [-1,1], = =0,
1, x > 0.

Recall that if a convex function f is differentiable and minimized at z*, then V f(z*) = 0.

Subdifferentials can be used to generalize the property to non-differentiable convex functions.

Proposition 3.3.1. Let M be the set of minima points of a convex function f:
M = {:c eRF: f(z) < fly) forally € Rk}.
Then x € M if and only if 0 € Of(x).

PRroOF. For sufficiency, suppose that 0 € 0f(z). By the definition of the subgradient, for
all y € R¥

fy) = fz) 20'(y —2) =0,
or f(z) < f(y) for y € R*. Hence, z € M.
For necessity, suppose that = € M: for all y € R¥,
fly) = f(z) 2 0=01(y — ).
Hence, by the definition of the subgradient, 0 € df(x). a

For example, |x| is minimized at x = 0 as 0 € [—1,1] = 0]0.

3.4. Analytical solution to the Lasso problem: a special case

A closed-form analytical solution to the Lasso problem exists only in a special case where
the regressors are orthogonal to each other and normalized to have a unit sample second

moment:
n .
_ 0, j#I,
(3.4.1) Y XX = .
i=1 17 ] == l.
Note that in this case,
nIX'X = I,
BOLS — n—lX/Y
or

n n

gors _ 2im Xig¥i _ 1S oy

Ty xy " S
=124, i=1
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Define
()T = max{z, 0},

-1 z <0,
sign(z) =<0 z =0,
1 x> 0.

Proposition 3.4.1. Suppose that n~'X'X = I,,. Then the Lasso estimator, i.e. the mini-

mizer of
1
Lasso 2
b) =< —||Y — Xb A|b
o) = { 5o 1Y = X0IB + Nolh }.
satisfies
A . . +
B = sign(B7%) (18755 = A) ",
j=1,... k.

Proor. We will introduce some notation first for handling subdifferentials. Let ¢ € Rv
be a k-vector, and S be a set of k-vectors. We define

v+ceS={v+cg:g€S}.

Note that v 4 ¢S is a set.
Using the above notation, the subdifferential of the Lasso criterion function can be written
as

(3.4.2) QL% (b) = n ' X' (Y — Xb) + A0||b]x
= —(B9%° =) + A9|b|y
BELS — by — A0|by |

JOLS _ by, — A0\ by

Hence, the first-order condition for the Lasso estimator of the j-th coefficient is independent
of the other Lasso coefficients: we can solve for 3 = (Bl, cee Bk)/ element-by-element. By

Proposition 3.3.1, the Lasso estimator for the j-th coefficient satisfies

(3.4.3) 0 € BYES — B; — A0|B;.
By (3.3.1), Bj = 0 if and only if
0 € BYES — Xa|0]
= B]’OLS —A- [_11 1]
— [A‘OLS _ )\7BOLS + )\]
Equivalently,
BOLS — X <0< BIFS 4 A,
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or by subtracting B]-OLS from each side of the inequalities and multiplying by —1,
—A< B

Hence, Bj = 0 if and only if
87 < A
or, equivalently,
. +
(189551 =) " =0,
The Lasso estimator Bj is nonzero, if and only if | B]OLS | > A. This occurs when
QJOLS > )\ or B]OLS <=\
In this case, the first-order condition in (3.4.3) becomes
(3.4.4) Bi = BYES — 201341,

with 9]6;| = 1 if B; > 0, and 8|3;] = —1 if 3; < 0.
Suppose B?LS > XA > 0. One can see that a negative Bj cannot satisfy (3.4.4) as for
BPES = 20|85 = BT + X+ (=1) = BPF + A > 0.
Hence, ﬁj > 0 and 8|ﬁj\ =1, and we have:

ﬁ] 50Ls )\:+(|BJOLS|_>\>+

Suppose that BJ-OLS < =X < 0. One can see that a positive Bj cannot satisfy (3.4.4) as for
Bj > 0,
BPES = N0IBs| = BP0 — A (1) = BPHF — A <.

Hence, Bj < 0 and we have

Br=BO% 4 a=— (130891 2)"

This special case (when the regressors are orthogonal and normalized to have a unit sample
second moment) clearly illustrates the “shrinkage” and “selection” operations performed by
Lasso. First, Lasso shrinks estimates toward zero relatively to the OLS estimates, where the
amount of shrinkage is given exactly by A. Moreover, if the amount of shrinkage exceeds the
magnitude of a coefficient, it would be set to zero exactly.

Note that similarly to the Ridge regression, Lasso estimates are biased due to the shrink-
age. However, unlike Ridge, Lasso can detect near-zero coefficients and “automatically” shrink
them to zero, which is equivalent to dropping such regressors from the model. If Lasso keeps
only the relevant regressors, one can consider post-Lasso OLS estimation to avoid the bias:
after Lasso, use OLS to regress the dependent variable only on the regressors that survived

the Lasso selection procedure.
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Consider the case of a small number of potential regressors. Since OLS is consistent and

asymptotically normal,

- 1
7-300,(3)

Thus, for the irrelevant regressors with 3; = 0,

pe-0E)

To shrink the corresponding Lasso estimates to zero, the penalty term A has to dominate
the noise component O,(1/y/n). However, to keep the relevant regressors with §; # 0, the
penalty term A has to be smaller then min; |3;].

Suppose that for some § > 0,

(3.4.5) min|3;] > > 0.
J
Then Lasso can consistently select only the relevant regressors if, for example, we set
lo
A=A, =/ 2B
n

For the irrelevant regressors with ; = 0,

P (8 =018 =0) =P (187" < &1 =0)
B 1 logn
_P<Op(\/ﬁ>< n )
— 1.

For the relevant regressors with 3; # 0,

P (B #0018 #0) = P (18775 > x| 8 #0)
1 1
:P<6j+0p<\/ﬁ>’> oinwﬁéo)

> P <5+ Op (%) > 105”)

— 1.

However, note that the condition in (3.4.5) rules out small coefficients near zero: ; =
¢/v/n. Consistent detection of such coefficients is not possible as they are of the same order

as the O,(1/4/n) noise component.

3.5. Lasso: the general case

There is no closed-form solution for the Lasso estimator in the general case. However,

we can discuss its properties using the first-order conditions for the Lasso problem. By
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Proposition 3.3.1 and (3.3.1), the Lasso estimator /3 solves
1 n
X (Y- X{B) + Mg =0,
i=1

where § € 9)|]|1 is a subgradient at :

sign(B;)  B; # 0,
e[-1,1] g;=o0.

Let A, be the set of Lasso-selected regressors:

The first-order conditions for i ( the estimated coefficients on the selected regressors) are

given by
1 n
(3.5.1) S X, (Y- X0 B4,) ~ desien (Bs,) =0,
i=1
where for a k-vector x, sign(z) = (sign(z1),...,sign(zg))’. The set of Lasso-excluded regres-

sors is given by /Alfl We have j € .,Zl% or equivalently Bj =0, if and only if

1 X R
0= 3 Xij (Y= X[ 4,B4,) + 25
=1

where |g;] <1,

or
1 n
(3.5.2) EZX“ (Yz —X;’Anﬁfin) < A
i=1
Let Ao = {j : B; # 0} denote the set of relevant regressors, so the model can be written
as

1/1' = Xz{”AOB.Ao + UZ
We can now describe the conditions for Lasso selecting the true regressors correctly. Consider

the sign equality condition:

(3.5.3) sign(B) = sign(3).

The condition implies that Lasso correctly selects the relevant regressors. This is because for
j € A5, B; =0, and the condition implies B]- = 0. Similarly, for j € Ay, sign(f;) = £1, and
therefore Bj # 0. Hence, the sign equality in (3.5.3) implies that A, = Ay. We have the
following result (Wainwright, 2009).
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Proposition 3.5.1. Suppose that EXi,Aon{,AO is positive definite. Then sign(@) = sign(f)
if and only if
(3.5.4)

n -1 n
. . _ 1 .
sign(Ba,) = sign | Ba, + <n Py X4 {,A0> (n Y XiaoUi = Ay sign (5A0)> )
N~ — i=1 i=1

and for all j € A§,
n n -1 1 n

(3.5.5) |n ' Z Xi i X] 44 (nl Z Xi, A z(,A(J) (n Z Xi,a0Ui — Ap sign (/B.Ao)>
i=1 i=1 i=1

1 n
——> XU
n -
=1

< .

PROOF. Suppose sign(B) = sign(f), so that only the correct regressors are selected. By
(3.5.1),

1 & .
0= - ; Xi Ao (Yi - X{,AO/BAO) — A\psign (54,)

1 o s ,
= > Xito (Ui = X] 4y (Bag = Baa) ) = Ausign (Ba,) , or
i=1

n -1 n
R _ 1 .
(3.5.6) Bag = Bao + (n "X, X ) (n > XiaoUi — Ansign mo)) :
=1 1=1
This implies that

sign(Ba4,) = sign(BAo)

n -1 n
: _ 1 )
=sign [ Ba, + (n ! Z Xi Ao Z(,A()) (n ZXi,AoUi — Ansign (5Ao)> )
i=1 i=1

and the condition in (3.5.4) holds. The result in (3.5.5) follows from the fact that the sign
equality in (3.5.3) implies that A, = A, and by (3.5.2) and (3.5.6).

Next, suppose that (3.5.4) holds. Consider first the restricted problem that includes only
the relevant regressors:

n

~ 1
BAOZa’rgmbID% E (Y;_Xl/,Aob)2+>\E ‘b]|
=1 JjeA

The corresponding first-order condition is
1 — , = _
0 > Xia, (Y - Xi,AoﬁAo) + g =0,
i=1
where

geoa| > 16l

Jj€Ao
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Hence, the restricted estimator satisfies

n -1 n
) ) 1 )
(3.5.7) Bay = Bag + (n ' ZXivAO £,A0> (n ZXivAOUi - )‘”g> :
i=1 i=1

The restricted estimator B 4, together with B g = 0 is also the solution to the unrestricted
original problem if

(3.5.8) g= sign(BAo),

and

(3.5.9) <\, forall je Ag.

1< -
- in,j (Yz — X1{7A06A0)
i=1

The result in (3.5.4) implies that

n -1 n
(3:5.10)  sign (i, ) =sign [ Ba, + <n—1 ;Xi,AOX{’A(]) (:L ;Xi,AOUZ- = Ang>
By comparing (3.5.10) with (3.5.4), one can see that
g = sign (BAO) = sign (64,)
is a feasible solution. The condition in (3.5.9) is also satisfied because of (3.5.5). Hence,

B.AO = B.AO? and the sign equality sign(54,) = sign(BAO) holds. O

For a vector z, define [z]; = x;. Note that sign(z;) = £1 if and only if |z;| > 0. Hence,
we can restate the result of Proposition 3.5.1 as follows (Belloni and Chernozhukov, 2011,

Lemma 4): A, = Ay, i.e. Lasso correctly selects only the relevant regressors, if and only if
for all j € Ag

n -1 n
_ 1 :
(3.5.11) B + <n " X {,Af)) <n ZXi,AOUi_)\nSIgn(BAo)> >0,
=1 =1 .
J

and for all 7 € Ag
n n -1 n
_ _ 1 .
(35.12) |7 Xiy XL, (n " X4 ;}A()) (n > X 4,Ui — Apsign (5A0))
i=1 i=1 i=1

1 n
—= > Xi,Ui

=1

< .

Suppose that

A, = logn.

n
The condition in (3.5.11) becomes for all j € Ay

B+ Op(1) <0p (%) -0 <\/@))‘ = |Bj + 0p(1)| > 0.
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It is satisfied with probability approaching one as long as minjc 4, |5;| > 6 > 0 for some 0.
Next consider the condition in (3.5.12): for all j & Ay

-1
1 - n B n .
Op (ﬁ) + )\n 'n ! Z XZ',]'XZ(,AO (n ! Z Xi,J‘lon(,Ao) sign (,B_AO) < )\n
i=1 i=1

The condition may fail with a positive probability even asymptotically when for some j € Ag
the following term is large:

-1
n n
n*1 Z Xi,ng,Ao <n1 Z X’i,AOXZ(,Ao) sign (/B.Ao)
i=1 i=1
-1 .
=EXi ;X A, (BXi40X] 4,)  sign (Ba,) + op(1).
Thus, to ensure that Lasso correctly excludes irrelevant regressors
-1 .
EXi i Xi ay (EXi40Xi 4,)  sign (Bao)

has to be below one in absolute value for all j ¢ Ap. Such conditions are known in the literature
as the irrepresentability property (Zhao and Yu, 2006) and imply that the coefficients in
the regressions of irrelevant regressors against the relevant ones are small. Thus, in the
general case, Lasso may include irrelevant regressors if they are highly correlated with the

true regressors in model Ag.

3.6. Weighted and adaptive Lasso

A nice property of regression (and OLS) is that the coefficients automatically adjust when
regressors are re-scaled (for example, when the units of measurement change). If we re-scale
a regressor by a constant ¢, the coefficient is adjusted accordingly:

g

Yi:/BXz“f‘Uz‘:E(Xz“c)-l-Ui:ﬁ*X;—i-Ui,

where * = /c and X = X; - ¢. The re-scaling would also automatically be applied to the
standard errors with no effect on statistical significance. Hence, when estimating a model by
OLS, one does not have to worry about the units of measurement of Xj.

Unfortunately, the presence of penalty terms such as ||b||; makes estimation sensitive to

the units of measurement. Consider

n

k
(Vi biXig— .= bXin) 2+ A |bl,
i=1 j=1

and suppose we scale X; 1 by a large constant ¢ > 1. To balance the equation, the coefficient
by is now expected to be of a smaller magnitude by 1/c. It is now more likely that the
corresponding Lasso estimator would shrink to zero. Unfortunately, by simply manipulating
the units of measurements of different regressors, we can make some of them more (or less)
likely to be shrunk to zero by Lasso.

A solution often used in practice (and automatically implemented as the default in some

software packages, such as “glmnet()” in R) is to standardize all regressors so that they all
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have the same scale. Instead of X; ; one can use

Xij—Xj
6
where
_ 1 &
X = > Xij,
=1
1 — _ .9
7} = n; (Xij = X5)"

Since after standardization, all regressors have the same scale (equal to one), the same shrink-
age/penalty parameter can be applied to all of them. However, this solution is not ideal as it
changes the interpretation of the coefficients.

Since the source of the problem is potentially different scaling of different coefficients,
an alternative solution is to apply different shrinkage to different coefficients. This idea
is implemented in so-called weighted Lasso. Let wi,...,w; be some known (non-negative)
weights. Weighted Lasso solves

1 n k 2 k
Jnin q 5 ; Y; — ; biXij | + A;wjbﬂ

For example, to adjust for the different scales of different regressors, one may use

Alternatively, adaptive Lasso adjusts the weights for individual coefficients in a data-
dependent manner based on preliminary estimates of the coefficients. Let Bl, el Bk denote
some preliminary estimates of the true coefficients f1,..., 8r. For example, they can be the
OLS estimates or the Ridge estimates when OLS cannot be computed. Adaptive Lasso sets

the weights as
1 .
wj:f, j:].,,k
|85
The main idea of adaptive Lasso is that if Bj is a good initial guess for 3, e.g. because
Bj —p Bj, it can be used to find the amount of shrinkage to be applied to different parameters.
We can expect |Bj] to be large for §; that is further away from zero, resulting in a smaller
weight in the penalty term. Similarly, larger weights are given to coefficients closer to zero.
Suppose that ,5’]- =B+ Op(n_l/Q), in which case
1 1
U}j = —

B~ 18+ Op(n= )]
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it follows that
Op(l) .] € AO?
Op(v/n) j & Ao.

w; =

Suppose that we set

]

A, = logn'

n

Correct regressors are selected if for all j € Ag

-1
L 1 @& Viegn\ .
Bj + (n 1;Xz~,Ao ,‘,AO> <nZXZ~,AOUz-—O( - >s1gn</uo>>

=1
() ()

J

>0.

The condition holds provided that the true non-zero coefficients are bounded away from zero
in absolute value.
By (3.5.12), adaptive Lasso eliminates the irrelevant regressors if for all j ¢ Ag

—1
) n - n 1 n logn
n 1 § :Xz',j z{,Ao <n 1 ZXi7A0 Z{,A()) <n ZXZ',AoUi — Op <\/n?>>
P i=1 =1

1 n
SR
n -
i=1

Note that the rates from the penalty term are now different inside and outside the absolute

n

<0, < logn

N———

value, with the outside term converging to zero at a slower rate. We now have that adaptive
Lasso excludes regressors j ¢ Ay when

or (Vi) ro (%) [<on(152).

which holds with probability approaching one. Thus, adaptive Lasso does not require the

irrepresentability condition for consistency.

3.7. Sparse high-dimensional models
Suppose that the number of potential regressors is large
k — 0o as n — oo.

It is often assumed in such cases that the true model Ag is small, and |Ap| is fixed: only a
small (fixed) number of the potential k regressors have non-zero coefficients. In such cases,

we say that Ag is sparse. In order to eliminate many irrelevant regressors, we need that

1< -1 .
s;lp EZX,;’jUi—i—)\n-EXi,j a0 (BEXi40X] 4,) " sign(Ba,) + 0p(1)] < A
JEA0 | =1
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Provided that the irrepresentability condition holds, we have to consider

1 n
— E X ;Ui
n -

=1

sup
Jj¢Ao

9

where the supremum is over a large number of terms of order k£ with k£ — oo.

Recall that n= /23" | X; ;U; is asymptotically normal:

n
n 2 ZXi,jUi —a & ~ N(0,07),
i=1

where for simplicity we assume that E(U? | X; ;) =02 and n™t 31 | XZ]- = 1. One can show

that )
E ) <+v202logk + O .
<121?§k '5”) = Veotloghi <\/@>
Hence,
1 « 202 log k
sup *ZXi,jUi = Op _— .
igAo |1 T n
Thus, to account for a large number of potential regressors, we can set the penalty parameter
as
202 log(kn)
Ap ~ A ——————.
n

Note that o2 in the above expression measures the noise level and is used to adjust the
penalty parameter for the scale of the residual term U;. Estimation of o2 is non-trivial in
high dimensional models, and Belloni and Chernozhukov (2011) suggest an iterative approach.
First, use 62 = n~ 1> | (YV;—Y)?, where Y is the average of Y’s in the sample. The estimator
is conservative as it also contains the portion of the variation of Y due to X’s. However, &52,
can be used for the first pass of Lasso. Given the corresponding Lasso estimates 3, one can

compute
n
7*=n"1Y (Yi— XiB)?,
i=1

which can be used to determine the penalty parameter and a subsequent application of Lasso.



CHAPTER 4

Post- and double- Lasso

Post-Lasso is an OLS regression that includes only the controls that survive the Lasso
selection step. Since Lasso is unlikely to detect regressors with small coefficients, the naive
application of post-Lasso can result in substantial bias. The bias in post-Lasso can be elim-
inated using the double-Lasso or the partialling out approaches covered in this section. The
double-Lasso or partialling out steps are needed when the goal is the consistent estimation of

some important coefficients instead of the prediction of outcome variables.

4.1. Post-Lasso
Consider the regression model
(4.1.1) Y, = aD; + X5 + U,
E(U; | D;, X;) =0,

where D; is the main regressor of interest, and X; includes k potential covariates or controls:
B = (P1,-.-,0k). The researcher wants to always include D; in the regression but needs to
select a list of relevant controls from X;. Thus, when estimating the model by Lasso, the
coefficient on D; is excluded from the penalty term.

Let Ag denote the set of relevant controls:

Ag={je{l,... . k}:B; #0}.

Let BA = (BLM e 7Bk,>\)/ denote a Lasso estimator of 8 = (B1,...,8k)’. Such estimators are
constructed, for example, using a Lasso regression of Y; against D; and X; with no penalty

applied to the coefficient on D;. The estimated set of selected controls is given by
A= {j e{1,...,k}:@j¢o}.

Let X, ; denote the sub-vector of X; that only the controls in A A post-Lasso estimator of

« can be constructed using the OLS regression of Y; against D; and X, ; :

EZ@(A)'DH-X;ABA%-U@

Here the notation &(A) is used to indicate that the estimator is constructed using the Lasso-

selected set of controls A. Note that the coefficients on the vector of included controls Xi i

»

are re-estimated in post-Lasso, since the Lasso estimates 3y are biased.

The main concern about the post-Lasso estimator &(.A) is if its properties are affected by
the Lasso-selection first stage. Let &(Ap) denote the infeasible OLS estimator of o when the

49
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true set of controls Ag is known:
Y; = a(Ao) - Di + X 4,84, + U,

where X; 4, denotes the true vector of controls defined by Ay.

The following proposition exploits the consistent selection property of Lasso.

Proposition 4.1.1. Suppose that P(A:Ao) — 1 as n — oo. Suppose further that
Vn(a(Ag) — a) —q N(0,w?(Ap)), where w?(Ag) > 0 denotes the asymptotic variance of

the infeasible estimator &(Ao) when the true model is known. Then,
Vi(a(A) = a) =4 N(0,w(Ao)).

PROOF. Let ®(-) denote the standard normal CDF. Note that if £ ~ N(0,w?), then
Z =¢/w~N(0,1),and P(¢ <z)=P({/w < z/w)=P(Z <z/w)=d(x/w). For x € R,

P (Via(a(d) - a) <)
= P (Va(@(d) - a) < 2,4 = Ag) + P (Vala(A) - a) <o, A # Ao)
= P (vVn(&(Ag) — a) < z) +o(1)

o (w&m) |

where o(1) denotes terms converging to zero as n — oco. The second equality holds by the

following argument:
0§P<\/ﬁ(&(/l)—a) gx,A;«éAo) gP(/l;éAo) 0.
]

Proposition 4.1.1 suggests that the post-Lasso estimator can be as good as the OLS
estimator under a known Ag. However, the results require Lasso to detect true controls with
probability approaching one. Unfortunately, that does not hold for controls in Ay with small
non-zero coefficients.

Suppose that
X'X

= Ik7

and recall that, in this case, the Lasso estimator satisfies
. e = +
Bin = sign(3) (181 - 1),
where ,5’]- is the corresponding OLS estimator, and

- 1
ﬁj=5j+0p(\/ﬁ)-

Recall that we set the penalty parameter A to over-rule the noise

A = 90| 2loalkn)
n

The Lasso coefficient ,5}-7 » is shrunk all the way to zero when | B]\ <A\
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Suppose that §; is small. Since the magnitude of statistics is measured relative to the
1/4/n rate of convergence of the noise part, small coefficients can be modeled as
c
B = %
for some constant c. I.e. the coefficient §; is of the same magnitude as estimation noise. Such

coefficients will be eliminated by Lasso with probability approaching one:

P(\jﬁ+0p(\}ﬁ>‘<20 ﬂ()gn(k”))%l.

This simple model illustrates that Lasso cannot distinguish small regression coefficients from

the noise, and the corresponding controls will be selected by Lasso with a high probability.

4.2. Bias of a naive post-Lasso estimator

One may wonder that since Lasso eliminates only controls with very small coefficients,
it might not have a substantial impact on the post-Lasso estimator of the main parameter
of interest. However, that depends on the relationship between the omitted controls and the
main regressor, as we illustrate in the following simple example.

Consider the following model with the main regressor D; and a single control variable Xj:
(4.2.1) Y, =aD; + 8X; + U,
i.e. B € R. Suppose that the coefficient S is small in the sense discussed above

&
f=

Suppose further that Lasso has eliminated X; from the model and A = 0. The post-Lasso

estimator of « is estimated by a simple regression of Y; against D;:
I n n ’
iy D >r, D? S D2
Vn(a0) — a) = 02?21 DiX; n~'? dic DiUz‘.
>z D} nt Yo D}

The second term on the right-hand side of the above equation is the usual asymptotically

or

normal component with a zero mean. The asymptotic bias of the post-Lasso estimator is
determined by the first term. Note that

5 = Ziz DiXi
> D

is the OLS estimator in the simple regression of the control X; against the main regressor D;:
Xi =vD; + ni.
Hence,

R 1
Py:fy—i_OP(\/ﬁ)a

and unless v = o(1), the naive post-Lasso estimator &(()) suffers from an asymptotic bias.
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We conclude that the bias of the naive post-Lasso estimator can be substantial if there
is a substantial correlation between the main regressor D; and controls with small non-zero

coefficients.

4.3. Double Lasso

Belloni et al. (2014) developed a procedure that addresses the shortcoming of the naive
Lasso approach. Since the bias of a post-Lasso estimator depends on the magnitude of the
correlation between the main regressor D; and the control variables in X;, one can use a Lasso
regression of D; against X; to detect correlated controls.

Consider the following regression estimated by Lasso:

k
(4.3.1) Di=> piXij+m.
j=1

Controls with large enough coefficients p; will be selected by Lasso with a probability ap-
proaching one. Controls with small coefficients p; will be dropped by Lass. However, in view
of the discussion in the previous section, omitting such controls does not result in a substantial
bias for the post-Lasso estimator of a.

By combining equations (4.1.1) and (4.3.1), we can write a reduced-form equation that
connects Y; with controls in X;:

Y = piXij+mi |+ BiXi;+ Ui

1 j=1

Q

k k
]:

k
= Z (apj + Bj) Xij + (an; + U;)
7j=1

M-

(4.3.2) = m; X + €,
7j=1
where
mj = apj + B,
€ = an; + Uj.

Hence, a control X; ; is useful for predicting Y; if it directly affects Y; through 3;, or affects
D; through p; , or both.

Let px = (P1xs---,pkr)" denote the Lasso estimator for equation (4.3.1). Let 7y =
(T1xs---»7kn) be the Lasso estimator for equation (4.3.2). The double Lasso algorithm
proposed in Belloni et al. (2014) works as follows.

Step 1 Use Lasso on equation (4.3.1) to select controls that are useful for predicting D;.
Let Ap denote the corresponding set of selected controls:

AD:{]E{l’ak}ﬁj,)\#o}
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Step 2 Use Lasso on equation (4.3.2) to select controls that are useful for predicting Y;.

Let Ay denote the corresponding set of selected controls:
Ay ={j e {1,...,k} :7tjx #0}.
Step 3 Estimate « using the OLS regression of Y; against D; and controls in Ap U Ay.

Note that post-Lasso Step 3 in the above algorithm includes controls selected either for pre-
dicting D; or for predicting Y;. A control is excluded from the post-Lasso step only if it was
dropped in steps 1 and 2 of the algorithm. Le., a control X ; is excluded from the post-Lasso
step when both p; and ; are small, which provides protection against the post-Lasso bias.

The double Lasso procedure with post-Lasso is implemented in R package “hdm” (see
Chernozhukov et al., 2016a,b).

4.4. A partialling out approach

Another post-Lasso approach that avoids the bias of the naive post-Lasso estimator is
based on the partialling out idea or the orthogonality principle. Recall that the OLS estimator

of @ in (4.1.1) can be written as

. D'MyY
aoLs = D,MXD )
where
My =1, - X(X'X)'X/,
and
(4.4.1) Y = MyY,
(4.4.2) D = MxD,

denote the residuals from the respective OLS regressions of Y against X, and of D against
X. Hence, the OLS estimator of o can be written as
DY
D'D’
where the equality holds because Mx is symmetric and idempotent. In other words, &org can

aors =

be constructed by regressing the residuals Y of the dependent variable against the residuals
D of the main regressor.

When there are many potential covariates in X, &org can have a very large variance as
we discussed in Chapter 1. The partialling out approach proposes to replace (4.4.1)—(4.4.2)
with the residuals from the corresponding post-Lasso regressions, see Chernozhukov et al.

(2016b).

Step 1 Use Lasso on equation (4.3.1) to select controls that are useful for predicting D;.

Let Ap denote the corresponding set of selected controls:
Ap={je{l,....k}:pjx#0}.

Regress D; on the controls in /lD, and save the residuals as ﬁf L,
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Step 2 Use Lasso on equation (4.3.2) to select controls that are useful for predicting Y;.

Let Ay denote the corresponding set of selected controls:
Ay ={j e {1,...,k} :7tjx #0}.

Regress Y; on the controls in /ly, and save the residual as Yip L,

Step 3 Estimate « using the OLS regression of ?;P L against Df L,

We compare the partialling out approach with a naive post-Lasso estimator &nqive. The latter
is constructed by first using a Lasso regression of Y; against D; and all X;’s, selecting controls
from X;, and then regressing Y; against D; and the selected controls. Let B Naive denote the
estimated coefficients on X; in the second stage with zero values for the controls dropped by

Lasso. The naive post-Lasso estimator & qve satisfies

Z?:l Dz(Y; - X{BNaive) o + Z'?:l Dz(Uz - X{(BNaifue - 6))

dNaive - n 2 o n 2 ’
Zi:l Dz Zi:l Dz

or

(4.4.3) \/ﬁ(dNaive_O‘) =

n 12y DU LN Ly
- VB Naive—Bi) . > DiXij.
b s vy DGR PIEA

Suppose that ; = ¢/y/n for some j and therefore ,63-7 Naive = 0. If D; and X ; are correlated,

n
% Z DiXi,j —>p EDZX,LJ 75 0,
i=1
and as a result, the naive post-Lasso estimator & ygve suffers from an asymptotic bias.
For the post-Lasso estimator with partialling out, D; in (4.4.3) is replaced with Df LoIf
the correlation between D; and X ; is sufficiently strong, X;; will be selected in Step 1 of

the algorithm with a probability approaching one. In this case, by construction,

1~ = PL
- > DFX;;=o.
i=1
Hence, the partialling out step protects post-Lasso against the bias due to small 3;’s.
The partialling out procedure is implemented in the R package “hdm” (see Chernozhukov

et al., 2016a,b).



CHAPTER 5

Lasso and instrumental variables estimation

This chapter discusses Lasso and post-Lasso-based methods for instrumental variable (IV)
estimation. We discuss several scenarios: many potential IVs and few controls, many potential

controls and few IVs, and many potential [Vs and many controls.

5.1. Instrumental variables
Consider the model:
(5.1.1) Y, =aD; + U,
where D; is the main endogenous regressor of interest:
E(U; | D;) # 0.

and recall that the OLS estimator of « is inconsistent. We assume that there is an [ x 1 vector
of potential instruments Z; such that

(5.1.2) E(U; | Z;) =0,
and

(5.1.3) D; = Zim +V;,
(5.1.4) E(\V;| Z;) =0,

where © = (71,...,m)".

The equations (5.1.1) and (5.1.3) can be written in the matrix form as
Y =aD+U,
D=7Zr+V,
where Y is the n x 1 vector of observations on the dependent variable, D is the n x 1 vector of

observations on the regressor, and Z is the n x [ matrix of the instruments. The n x 1 vectors
U and V are defined similarly. The 2SLS estimator of « is given by

. D'PyY
O= ———
D'P;D’
where
Py =27(2'2)17.
Note that

D=P;D=2(2'2)'2'D = Zr,

55
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where
*=(2'2)"'Z'D
is the OLS estimator of 7 in (5.1.3). The 2SLS estimator can be equivalently written as
D'y _ Z?:l DiYi
D'D Y, D;D;

& =
We say that
!
D=7 #Z
j=1
is the IV for D;.

As we discuss in Chapter 1, the 2SLS estimator is inconsistent when there are many IVs:
l/n — ¢ > 0. However, suppose that the first-stage equation (5.1.3) is sparse. Define

Ag={jed{l,...,1} :m; #0}.
Let I* denote the number of elements in Ag:
I* =]Aol.

While it is possible that there are many potential IVs, I — oo as n — 0o, we assume that [*
is small and keep [* as fixed.

Let Z; 4, denote the [*-sub-vector of Z; that consists only of the IVs in Ag. Let w4,
denote the corresponding sub-vector of 7. One can show that when the residuals in (5.1.1)
are homoskedastic, i.e.

(5.1.5) E (U} | D;) = o,

the efficient IV estimator of « is given by

&F — Z?:l (Z’L{,AOWAO)}/;
Z?:l (Zz{,_Aoﬂ-.Ao)Di

In other words, the best IV is given by

FE (Dz ’ Zz) == Z{7AO7TAO.

(2

Note that the above equation follows from (5.1.3) and (5.1.4).

Proposition 5.1.1. Suppose that iid data are generated according to (5.1.1), (5.1.2), (5.1.3),
(5.1.4), and (5.1.5). Then,

0.2
V(@ —a) s N[0, ——"— .
E(Z] 4,74,)?

Proor. To simplify the notation, define

(5.1.6) G = Zj 4y Ao

and write the first stage as
D, = Cl* + V.
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The estimator &* satisfies
n-1/2 > e G U

TS e )
Note that
(5.1.7) EGU; = E(GE(U; | Zi)) = 0.
By the CLT,

n=1/2 zn:CfUi —a N (07 E (CfUi)2> ;
and -

B(GU:)* = E(GPB(UF | Z) = (BG?) o
Similarly to (5.1.7),
EGV; = 0.
Hence, by LLN,

nSDC(G V) = BG.
=1

We conclude

. N (0, (E¢?) o EG?) o ?
Vi (@ —a) =4 ( %C;Q)J):N<o,((Egg;>:N<o,&;2>,

and the result follows by (5.1.6). O

While other functions of Z; can be used to instrument D ,

!
Cz* = 4. Ag T Ap

is the most efficient IV as we show below. Define a function of IVs

CZ = f(ZZ)a
where

f:R SR
Note that

which holds by exactly the same arguments as in (5.1.7) in the proof of Proposition 5.1.1.
Hence, ¢; = f(Z;) is an IV if
E¢D; = EG( # 0.

The IV estimator corresponding to f is given by

. >ie1 GYi

b= Si———

Z?:1 CiDi '
We have the following result.
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Proposition 5.1.2. Suppose that the assumptions of Proposition 5.1.1 hold and

EGG #0.
Then,

A 2[5
\/ﬁ(af—a) —>dN<O’(Z'CiC§")2> .

Moreover,
UQECZ2 o?
(BGG)? — EG?

Proor. Write

—1/2 —n
Vilay - o) = T TS
TR GUS
oY GG+ V)
N(0,0%E¢?)
E¢CF

=N <0 it )
C(BGEH)? )

g (BSG)” _ EGPEG — (BGG))”
' E¢ B¢
and the result follows by Cauchy-Schwartz inequality

—d

which establishes the first claim.

For the second claim,

(BGCH)? < BCPECE.

Note that in practice, the first-stage equation can be a non-linear function f*(-) of a small
number of some “primitive” IVs W; = (Wj1,..., W;,)":

Di = f*(Wi) + Vi,
E(U; | W;) =0,
E(V;|W;) =0,
where the function f* :RP — R is unknown. In that case, the efficient IV is given by

G = fr(W).
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Since the function f*(W;) is unknown, we can try to approximate it using a polynomial

approximation with interaction terms between the primitive IVs:
X Wi) = 0Win +6Wia + ... +6,Wip
+ 6p A WEL + SpraWii Wi ... 4 Sop Wi 1 Wi
+ op Wi + ..
The vector of IVs Z; then will be given by
Zi = (Wix,Wig, ..., Wip, Wi, (WirtWia), ..., (Wi i Wi,), Wi, ...

If we try to approximate f*(-) as closely as possible, we can end up with a long list of
polynomial and interaction terms between the primitive IVs with potentially only a few of

them playing a significant role in approximating f*(-). In such cases, we can write
f*(Wl) = Z{,AOT(.AO + 7,

where Ay is now the list of a small number of important approximation terms in Z;, and r; is
a small (remainder) approximation error. As discussed in Belloni et al. (2012, p. 2378), there
is an approximating set of “effective” IVs such that

I* = |Ao| = o(n),

1 — S
ﬁ T‘Z-Q = Op < n) .
i=1

To avoid the bias of many IVs and to estimate a as precisely as possible, we need to be able
to select the effective IVs Z; 4, .

Belloni et al. (2012) proposed the following algorithm for Lasso/post-Lasso selection of
IVs and estimation of the IV regression model defined by (5.1.1) and (5.1.3).

Step 1 Estimate the first stage equation in (5.1.3) using Lasso. Let A denote the set of
selected IVs:
A={je{1,...,1} :wjx #0},
where T\ = (71,...,7.2)" is the vector of the corresponding Lasso-estimated
coefficients.
Step 2 Estimate the first stage by OLS using only the instruments in A. Construct
@(A) = ZLA%A,
where ZZ.’ i is the sub-vector of the instruments selected in Step 1, and 7 4 is the

vector of post-Lasso OLS estimates for the first stage equation:

n -1 n
- (L) Lo
=1

=1
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Step 3 Estimate (5.1.1) using (;(A) as the IV for D;:

a(A) = T GAY:
Z?:1 G(A)D;
Note that in Step 2, we use the post-Lasso estimates of the coefficients on the selected IVs
instead of the Lasso estimates from Step 1 to eliminate the shrinkage bias.
With a probability approaching one, the above algorithm in Step 1 selects the few instru-
ments that have a significant relationship to D;. The dropped IVs are either unrelated to D;
or have a very small impact not contributing to the efficient variance of the IV estimator in

5.1.1. Hence, the post-Lasso IV estimator &(A) can achieve the same level of efficiency with

a probability approaching one.

5.2. Many potential IVs and few controls

In a typical situation, the second-stage equation also includes a number of exogenous
covariates/controls. Thus, in practice we often have to consider the following model:

(5.2.1) Y, =aD; + X3+ U,
E(U; | X;) =0.

For example, the intercept is typically one of the elements of X;. The exogenous controls with
non-zero (3’s should be included in the first stage as they are typically also correlated with
the endogenous regressor D;.

(5.2.2) D; = Zim + X{y 4+ V;,
E(V; | Z;, X;) = 0.

Omitting relevant controls, i.e. controls that related to Y; and D;, from the first stage in IV
estimation can result in inconsistent estimates, see Appendix 5.5.

When the number of controls is small, Chernozhukov et al. (2016b) propose the following
algorithm.

Step 1 Estimate the first stage equation in (5.2.2) using Lasso. Force inclusion of X;’s
by assigning zero penalty weights to their coefficients. Let A denote the set of
selected TVs:

A={je{1,...,1} : 75 #0},
where 7y = (1 x,..., 7, ») is the vector of the corresponding Lasso-estimated
coeflicients.

Step 2 Estimate the first stage by OLS (post-Lasso) using only the instruments in A and

the controls X;. Construct
GA) = 2+ XIALA),
where Z; ; is the sub-vector of the instruments selected in Step 1, and 7 ; and

4(A) are the post-Lasso OLS estimates for the first stage equation.
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Estimate (5.1.1) using (;(A) as the IV for D;:

ad) (D)D) (G .
5 )= )(2) =580 )s

We can also provide a more convenient expression for the post-Lasso IV estimator d(fi)

Write the second- and first-stage equations in the matrix form:

Y=aD+ XB+U,
D=Zr+Xy+V.

Let Mx be the projection matrix on the space orthogonal to the span of X:

Since

we have

Recall that

My =1, - X(X'X)"1X'.

MxX =0,

MxY = aMxD + MxU,
Mxp = MXzﬂ' +MXV.

Y = MxY,
D= MxD,
Z=MxZ

are the residuals from the OLS regressions against X of Y, D, and Z respectively. Using the

~

partialling out arguments, the post-Lasso IV estimator &(.A) can be computed as follows.

Step 1

Step 2

Estimate the first stage equation D = Zr + V using Lasso. Let A denote the set
of selected IVs:

A={je{l,.. I} 7\ #0},

where T\ = (71 ,..., 7, ») is the vector of the corresponding Lasso-estimated
coefficients.

Estimate the first stage by OLS (post-Lasso) using only the instruments in A and
the controls X;. Construct

where Zi i Is the sub-vector of the instruments selected in Step 1, and 7 4 is the

post-Lasso OLS estimator for the first stage equation:

L~ -1 . .
~ / /
fi= (ZAZAJ) Z'.D.
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Step 3 Estimate Y = aD + U; using (;(A) as the IV for D;:
i1 Gi(A)Y
2 G(A)D;

The two algorithms described in this section produce identical estimates of a by the partialling

a(A) =

out argument.

5.3. Few I'Vs and many controls
Consider again the IV regression model
Y; = aD; + X + U,
D; = Zim + X{v + V.

We assume now that the number of IVs [ is small, and all [ IVs are used in estimation. On
the other hand, the number of potential controls k is large, however, the model is sparse: the
set of relevant controls
Ao={je{l,... .k} :p; #0}
is small. We now need to select the relevant controls from Xj.
The procedure can again be based on the partialling out arguments. Chernozhukov et al.
(2016b) describe the following algorithm.

Step 1 Estimate by Lasso D; = 25:1 r]JDXi,j +€P. Let Ap denote the set of selected
controls:
Ap={je{l,....k}:qP\ # 0},
where ﬁf Ao 77,’2 ) are the corresponding Lasso-estimated coefficients. Post-Lasso:
Regress D; on the controls in /lD, and save the residuals as ﬁf L,
Step 2 Estimate by Lasso Y; = Z?:l U}/Xi,j + €. Let Ay denote the set of selected
controls:
Ay ={je{1,....k} 1}, #0},
where ﬁ}f,)\, ey ﬁ}; , are the corresponding Lasso-estimated coefficients. Post-Lasso:
Regress Y; on the controls in Ay, and save the residuals as )N/Z-P L
Step 3 For m =1,...,[, estimate by Lasso Z; ,,, = Z?Zl anmXiJ + eiZ’”. Let fizm denote
the set of selected controls:

Azmz{je{1,...,k};ﬁf;n¢o},

where ﬁf&”, . ,ﬁi’; are the corresponding Lasso-estimated coefficients. Post-
Lasso: Regress Z; ,,, on the controls in .,lem, and save the residuals as Zf mL . Note
that the procedure must be repeated for all m =1,...,l IVs.

Step 4 Construct the IV:

l
e E ~ 7PL
Ci = TrmZi,m)
m=1
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where 71, ...,7; are the OLS estimates of 71,...,m from the regression of DZP L
against ZzPlL, .. .,ZiPlL.

Step 5 Use (; as the IV for [)ZP L,
6 (4) = Zim bt
>y 6D
Here A = AD U ./Zly U /lzl U...u ./lel and includes all controls that are useful for
predicting D;, Y;, or one of the IVs Z;,,,, m=1,...,L.

The algorithm is similar to the partialling out algorithm in Chapter 4. The IV estimator
& (/i) solves the following equation:

n
> G (W —a(A)Drr) =0,
i=1
Suppose a control X; ; for some j = 1,...,k has been dropped by Lasso in Step 2 of the
algorithm. With a probability approaching one, the coefficient 3; is small. Hence, omitting
X ; would not introduce a bias unless it is strongly related to f, through one of the IVs or D;.
However, since the effect of X;’s has been partialled out from Z;’s and D;, with a probability
approaching one there will be no significant correlation between fl and Xj ;.

5.4. Many IVs and many controls

The approach can be extended to the case when there are many potential IVs and controls.
When there are many IVs, it is impractical to partial out the effect of many controls from the
IVs. Instead, we can partial out the effect of controls from the efficient post-Lasso-based IV.

The following algorithm is proposed in Chernozhukov et al. (2015).

Step 1 Use Lasso and post-Lasso to partial out the effects of the controls X;’s from Yj.
Save the residuals as ffip L

Step 2 Use Lasso and post-Lasso to predict D; in the first-stage regression D; = Z/m +
X!~ + V;. Save the predicted value D;(A):

G = Zir s+ Xi

where A is the set of Lasso selected IVs and controls. The coefficients & 4 and v
are from the post-Lasso OLS regression of D; against the IVs and controls in ¥ ;.

Step 3 Use Lasso and post-Lasso to partial out the effect of X;’s on (;(A). Save the
residuals as ¢F'F.

Step 4 Use C} as the IV for BZPL:

~PLy PL
21 G Y
n  FPLRPL’
2i=1 G D

a =

Note that in Step 3, partialling out will remove X;4; from él(A) constructed in Step 2.
However, we keep X; in the first-stage equation in Step 2 to obtain consistent estimates of

7’s.
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5.5. Appendix IV estimation and second-stage controls
Consider the IV regression model
(5.5.1) Y; = aD; + X!B + Uj,
(5.5.2) D; = Zim + X{v + Vi,
E(U; | Xi,Z;) =0,
E(Vi | Xi,Z;) = 0.
Substituting (5.5.2) into (5.5.1), we obtain
Y = a (Zir) + X1(B + o) + (Ui + Vi)

Since Z; and X; are uncorrelated with (U;, V;), the OLS regression of Y; against (Z/7) and X;
would produce a consistent estimator of a. This regression is infeasible and in practice, 7 is
replaced with its first-stage OLS estimator. However, the result is asymptotically equivalent
to that of the infeasible regression.

Suppose that the econometrician omits X; from the first stage. The resulting first-stage

regression is now
(5.5.3) D; = Zim* + V',
where 7* is the coefficient in the population regression of D; against Z; only:
v = (EZ,Z)) " EZ:D;
= (EZ:Z) " E(Zi(Zim + X[y + Vi)
—n+ (EZZ) " EZiX|y
=m+0,
where
0= (EZ:2) ' EZX!
is the coefficient in from the population regression of the controls X/ against the instruments
Z;. The residual V* is given by
V*=D; — Z\t*
= D; — Zi(m +6)
= (X] - Zlo)v+V;
= Xiv+ Vi,
where X/ is the residual in the population the regression of X! against Z;:
X|=X] - 7.

Hence, by construction:
EZ;X!=0.
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Equations (5.5.1) and (5.5.3) imply that
(5.5.4) Y; = a(Z7n*) + X8+ <Ui + a)?{*y) .

While Z; is uncorrelated with X/ by construction, the controls X; are correlated with X!v.
Consequently, OLS estimation of (5.5.4) would produce inconsistent estimates not only for 3,
but also for « if X; and Z; are correlated.

Note that if Z; and X; are uncorrelated, 8§ = 0 and X{ = X;. In this case, ozf({'y term
in (5.5.4) would be replaced by aX/y and can be combined with X/3 as before. Hence,
it is important to include the second-stage controls X; into the first stage unless they are

uncorrelated with the instruments Z; or v = 0.
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