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Preface

It is assumed that the reader is familiar with the basics of graduate Econometrics at the
level of Davidson and MacKinnon (2004), Chapters 2-4 (OLS-based methods for estimation
and inference) and Chapter 8 (IV-based methods). The main concepts and results for IV

estimation and inference are also briefly reviewed here in Section 1.



1 Overview of standard (strong) IV asymptotic theory

1.1 The model

Before we study weak identification, it would be helpful to review the standard theory of
instrumental variables (IVs). This will lay out the framework, establish some benchmark
results, and provide motivation for investigating weak IVs.

The econometrician observes data {(yii, y2i, Z1;, Z5;) : @ = 1,...n}, where y;; denotes the
dependent variable, yo; is the single endogenous regressor, Zi; is the ly-vector of instrumental
variables, and Zy; is the ls-vector of exogenous regressors. The IV regression model can be

stated as

Y1i = YY2i + Zoi3 + ui, (1.1)
Yoi = Z1;m1 + Loy + vi, (1.2)

where v € R is the unknown coefficient on the endogenous regressor. Typically, v is the
main object of interest in applied work. The vector 8 € R denotes the vector of unknown
coefficients on the exogenous regressors. Equation (1.1) is known as the structural equation,
and u; is the unobserved structural error. Equation (1.2) is known as the first stage and
connects the endogenous regressor with the IVs; the parameters m; € R and m € R2 are
unknown, and v; denotes the unobserved first-stage error.

Exogeneity of Z1; and Zy; is defined as
EZyu; = EZyv; =0, EZyu; = EZyv; = 0. (1.3)
The regressor y9; is endogenous in the sense
Eyaiu; # 0.

In view of exogeneity of Z1; and Zy;, the regressor ys; is endogenous if the structural and

first-stage errors are correlated, i.e.
Euiv,; 7& 0.

When Z5; includes the intercept, without loss of generality one can assume that Fu; = Ev; = 0.

Define the n-vectors y1, y2, u, and v as

Y11 Y21 u1l V1

Yin Yon Un Un



Define further the n x [; matrix of the observations on the IVs Z;:

Zn
AR :
Zin

Let Z5, the n x I3 matrix of the observations on the exogenous regressors be defined similarly:

Zy
Loy = :
Zyy,
The model can now be re-written as
Y1 = Y2y + Z2f8 + u, (1.4)
Yo = L1 + Zomo + v. (15)

1.2 TV estimation

The reduced-form equation, which relates the dependent variable y; with the exogenous vari-
ables Z; and Z, can be obtained by substitution the first stage (1.5) into the structural
equation (1.4):

Y1 = Zimy + Za(may + B) + (u +vy), (1.6)

which shows that the structural parameter of interest v can be estimated by regressing y;
against Z1m and Z,. Since 7 is unknown, it must be replaced with its OLS estimator from
the first stage.!
Define
My =1, — Zo(Z525) "1 Z5.

It is easy to see that My is symmetric and idempotent:
Mé = MQ and M2M2 = MQ.

The matrix Ms is called a projection matrix, and Msx will project any n-vector x on the space

orthogonal to the span of the columns of Z5. In particular,
MsyZ5 = 0. (1.7)

By the Frisch-Waught-Lowell (FWL) theorem (see Davidson and MacKinnon, 2004), the OLS

1See, for example, the discussion of different identification strategies in Blundell and Powell (2003).



estimator of 7y from the first stage can be written as
1 = (Z1M3Z1) ™' Z1 Mays. (1.8)

This result is also known as the partitioned regression result.? Using the FWL theorem, (1.6),
and by replacing m with 71, we can now write the IV estimator of v ( it is also known as the

2SLS estimator) as
121 Moy,

G = _menMeh 1.9
T R My 2y (1.9)

1.3 Asymptotics of IV estimation

Assuming that data are iid, we can apply the iid weak law of large numbers (WLLN, Theorem
A.1 in Appendix A.1) and the iid central limit theorem (CLT, Theorem A.2) to show consis-
tency and asymptotic normality of the IV estimator provided that the vector of coefficients

on the IVs in the first-stage equation is fixed and different from zero: 7 # 0.
Assumption 1.1. We assume that
(i) The data {(y1i,y2i, Z1;, Z5;) i =1,...n} are iid.

(ii) The matrix

/
> Z1i Z1i _ EZZ\, EZ;Z), _ Q11 Q12 _0
29 29 EZy 7y, EZyZ), Qly Q2

is finite and positive definite.

(iii) The matrix

is finite and positive definite.

Remark. Assumption 1.1(iii) states that the errors u and v are homoskedastic. The assump-
tion is made for simplicity and convenience only and can be easily relaxed to accommodate

heteroskedastic models.

Theorem 1.2. Suppose that 1 # 0 and fized. Then,

(@) ¥ —p

2To see the result, write yo = Z171 + Zaofta + 0, where @1 and 72 are the OLS estimators of 71 and 7o
respectively, and 9 is the OLS residual satisfying Z;9 = 0 and Z29 = 0. We now have Z{ Mays = Z1M>Z 71 +
Z{ M>%, where we used (1.7). Next, Z{ Ma® = Z19 — Z{ Z2(Z5Z2) " Z4 = 0.



A~ 0'2
(b) n'/2(54 =) =4 N (O, m) , where
Qr2 = Qu1 — Q12Q3, Q.
Proof. Using the definition of 71 in (1.8),

M Z\ My = yy Mo Zy (21 MaZ1) ™' Z My = vy Pagy 2,
M ZY Mo Zy iy = Yy Mo Zy (Z1 M2 Z1) ™ Z1 Mays = s Priy 2,2,

(1.10)

where we used the following notation. Let H be a full column rank matrix. Then P is defined

as
Py =H(HH)'H.

The matrix Py is a projection matrix (symmetric and idempotent): Pgyx projects a vector x

onto the span of H. Using the definition of 4 in (1.9), the estimator 4 can now be written as

Yo Priy 2, Y1

= .
Yh Priy 7, Y2

Using the model in (1.4),

Y=v+ 7@{’213%2&
Yo Priy 7, Y2
yh Mo Z1(Z\ MsZ1) 1 Z} Mau
Yo Mo Z\(Z Mo Zy) =1 Z1 Moy
(Zymy +v) MaZy(Z) Mo Z1) 1 Z Mau
(Zim1 +v) MaZy(Z My Z1) =1 Z] My (Zymy + v)
(Zy My Zy1 + Zy Mow) (Z My Z1) ™' Z} Myu

By the WLLN and Assumption 1.1(i,ii),

VAVA -
1 _
1T =N 1 Z leZiz —>p EZMZ{Z = Qll-

i=1
Similarly:

YAV YAV
%n 2 —p Q12 and 272 —p QQQ.

Hence,

ZiMyZy  ZiZy ZyZ <Z§ZQ>1 AYA

n n n n n

(ZiMQZlTI'l + Z{MQ'U)/ (ZiMQZl)il (Z{MQlel + Z{MZ’U) )

(1.11)



—p Q11 — Q12Q3 Qo
= Q12, (1.12)

where Q1.2 is positive definite. Furthermore, since

Z! -
L n~t Z Ziiw; —p EZju; = 0, and similarly
n
i=1
Zhu
—5, 0
n P
we have:
ZiMyu _ Ziu 742> (Z375\ " Zyu
n n n n n
—p 0 — Q12Q521 -0
=0. (1.13)
Similarly,
Z/ Mgv
! —p 0. (1.14)

We conclude from (1.11), (1.12), (1.13), and (1.14) that

(Q1.2m +0) -0
(Qrami + 0)Q1.3(Qr.2m +0)

ﬁ/ —>p Y + / =7,
which holds since 7 # 0 and is fixed by assumption. This concludes the proof of part (a).
For part (b), re-write (1.11) as

n~ 1210 Z1 Mau + 0,(1)

1205 — ~) = 1.15
" ('7 7) n_lw’lZ{Mngm + Op(l)’ ( )

where we used (1.13) and (1.14). By the CLT,

Z! " Zy
OVl IR IO TEl Yl R B (1.16)
Zéu ; Zgi

=N (0,02Q),

where the equality in the last line holds by the law of iterated expectation (see Davidson and



MacKinnon, 2004, p. 14) and Assumption 1.1(iii):

/ / /
Z1; AT Z1; AT Z1; Z1;

Euf 1z 1z —glE (’LLZQ | le‘, Zzi) 1z 1z _ O'ZE 1z 1z )
29 Z3; 29 Z9; Z9; £

Let ®; and ®5 be two random vectors jointly distributed as N(0,02Q):

D4 ~ N (0,02 Qi1 Q12 .
D) Qly Q22

Write
ZiMyw  Ziu  ZZy 2472\ Zhu
nl/2 T pl/2 g n nl/2
—a D1 — Q15Q5; 2
= P12 (1.17)
Note that
Var(fbl.g) =
= Var(®1) + Q12Qm Var(®2)Qy Q12 — Cov(®1P2)Q Q12 — Q12Q55 Cov(Po, O1)
= oo (Qu1 + Q12Q%; Q12 — 2Q1,Q55 Q12)
= 0aQ12.
Hence,
Z' Msu
‘%%*%dQQNNwmﬂhﬁ. (1.18)
n

It follows from (1.12), (1.15), and (1.18) that

"Py. N (0,027, Q1. 2
W25 ) sy MBI ( aqumm):N(O ol >’

T Q1.2m1 T Q1.2m1 T Q1.am

where the last equality follows from the properties of normal distributions, see Theorem A.5
in Section A.2 in the Appendix O

Statistical inference about 7 (the causal effect of the endogenous regressor on the dependent

variable), can be performed using the asymptotic normality result of Theorem 1.2(b) as

n'/2(§ =)
o2/(mQ1.2m2)

—d N(O, 1).

Thus for inference one can use standard normal critical values such as z;_, /2, where o denotes



the significance level and z, denotes the 7-th quantile (percentile) of the standard normal
distribution.

Using the arguments in the proof of Theorem 1.2, 7} Q1.272 can be estimated by

Yy Pary 2, Y2

/
n —p 7T1Q1.27T2.

2

To estimate oy,

consider y; — y27:
Ma(y1 — y27) = Mau — Mayz (¥ — 7).
Define

g

o (Y1 —y2) Ma(y1 — y27)
u
n

' M. 5 — AVl M- 5 — 5 — ) b M.
_uMu (Y =7 'yaMay2(§ =) 2(’7 7)'ya Mou (1.19)
n n n
wu — ' Zo(Z42:) " Zhu
_ 2( 2 2) 2 +0p(1)
n
—p 02,

where the equality in the third line holds because 4 — v = 0,(1), and the equality in the last
line holds since w'u/n =n="t 3"  u? =, 02, and Zhu/n —, 0.

Consider now testing Hp : v = 9 vs. Hy : v # 9. The t-statistic is given by

n'/2(4 — )
t = . 1.20
() \/(yryz"?)/Mz(yryz‘y) (1.20)
Yy Pryz, Y2
A test with asymptotic size o rejects Hg when
[t(v0)| > 21-qa/2-
The validity of the test holds because when Hy : v = ~q is true,
nt/2(4 — N (0,02 /(71 Q1.0m
t(y) = A,(V ) —— g (0,7u/(mi ) = N(0,1).
(y1—y29) Mo (y1 —y27) /1 0'5/<7T,1Q1.27T2)
\/ Yo Priyz,y2/m
Consequently, for Z ~ N(0,1)
P ([t(1)] > z1-a/2) = P(1Z] > z1_0/2) = a. (1.21)



The standard error of 4 is given by

— 2, /M _ ~
std.err = n~1/2 (1 y27> 2(y1 — y27)
Yo Priy 2,92

The confidence interval for v with asymptotic coverage 1 — « is constructed as
Cli_, = {"}/0 eR:|t(y)] < Zl_a/g} = [¥ — 21—qy2 x std.err,§ + 21_o /2 X std.err].
The asymptotic validity of C'I;_, holds as
P(y€Ch-a) =P (It(y)] £ 21-ap2) > 1 - q,
where the last result holds by (1.21).

1.4 Motivation for studying weak instruments

The result in Theorem 1.2(b) shows that the variance of the estimator 4 is determined by 7,
the coefficient on the I'Vs in the first-stage equation. Moreover, the asymptotic variance of the

estimator 4 is inversely related to the weighted Euclidean norm of my:

I71l[,., = 71 Qrom.

The variance of 4 is larger (and therefore the estimator is less precise and informative) for
the values of 71 close to zero. Since m; relates the IVs Z; with the endogenous regressor yo,
smaller values of ||m[|7), , correspond to IVs that are less informative about the endogenous
regressor or, in other words, “weaker”.

Thus, it is important to investigate the behavior of the estimator 4 for the values of m
that are very close to zero (in the sense m; — 0) as in such situations IVs are relevant, but
provide information of poor quality. Unfortunately, Theorem 1.2 breaks down as m; — 0.

The standard approach adopted in Theorem 1.2 keeps 7 fixed as the sample size n — co.

0 (%)

In other words, the estimation error approaches zero at the rate 1/y/n, while 7; stays fixed.

As a result,

In view of that, no matter how small it is, any fixed value m is “large” relatively to the
estimation error of order 1/4/n for all sample sizes large enough. However, in practice the
econometrician deals with a fixed sample size, and it is possible that given the actual sample
size, the estimation error and m; are comparably small. Hence, the standard asymptotic

analysis, which assumes that 7 is fixed, can fail to provide accurate approximation to the

10



behavior of 4 in finite samples. One needs a drastically different approach.
Lastly, note that

T Qrom = 1\ EZ1; 25, (EZy; Z5;) ' E Z9; Z1,71.
The quantity can be approximated as
7[‘/1Z1M2217T1 ~ 7”L7T/1Q1.27I‘1,

where Py = Pz,. The expression above is related to the so called the concentration parameter:

TFiZiMQZUTl

2 )
O-’U

Inll? =

which is used at the measure of the strength of IVs or identification. The concentration
parameter ||\,||? captures the strength of the signal from the IVs relatively to the noise in the
errors in the first-stage equation. Note that the assumption of fixed m; # 0 corresponds to
[An]|? — oo: i.e. the signal from the IVs dominates the noise due to the errors. Such cases are
referred to as strong identification or strong IVs. Weak identification occurs when the signal

and noise are of the same magnitude.

11



2 Weak IV asymptotics

2.1 Modeling weak I'Vs

In this section, we introduce the weak IV model using a simplified framework (for clarity).
Consider the case of a simple IV regression with a single endogenous regressor, no exogenous

regressors, and a single instrument:

Y1 =y2 +u,
Yo = 7T121 + .

In this case, the IV estimator in (1.9) becomes

Ziyl
Z1yo

5 =
Yoy Ziiug
LD 2121‘ + 201 Z1vi
nY2N L Ty
mn V2T Z3 4+ 2T Zw
Op(1)
mn 23T Z5 4 Op(1)

=7+ (2.1)

where Op(1) stands for bounded in probability, i.e. with a probability arbitrary close to one

it can be bounded by a constant for all sample sizes nlarge enough (see Definition A.6 in the

Appendix). The claims
n
n71/2 Z Ziiu; = Op(l),
=1
n
n_1/2 Z Zh‘vi = Op(l),
i=1

can be justified by the CLT as it implies that the distribution of the random variables on the

left-hand side can be approximated by normal distributions. On the other hand,

n n
n~1/2 Z Z% =nl/? (nl Z Z121> — 00 (2.2)
i=1 i=1

due to the WLLN.
The O,(1) terms in equation (2.1) represent the noise due to estimation as they are deter-
mined by the errors v and v. On the other hand, the 77 ~1/2 S, Z% term in the denominator

in (2.1) represents the signal contained in random data about the true parameter . As long

12



as m # 0 (no matter how small), the signal component diverges to infinity

n
mn /2 g Z% — 00
i=1

and the signal component will dominate the noise resulting in consistent estimation of ~, i.e.
Y —p .

If 71 = 0, the data contains no information (signal) about . One can say that identification
of v is weak when data does contain some information about v, but the signal is weak in
the sense that it can be easily obscured by the noise for any value of n. In other words,
identification is weak when the signal and the noise are of the same order. In view of (2.2), we
can achieve that (for any n and as n — oco) by modeling 71 as a sequence that depends on n

and approaches zero at the rate that balances out the terms in the signal component, so that

n
mn Y2 g Z% —p constant.
1=1

To achieve that, one has to assume that

T =

for some unknown constant C'. In this case, the signal component no longer diverges to infinity:

n n
mn V2N " 2% =Cn7'Y 7Y -, C-EZ}
i=1 i=1
Now the signal no longer dominates the noise component (they are of the same magnitude),
and as a result, consistency of ¥ fails!

Note that since n is large, by adopting (2.3), we effectively modeled the first stage coefficient
as a small number. Thus, since we are relying on asymptotics, “small” must be modeled in
relationship to n as “small” means different things in samples of different sizes! The strength
of the weak signal (i.e. within the weak identification framework) is controlled by the constant
C.

We say that instruments are weak when the coefficient on the instruments in the first stage
is of the local-to-zero form in (2.3).

Such a local-to-zero framework for formalizing weak instruments and weak identification
was first proposed in Staiger and Stock (1997). Moreover, using uniform validity arguments,

~1/2 rates) is unavoidable when

it was shown later that the local-to-zero framework (with n
studying local identification failures and relying on asymptotic arguments (see for example

Andrews et al., 2011).

13



In the following sections, we will investigate the effect of weak IVs on the properties of

IV-based estimation and inference.

2.2 The distribution of the IV estimator under weak IVs

In this section we derive the asymptotic distribution of the IV estimator 4 in (1.9) for the
general model (1.4)-(1.5). We assume that the IVs are weak:

Assumption 2.1 (Weak IVs). m; = n~/2C for some fized unknown ly-vector C.

Define the following two random [i-vectors that have a joint Normal distribution:

Z 1
“ ) oo, P Ve, ), (2.4)
Z, Puv 1
1 Puv ® Ill _ Il1 puvIll ’
Puv 1 puvIll Ill

the correlation coefficient

where

_ Owy
Puv = )
Ou0vy

and ® denotes the Kronecker product.?> Note that puy measures the correlation between the

structural and first-stage errors, i.e. py, measures the amount of endogeneity in the model.
Theorem 2.2. Suppose that Assumptions 1.1 and 2.1 hold.

A+ 2 Z
@—>d7+&( * Zo) 2y

oo A+ 2|
where Z,, and Z, are defined in (2.4), and
1/2
C
A= 22 (2.5)
Oy
Remark. 1. The estimator 4 is inconsistent as 4 — « converges in distribution to a non-

degenerate random variable.
2. When p,, =0, 2, and Z, are independent. Let

Z)' Zy
A+ Z,|]

3See Section A.4 in the Appendix.

14



When Z, and Z, are independent, the properties of normal distributions (see Section
A.2 in the Appendix) imply that

2
U“A|ZU~N<O,U“2>.
Oy llow + 0u 2]l

This distribution is analogous to IV (0, o2/ |]Qi/227r1\|2) distribution that we have in the
strong I'Vs case in Theorem 1.2(b). In particular, the IV estimator appears to be asymp-

totically unbiased as the conditional mean of A | Z, distribution is zero for any value of
Zy.

. When p,, # 0,
Zu | Zy~N (puva (1 - p%w)‘[ll) )

which follows from the properties of multivariate normal distributions, see Theorem A.4

in Section A.2 in the Appendix. In this case,

Oy Ouv ()\ + Z’U)/Zv (1 - P?W)UZ
Oy Oy HA""ZUH Oy ”)‘+ZU|’

Now the IV estimator is not only inconsistent but also asymptotically biased.
. The parameter A—=o,; lQi./QZC is related to the concentration parameter, as in this case

WiZiPQZlTrl - mr’l (ZinZl/TL) T C/Ql.gc — I\ 2
—p 5 = A

v

Inl? =

2 - 2
0y 0y

Since the concentration parameter is finite in the limit, the signal from the IVs does not

dominate the noise, which is the source of inconsistency of the IV estimator.

. The estimator 4 is consistent when the concentration parameter ||A|| — oo, which cor-

responds to the strong IVs case:

A+ 220 VAT 0p(1) 20 1

A+ 207 VI + o, (I T
1))z,
— Mi, where £ € R and 14 =1
1€+ 0p(1)[* 1Al

—p 0 as ||\ = oo.

15



Proof of Theorem 2.2. Define

P,. 0 2Q1. .
12 ) N ’ 0, Q12 UuQ"UQ12 ’ (2.7)
Wi 0 ouw@i2  0,Q12
where Q1.2 has been defined in (1.10). Note that the variance can be also written as

0'12L : Ouv . 0-73 Tuv
( Q12 Q12 _ s | ®Q12=X® Q2.

quQlQ UEQIQ Ouwv Oy

By the CLT,

One can extend the same arguments as in the proof of Theorem 1.2(b), equation (1.17), to

show that i
u
vl NN L O%
Z) Mav d N )
ni/2 1.2

Ty =T — Q),Q5 Pa.

where Wq.9 satisfies

The denominator in the second term on the right-hand side of (1.11) can be re-written as

Yo Priyz,y2 =
= (Z1 Mo Zymy + Z Mav) (Z\ M2 Z1) ™ (21 Mo Zymy + Z4 Maw)

/
= ((Z{Mng)l/2 m + (Z{MzZl)_lpZ{Mgv) <(Z{M2Z1)1/2 T+ (Z{MzZﬂ_l/ZZ{sz)
2

)

- H (Z,My2,) 7y + (Z{MQZl)*l/ZZ{Mgv‘ (2.8)

16



and therefore from (1.11),

(11 + (Z; M2 Z1) = Z} Maw)' Z Mau

(2 M Z) 2 7y + (Z{Mng)*lﬂZ{MQUHQ
(C//m+ (Zi MaZy) " Z; Mav) Z} Mou

(Z Mo Z)2 CJ i+ (Z{Mng)—l/QZ{MQz)Hz
(C + (Z1 Mz Zy Jn) =" Z{ Mav /\/n) Z Mau//n

(ZiMaZy /n)'? C + (ZiM2Zl/n)‘1/2ZiM2v/\/ﬁH2
(C+Q1iv:. 2)/<I)1.2

1Q15C + Qry/ W52

(C+Q1 LoQYs 2 ) 7 Qs Z,
HQl/zc‘i‘Q_l/QUle/QZ H2

(o ‘1Q1/QC+ZU) Z,
low QY5 C + 2,2

(2.10)

Ou0vy

2
Oy

where the equality in the third line holds by multiplying and dividing by 1/n in the numerator.
O

2.3 The null distribution of the ¢-statistic under weak IVs

We now consider testing hypotheses about v using its IV estimator and the t-statistic

nl/2
t(’YO) _ - (7: 70) .
\/(yl y2%) M2 (y1—y29)

Yo Py 7, Y2

Recall that the t-test rejects Hg : v = 7o in favor of Hy : v # 79 when

t(v0)l > z1-a/2-

The null asymptotic distribution of the t-statistic, i.e. when v = g, is given in the following

theorem
Theorem 2.3. Suppose that Assumptions 1.1 and 2.1 hold.

A+ Zl(\+ 2,) 2.,
1/27
(((A + Z) 202+ A+ 2|t = 2pu0 (A4 Z,) Z0) ||A + ZUHZ)

t(y) —a (2.11)

where 2, and Z, are defined in (2.4).

17



Remark. 1. As one an see from the statement of the theorem, since Z, appears both in
the numerator and the denominator of the expression in (2.11), the null distribution of
the t-statistic is different from N(0,1) even when p,,, = 0. As a result, using standard
normal critical values for test decision rules may lead to invalid tests: the null rejection
probabilities (when v = =) may exceed «, where « is the null rejection probability one

expects to see when using critical values z;_, /3. See the discussion below and Figure 1.

2. The limiting distribution in (2.11) depends on p,, and two random variables ||\ + Z,]|
and (A + Z,)'Z,. It is show in Lemma A.10 in the Appendix that

l1
A+ 22 =2 (I + 200)2 + > 225,
j=2
I
A+ 20) Zu = (I + Z0,) Zug + D 2o 20y
j=2

‘=% stands for equal in distribution, and means that the random

where the notation °
variables on the left- and right-hand sides have the same distribution. Thus, while X is
a vector, it affects the null distribution of the t-statistic only through its norm or the
concentration parameter:

C'Q1.2C
—

v

INI* =

We conclude that the limiting distribution in (2.11) is completely determined by three
scalar parameters: the concentration parameter ||A||?, the number of IVs Iy, and the

endogeneity parameter py,.

3. Since 4 is inconsistent when IVs are weak, the endogeneity parameter p,, cannot be
estimated consistently. Hence, the distribution in (2.11) is unknown as py, remains

unknown.

4. Weak IVs asymptotics nests strong IVs asymptotics as a limiting case. One can show
that as |[|[A]] — oo, the distribution on the right-hand side of (2.11) becomes standard
normal:

(At 20)'Zu) A+ Zoll /1A
1/2
(A + 20207 + 10+ 2l = 2000 (A + 20V Z0) A+ 2]l /IN2
(MIAIT+ 0p(1))" Z2u(1 + 0p(1))
(I + 0p(1)]14 + 0p(1)) 1/
—p V' Z,, where ||{| =1,
= N(0,1).
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Proof of Theorem 2.3. By the definition of the t-statistic and since

o wlwzy L vl
YaPriz, 42 Yo Prtyz, Y2

we have:

T

o4
Y5 Phiy 7, Y2

/
y2PM221U

Gur/ Yo Prty 2, Y2

(Zimi + ) (MaZy(Z1 M2 Z1) ™1 Z{ Ms) u

Gur/ Yo Prty 2,92

(11 + (Z; M2 Z1) =1 Z} Maw)' Z Mau
(2 Mo Z) 2 7y + (Z{Mgzl)—WZ{MgvH

t(y) =

(2.12)

Ou

where in the second line we used the arguments from (1.11), and in the last line we used the
arguments from (2.8) and (2.9).
By (1.19),

2 u'Mou  (§ — 7)2y§M2y2 (¥ = 7)ysMau
0, = " + 0 -2 n :

Recall that the first term converges in probability to o2. In the case of strong IVs, the last
two terms were negligible as 4 was consistent for . Now since ¥ — v —4 Aoy, /0oy, they have

to be taken into account as A # 0 with probability one.

yIQMQyQ o ’U/MQ’U + WiZiMQZl’]Tl + 27T£Z1M2’U

! _ v’ Mov n C”Z{]Wz:ZlC n QC,Z:%MQU
n n n3/2
—p 00,
yoMou o' Mou + 71 Zy Mau
n n
~V'Mou | C'Z1Mau
n n3/2
—p Ouy-
Hence,
62 =4 02(14+ A% = 2Apyy). (2.13)

One can see that inconsistency of 4 causes inconsistency of 2.
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By (2.12) and (2.13),

; 1 (C+ Qfé\l’m),@w
(7) —a 2 172§ A1/2 —1/2
Oy (1 + A% — 2Apuv) HQ1.20+Q1.2 \I/LZH
1 A+ 2,) 2,

(1+ A2 — 2pr)1/2 A+ Z

where we used (2.10) in the first line. The result follows by plugging in the definition of A

from equation (2.6):

2
(A+ Z’U)/ Zu) AN+ Zv)/ Zu
1+A2_2Auv:1+( 20w 55
g X+ Z,I* P T 22
1 2
AL (X + 2+ (A + 2) 22)” = 2000 A+ 20 ZullA+ Z00) -

O

Figure 1 plots the density of the simulated asymptotic null distribution of the t-statistic
under weak IVs against the standard normal density.? The number of instruments I; = 2,
the concentration parameter ||A||?> = 1, and the correlation coefficient p,, = 0.95. One can
see that the distribution of the t-statistics substantially deviates from N(0,1). Moreover, the
distribution is skewed to the right and puts a lot of mass in what would be the rejection region
if one uses standard normal critical values. For example, if the significance level o = 0.05,
Z1_q/2 & 1.96, the probability of rejecting the null hypothesis is about 43.3% instead of
the expected 5%! Thus, weak instruments can cause substantial distortions to inferential

procedures (tests and confidence intervals).

4The Matlab code used to generate the graph and its data appears in Section B.1 in the Appendix.
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Figure 1: The standard normal distribution (dashed line) and the asymptotic null distribution
of the t-statistic under weak instruments (solid line) for 2 IVs, py,, = 0.95, and the concentra-
tion parameter || A% =1
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3 Detection of weak I'Vs

In this section, we discuss whether it is possible and how to detect weak IVs. We will see
that while it is not possible to formally test if instruments are weak, one can test hypotheses
concerning the distortions to the size of ¢t-tests due to the presence of weak IVs. The discussion
follows Stock and Yogo (2005).

In the previous section, we saw that IVs are said to be strong when the population con-

centration parameter is infinite:

C'Q12C
. £ g

v

INI* =

)

i.e. the sample concentration parameter diverges to infinity:

T Z1 MaZym
AT o

2
0y

IAall? =

While it is possible to approximate ||\, ||? using data by replacing m; and o2 with their esti-
mators®, the resulting estimator for ||\,||? is always finite for any value of n. Thus, one cannot
formally test Hp : [|A||? < oo against Hj : ||A||?> = co. We need a different working definition
of weak IVs.

3.1 Stock and Yogo’s (2005) quantitative characterization of weak I'Vs

We saw in Section 2.3, that the asymptotic probability of Type I error, i.e. the probability of
rejecting Hy when it is true, can substantially exceed assumed significance levels (size) of tests
when IVs are weak. Since such distortions are the main concern of having weak instruments,
it is reasonable to use the magnitude of such distortions as a practical measure of weakness of
instruments.

Theorem 2.3 shows that when IVs are weak in the sense of || A||?> < oo and the null hypothesis
about the structural parameter v is true, the usual t-statistic for v converges to the following

distribution:

7]/\H27puv7l1 = @(Zua Zy, ||)‘||27puv)l1)

1/2
X”)‘HQ:puvyll y”)‘HQWuvyll

1/2°
2 2 _
(ynw,pw,zl X1 puls QPMXMP,MJIJ’HAu?,pumzl)

571 and o2 are parameters in the first-stage equation and therefore can be consistently estimated using the
usual OLS techniques.
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where

X2

yPuv,

l1
b=+ 2P =+ 200)? + > 22,
Jj=2
I
b=+ 2) 2 = (A + 200) Zun + Y 202,
j=2

() ()0 )en)

Hence, the asymptotic size of a two-sided t-test with nominal size « is given by

MY

yPuv,

Ra,l1(|’>\||27puv) =P (‘mAHQ,pw,ll‘ > Zl—a/?) )

and the corresponding size distortion is given by

quh(H)\”% puv) — .

As one can see from the above expression, size distortions depend on the chosen significance
level , the number of instruments I1, the concentration parameter ||A?||, and the endogeneity
parameter p,,. While « is chosen by the econometrician, /1 is known, and we can extract some
information about |[A\?|| from data, the endogeneity parameter p,, is unknown and cannot be
estimated since 4 is inconsistent. We therefore have to look at the worst case scenario with
respect t0 pyy, i.e. the maximum size distortion of a t-test:

iy (A1) =

a,ly

where

2\ _
SROAE = _max_ P (T poi] > 21-02)

is the maximum with respect to py, probability of Type I error.
Stock and Yogo (2005) propose to measure weakness of instruments in terms of the dis-

crepancy between the nominal size o and the actual size gl?;‘(H)\HQ) More specifically, they

max

ol (IM|?) — a exceeds a certain threshold

suggest to call instruments weak if the difference

chosen by the econometrician.

Definition (Stock and Yogo, 2005). Instrumental variables with concentration parameter
IA|I* are weak if R™2%(||\||*) > r for some chosen 0 < a < r < 1.

a,l1

For example, with @ = 0.05 and r = 0.10, we say that instruments are weak if the null
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rejection probability of a nominal 5% t-test exceeds 10%. In other words, size distortions
exceed 5%. According to this approach one would treat IVs as sufficiently strong if by using
5% standard normal critical values, he obtains a test with actual significance level of 10%.

While strictly speaking such IVs are still weak given our earlier definitions, nevertheless when

max
a,ly

choosing standard normal critical values corresponding to significance level «.

(JIA*) < r one can have a valid testing procedure with significance level equal to 7 by

In practice to test whether I'Vs are strong according to definition of Stock and Yogo (2005),
one would consider the following testing problem:

Ho: RP(IA|?) > vs. Hyp: R™5(IA|?) < . (3.1)

a,ly a,ly

Note that under H;, instruments are sufficiently strong according to the above definition of
Stock and Yogo (2005). Hence, when H; is true, one can design a valid testing procedure for
~ despite the instruments being actually weak. One simply has to use larger critical values
corresponding to a to obtain a valid level r test.

Since the maximum rejection probability depends on the concentration parameter, one has

to calculate the function g‘?f(”)\HQ) for different values of ||A||? to perform the test in (3.1).

max

ol (IA|1?) as a function

While it is difficult to obtain an analytical closed-form expression for
of a, |[A||? , and I, one can easily simulate it by taking many draws from the joint distribution
of Z, and Z, and computing the number of average rejections over the draws. It can also be
computed by numerical integration of 1 {|cp(Zu, Zo, 1M, puvs ll)‘ > zl,a/g} with respect to
the joint density of Z, and Z,.

It turns out that the maximum rejection probability and, therefore, the maximum distor-
tion is a non-negative and decreasing function of the concentration parameter. This is related

to our previous observation that
N 2
7T|>‘||27p1w,ll p N(O? 1) as ”)\H — 00,

see Remark 4 following Theorem 2.3.

max

Since h

(+) is a decreasing function (monotone), it can be inverted. Let L, (-) denote

the inverse function of RZ¥¥(-):
501

Loy, (r) = (R (r).

Thus, for a given value r, Lq(r) is the smallest value of the concentration parameter ||A|
needed so that the nominal size-« t-test would have the maximum significance level (rejection
probability) not exceeding 7.

Once Ly, (7) is computed, the testing problem in (3.1) can be re-formulated in terms of
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hypotheses about the concentration parameter ||A||%:
Ho : |IM)? < Lag, (r) vs. Hi: [A|* > Loy, (). (3.2)

Again under Hy, the instruments can be viewed as sufficiently strong so that one can design a
valid testing procedure about v with significance level . The reversion of inequalities in (3.2)
relatively to (3.1) is due to the fact that R™*(||A||?) is a decreasing function of |||2.

a,ly

3.2 Testing hypotheses about the concentration parameter
Recall that the finite-sample version of the concentration parameter is given by

TFiZiMQZﬂTl

2
0y

Inll? =

Using consistent estimators of 71 and o2, we can estimate the above expression by

# Z0 My Zy 7y

52
0y

312
[Anl” = , (3.3)
where 71 was defined earlier in (1.8), and 62 is a consistent estimator for the variance of the
first-stage error v. The latter can be constructed as
2 Yo My:

v

S ol L (3.4)

o
n—ll—lg’

where for Z = [Z) Z3), M = I,, — Z(Z'Z)~'Z'. Consistency of 52 can be shown in the same

manner as that of 62 in (1.19). With those definitions, [|A,||? in (3.3) becomes

Y MaZy (Z\MaZ1) ™" ZiMays _ yhParyz,y
Yo Mys/(n — 11 — ) YsMyz/(n — 11 — I2)’

IAnl|* =

which is related to the usual F-statistic for testing the hypothesis that 7 = 0:

__ %Pwzye/h
YoMys/(n — 1 —lp)

In finite samples with an additional assumption of normality of the first-stage errors v,
and when m; = 0, the F-statistic has the Fj, ,,_;, _;, distribution. Without the normality
assumption and when m; = 0, the F-statistic converges in distribution to X121 /l1. Note also
that

2
Flhn*h*lz —p Xll/ll

as n — oQ.
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While £y, g, -1, (Or Xl21 /l1) critical values are appropriate for testing the hypothesis that
71 = 0, they cannot be used for testing weakness of I'Vs as specified in (3.2), since in the latter

case 71 # 0 but only local-to-zero as specified by Assumption 2.1:
T = n~12¢C.

Hence, to use the F-statistic for testing the problem in (3.2), we need to obtain its distribution
under the local-to-zero specification for 71. The distribution turns out to be non-central x?

with the non-centrality parameter conveniently given by ||A|2.

Theorem 3.1. Suppose that Assumptions 1.1 and 2.1 hold. Then,

Fiyn-ti-1, = X0, (IM17) /11

Proof. As we argued above,

/

Yo Mysz 2
—_—
n—l1—12 pTv

by the same arguments as in the proof of consistency of 62 in (1.19). Next,

ZiMQyQ Z{MngC ZiMQU

nl/2 n nl/2
—d Q120 + V1o
= Oy }./22 ( }/220/01; + ZU)

= 0,QIF (N + 2,)

where the convergence in the second line holds by the same arguments as in the proof of
Theorem 1.2, equations (1.12) and (1.17), the equality in the third line holds by the definitions
of W19 and Z, in (2.7) and (2.4) respectively, and the equality in the last line holds by the
definition of A in (2.5). Hence,

o2\ + Z,)Q1la QraQYs A+ Z,) /1y
2

F —y
O—U
= A+ 2%/l
~xi, (IA%) /0,
where the result in the last line holds by (A.2) in Lemma A.10. O

To test whether IVs are sufficiently strong in the sense of the testing problems in (3.1) and
(3.2), the econometrician can proceed as follows. Let 7 denote the significance level of the test
for weak I'Vs.
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1. Select a (which determines the normal critical value z;_, to be used for the ¢-test for

v) and r (the actual desired significance level of the ¢-test).

2. Compute L, (r) (the smallest concentration parameter needed so that the t-test with

the critical value 2,_, /o has significance level 7).

3. Compute F (the first-stage F-statistic).

4. Select 7 (the desired significance level for the test of weak IVs), and compute X7 ;_ (La,, (r))/l1

(the non-central x? critical value).
5. Reject Hy of “weak” IVs when F' > X121 1o (Lagy (1)) /1.

Non-central Xl21 (0) critical values can be tabulated and are available with various statistical
packages. For example, in Matlab they can computed using the function “ncx2inv (P,V,DELTA)”,
where “P” is the quantile order, “V” is the number of degrees of freedom, and “DELTA” is the
non-centrality parameter §.

The most demanding part of performing the test for weak I'Vs is determining the function
Loy, (). The simplest way to obtaining the values Loy, (r) is by simulating the function
max (|| \||?) for different values of ||A||? as Loy, is the inverse function of RYE: Loy, (1) =

a,ly

(Rmaxy=1(r). Once the values of R™#(||)\[|?) are computed, Ly (r) can be obtained by

a,ly a,ly

selecting the smallest value [|A[|? so that RE#*(|[A[|?) < r.

Table 1 below® reports such values of gt?i‘(||)\||2) for i = 1,2,5, a = 0.01,0.05, and a
range of values for ||A%|| from 0.01 to 103. The table can be used as follows. Suppose one
has two IVs (I3 = 2) and would like to use 1% two-sided standard normal critical values
20.995 (v = 0.01) to construct a valid two-sided test for  using the ¢-statistic and significance
level 5% (r = 0.05). According to the data in Table 1, he needs the concentration parameter
value approximately equal to 25 (Lg.01,2(0.05) ~ 25) as the nearest to r = 0.05 value for the
maximum rejection probability is 8.181‘72(25) = 0.045. The corresponding critical value for the
5% F-test for weak IVs is X3 95(25)/2 &~ 22.66. Note that this critical value substantially
exceeds the threshold of 10 on the first-stage F-statistic that has been widely used in the
empirical literature. The critical value for the first-stage F-statistic remains similarly high if
we instead consider [; = 1 (crit.val ~ 21.57) or Iy = 5 (crit.val ~ 23.53) while keeping o = 0.01
and r = 0.05.

Table 1 also shows that to reduce size distortions of the two-sided ¢-test to nearly zero in the
case of one instrument, one would need the values of the concentration parameter exceeding
100, which corresponds to the threshold value of 135.60 for the first-stage F-statistic. Even

large values would be required when there are multiple I'Vs.

5The Matlab code used to generate data for Table 1 appears in Section B.2 in the Appendix.
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Table 1: Maximum rejection probabilities of the two-sided t-test Rgl?f(||)\\|2) and critical values Xl21 o5 (IIN1?) /11 for testing for weak
IVs at the 5% significance level (7 = .05), for different values of the concetration paramer (||A||?), number of IVs (I;), and nominal

significance level of the t-test (o in z1_, /2). The number of simulations used to generate each rejection probability is 100,000

| h=1 =2 =5
AP a=01 a=.05 X2 (M%) | a=.01 a=.05 x3e(IA*)/2] a=.01 a=.05 x5 (IA)/5
0.01 0.530  0.593 3.88 0.817  0.863 3.01 0992  0.995 2.22
0.10 0.365  0.431 4.22 0.724  0.783 3.15 0.984  0.990 2.26
0.25 0258  0.322 4.76 0.627  0.699 3.36 0.970  0.981 2.32
1 0.132  0.185 7.00 0412 0.497 4.32 0888  0.925 2.63
4 0.070  0.112 13.28 0.175  0.251 7.32 0585  0.684 3.73
9 0.048  0.088 21.57 0.090  0.154 11.41 0.324  0.440 5.31
16 0.037  0.075 31.86 0.060  0.115 16.53 0.190  0.296 7.32
25 0.031  0.066 44.15 0.045  0.095 22.66 0124  0.218 9.75
36 0.026  0.059 58.44 0.037  0.082 29.79 0.089  0.171 12.59
49 0.023  0.055 74.73 0.031  0.073 37.93 0.068  0.141 15.84
64 0.020  0.052 93.02 0.026  0.067 47.06 0.055  0.121 19.48
81 0.019  0.051 113.31 0.023  0.063 57.20 0.046  0.107 23.53
100 0.017  0.051 135.60 0.021  0.061 68.34 0.040  0.097 27.98
1000 0.011  0.050 1106.74 0.011  0.052 553.88 0.013  0.055 222.17




4 Robust inference in presence of potentially weak I'Vs: Anderson-
Rubin (AR) approach

One can use the methods described in the previous section to design valid tests on the structural
parameter v by choosing higher critical values and checking that the first-stage F-statistic is
sufficiently large. Nevertheless, this approach cannot give a useful test when the first-stage
F-statistic is not large enough. Moreover, while by choosing larger critical values, one can
somewhat protect himself from size distortions, this leads to the loss of power if IVs are in fact
strong.

In this section, we discuss an alternative approach to dealing with weak IVs that produces
valid tests regardless of the strength of IVs. Such a robust approach has been advocated
by most papers in the econometric literature on weak IVs. The Anderson-Rubin approach
discussed in this section was proposed as a solution to the weak IV problem in Staiger and
Stock (1997).

4.1 AR statistic

The idea of the AR test and other robust tests is based on the fact that, whether IVs are weak

or not, they are uncorrelated with the errors:
0 = EZyu; = EZvi(y1i — yoiry — Zo;3).

In other words, if one imposes right parameter values on the structural coeflicients, the result-
ing residuals must by uncorrelated with the IVs. However, when wrong a parameter value is
used for v, the resulting residuals will contain the endogenous regressor ¥9;, which is correlated
with the I'Vs. Hence, one should be able to test hypotheses about the structural coefficients
without estimating them first.

Suppose the econometrician is interested in testing

Hy:~v=1p against Hjp:vy # Y.

Note that here the focus is only on v, while the coefficients on the exogenous regressors Zs; are
unrestricted under the null or alternative hypotheses. To eliminate 3, consider the following

null-restricted residuals:

Ms(y1 — y2y0) = Ma(u+ y2(v — 1)),

where again My = I, — Z5(Z4 7)1 Z} so that My Z5 = 0. One can see that the null-restricted
residuals depend on the true errors u and the distance between the true v and vy (its value

under Hp). Moreover, the sample covariance between the null-restricted residuals and the I'Vs
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is given by
Z1Ma(y1 — y20) = Zy Mau + (v — 70) Z1 Mays. (4.1)

When Hj is true and v = 7, the null-restricted residuals capture only the true errors v and

therefore,
ZiMy(y1 — y2v0) _ Z1Mou
nl/2 Topl/2

—d N(0,0’ZQLQ). (42)

2

Moreover, the variance parameter o;;

can be also consistently estimated by using the null-

restricted residuals under Hy. For Z = [Z; Z5], let again
M=1,-2(Z'2)7'Z,

and note that

0=MZ = M[Z Zs). (4.3)
When 9 =7,
/
_ My —
52(v0) = (y1 — y270) ! (y1 — y270) (4.4)
u'Mu

_ 45

- (4.5)
vz (22)7 2
T on n n n

2 —1
—p 0y —0-Q7 -0
= 0'12“

where 62 (7o) is the null-restricted estimator of ¢2.78
The AR statistic is constructed by utilizing the null-restricted residuals and the fact that

under Hy, the econometrician knows the true value of ~.

(y1 — y2y0) M2 Zy (Z{M221)_1 Z1Ma(y1 — y2y0)
(Y1 — y270)' M (y1 — y270) /7

AR(v) =

7 Alternatively, on could use M, matrix in place of M to construct a null-restricted estimator of ¢2; such
an estimator would still be consistent under Hy. However, using M in place of M» is preferable when Hy does
not hold and v # 0. When Hp is false, y1 — y270 = u+ (v — v0)(Z171 + Zam2 +v) . Using the M matrix, will
annihilate in such cases both Z; and Z; in view of (4.3), while M> annihilates only Z».

8In finite samples, one also might want to substitute n — Iy — Iy for n in the definition of the null-restricted
estimator &3(70). Note that when v = 0, (y1 — y270) M2(y1 — y270)/(n — l1 — l2) is an unbiased estimator of
o2 since rank(M) =n — 11 — la.
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_ (y1 = 427%)" Pro 7, (Y1 — y270)
- / y (46)
(Y1 — y270) M (y1 — y270) /1

where (Z:ILMQZl)_l in the definition of the AR statistic is used to estimate ()1.o that appears
in the limiting distribution in (4.2). The fact that the first-stage parameter m; does not appear
on the right-hand side of (4.2), implies that the null distribution of the AR statistic does not
depend on the strength of I'Vs.

Theorem 4.1. Suppose that Assumption 1.1 holds. Then,

Remark. 1. Note the use of the true value v in AR(~y), which implies that the result applies
when Hg : v = 7 is true.

2. Note also that no assumptions were imposed on 7. The result remains valid when 7
is fixed and the concentration parameter ||A||2 = oo, when 7; = n~%/2C and ||\||? < oo,
and when m; = 0 so that Vs are irrelevant and the concentration parameter is exactly

Zero.

3. While  is a scalar parameter, the null distribution of the AR statistic has {1 > 1 degrees
of freedom. This is because AR tests a single restriction on ~ by testing [; restrictions

on the covariances of the IVs with the null-restricted residuals.
Proof. Since y1 — yoy = Zof + u, and MoZs = 0,
u' My Zy (Z My Zy) ™' Z) Mo
wMu/n

w' My Zy [nt? (Z, My Zy Jn) ™" Z) Mou/nt/?
uw'Mu/n

AR(y) =

/ —1
Uu

=4 z!'z, for Z,~ N(0,1I,)

for @1.2 ~ N(O, Ung.Q)

~ X,
where @ is defined in (1.18), and Z,, is defined in (2.4). O

In view of the result of Theorem 4.1, the size o AR test should reject Hy : v = 7 in favor
of Hy : v # vy when

AR(Y0) > Xi\ 1

While the strength of IVs (w1 or ||A||?) does not affect the distribution of the AR statistic

under the null, it matters under the alternative when v # -y as one can see from the second
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term on the right-hand side of (4.1): y2 (and therefore ;) contribute to the distribution when
Y= # 0.

Theorem 4.2. Suppose that Assumptions 1.1 and 2.1 hold: i.e. the IVs are weak in the sense
that 1 = n~Y2C and |\||? < co. Suppose further that v — g is a fived number. Then,

(’7_70)20'11 HAH2) )
0%+ (v = 70)%0% +2(7 — 0)Tuw

AR(Y0) —a X1, (

Remark. 1. The power properties of the AR test can be analyzed by studying the non-

centrality parameter

(v —0)%03 A2

5 7.2 [[A]I7.
oy + (v =10)%05 +2(7 = 0) 0w

For example, when v = v (i.e. Hp is true), the non-centrality parameter becomes zero

and one obtains the result of Theorem 4.1.

2. The non-centrality parameter is also zero when v # 7o but |[A||> = 0, which occurs
when 71 = 0, i.e. IVs are irrelevant. In this case, the distribution of the AR statistic is
central x? for any value of v — o, and the probability of rejecting Hy always equal to o.
Thus, when IVs are irrelevant, one can have a valid tests for v (in the sense of its size
properties), however, the test has no power: it detects deviations from Hy with a trivial

probability c.

3. Since P(Xlz1 (62) > Xl21 |_.) is an increasing function of the non-centrality parameter &>
as is apparent from (A.2), the probability that the AR would detect a deviation from H|
is an increasing function of the concentration parameter ||A||%. Since the concentration

parameter captures the strength of I'Vs, the AR becomes more powerful as ||A\?|| increases.

4. An unusual feature of the AR test under weak I'Vs is that the non-centrality parameter

does not diverge to co as the distance from the null v — 7 increases. Instead,

: (v — v0)%02
im 5 — 5 o RY =Y
Y=o—o0 0 + ('7 70) o5+ 2(7 /YO)UU’U

Hence, even for very large deviations from the null hypothesis, the non-centrality param-
eter can be small (if ||[A]|? is small), and consequently the probability of detecting very
large deviations from Hj would be finite (and can be arbitrary small). Moreover, the
non-centrality parameter can be non-monotone in v —~g and, as a result, the probability
of detecting certain small deviations from the null hypothesis can exceed that for large
deviations. Unfortunately, these unusual and undesirable features cannot be avoided

when there are weak IVs as follows from the results of Dufour (1997).
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Proof of Theorem 4.2. In the numerator of the AR statistic, we have

Z1Ms(y1 — y270)  Z1Mau Z1 Mays
e 1/2 ) 11/2 + (v =) 11/2
n n n
ZiMQ’U/ ZiMQ(U + Z17T1)
SR (v =) nl/2
. Zngu /MQ’U Z{MngC

VA
WﬂL(V*’Yo)ﬁﬁL(V*’YO)
—a Pr2+ (v —70)¥12 + (v — 70)Q1.2C
=1 Q1 (uZu+ (r = 0)0u B0+ (1= 0)Q15C), (A7)
where ®1.9 and W;.9 are defined in (2.7), and Z, and Z, are defined in (2.4). Note also that

by the definition in (2.4) and due to the properties of multivariate normal distributions (see
Theorem A.5 in the Appendix),

ouZu+ (v = %0)0uZs ~ N (0, (02 + (v — 70)%07 + 2(7 — 0)uv)11,) (4.8)

as Oyy = PuvOuOy-

In the denominator of the AR statistic, we have:

(y1 — y270) M (y1 — y270)

n
~ (ut (v =0 (L 0/ 4 0) M (u+ (7 = 70)(Z1C/nt? 4 v))
n
u' Mu v Mv u Mwv
= ——+ (=)= —+2( =)~ — + (1)
—p on + (Y= 70)°05 +2(7 = %0)0uv, (4.9)
which is the same as the variance in (4.8).
Putting (4.7)-(4.9) together, we obtain:
) ouwZu+ (v —0)00 20 + (v — 1/2CH
AR —
00) = P TR
2
Y~ 1/2
N0, 1) + 12C
(024 (v —0)%0% + 207 — 0)ow)
2
(v —0)ow
( + (v - 70) o3 +2(7 = 70)ouw)

_d X2 < (7 70) v H)\||2>
1\ 02 + (v —0)202 + 2(7 — Y0) 0w ’
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where recall A = }/22 C/o, and the result in the last line holds by the definition of the

non-central x? distribution in Lemma A.10, equation (A.2). O

4.2 Robust confidence sets (CSs) based on the AR statistic

The AR test can be used to construct CSs for v that remain valid whether IVs are strong
or weak. Instead of using the standard approach to building confidence intervals (Cls), i.e.

instead of using the formula
CI o = estimate + std.err X 21_q 3,

robust CSs can be constructed by inverting any test robust to weak IVs, including the AR
test. Inversion of a test means that we are going to include in the CS all values g that could
not be rejected when testing Hg : v = g against Hy : v # 9. In the case of the size a AR
test, the corresponding CS with coverage probability 1 — « is

CSif, ={w eR: AR(10) < X{ 1-a}- (4.10)

Note that the significance level of the AR test («) should match the coverage probability of its
CS (1 — ). The validity of the AR CS constructed by inversion is follows immediately from
the validity of the AR test in Theorem 4.1.

Theorem 4.3. Suppose that Assumption 1.1 holds. Then,
P(ye CS{) =1 —a.
Proof. By the definition of the AR CS in (4.10),
P(yeCS{) =P (AR(Y) < xt1a) 2 1-q,

where the last result holds by Theorem 4.1. O

The definition of the AR CS in (4.10) means that one has to perform a sequence of tests
for different values of 7p and then collect all the values of vy that could not be rejected. This
may seem as a computationally intensive/cumbersome procedure. In fact however, when the
model has only one endogenous regressor as in our case, the AR CS can be constructed simply

by solving a single quadratic equation.

Theorem 4.4. vy € CSAE if and only if it solves the following quadratic equation:

-«

a2 — buyo + cn <0, (4.11)
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where

an = yé (PMQZl - n_1Xl21,1—on) Y2,
by = 23/2 (PM2Z1 - n_IXl21,1—aM) Y1,
Cn = yi (PM221 - n71Xl21,1—aM) Y1,

The proof of Theorem 4.4 follows immediately from the definitions of the AR statistic in
(4.6) and AR CS in (4.10).

When there is a single IV, i.e. I = 1 and the model is exactly identified, it is easy to
show that CSfFa /2 cannot be empty: there are always values g that satisfy the inequality in

(4.11). In particular, one such value is the IV estimator 4.
Lemma 4.5. Whenl; =1, 4 € CS{AE .

Proof. When l; =1,

Z1 Moy

Z1 M. — =0 for yp = —+—==,
1Ma(y1 — y270) 7o Z! Moy

in which case the first line in (4.6) implies that the AR statistic is equal to zero for such a

value of vy9. However, when [; = 1, (1.9) implies that

. MZ1 Moy
T R My 2y
_Z1May
7' My Zy 7y
_ Z1 My,
- Z!' M.
ZiMyZy 7} g
_ 41 Moy
Zi Moy’

where the equality in the second line holds because 71 is 1 X 1 when /1 = 1, and the equality
in the third line holds by the definition of 7 in (1.8). O

Since the AR CS is defined by a quadratic inequality and cannot be empty when [; = 1,

in that case it can take one of the three forms, as illustrated in Figure 2:
(a) A compact interval of the form [y, 5] if a, > 0.
(b) The union of two half-lines: (—oo,~] U [}, 00) when a,, < 0.

(c) The entire real line: (—o0,00) when a,, < 0.
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Figure 2: Possible forms of AR CSs when [y = 1 for different values of a,,. AR CSs are shown by thick lines

(a) an >0, C’En‘f‘_ﬁ"a/2 =[,7] (b) a, <0, C’Sf‘_}fx/Q = (—00,7] U [}, 00)

an¥s — buYo + cn

|2
2
3

(]
)

Y0
an7(2) —bpyo +cn

(¢) an <0, C'Sf_RO‘/2 = (—00,00)

Y0

an')/g —bpyo +cn



The forms in (b) and (c) are unusual and the reason we use the terminology “confidence
sets” (CSs) instead of confidence intervals (CIs). In the case of (b) and (c), CSs are unbounded
and, therefore, a less informative than the usual interval form in (a). Moreover, in case (c)
CSs are completely uninformative.

While the situations described by (b) and (c) thus may seem undesirable, they cannot be
avoided if one wants to construct valid confidence sets. This has been shown in Dufour (1997).
Moreover, one can show that if [Vs are in fact strong, AR CSs are bounded with probability

approaching one, as is implied the theorem below.
Theorem 4.6. Suppose that Assumption 1.1 holds.
(a) P(a, >0)— 1, when m is fized (i.e. IVs are strong).

(b) lim, o0 P (a, >0) = P <||)\ + Z° > XIQ1717Q> < 1, when m = n~Y2C (and therefore
A2 < oo, ie. IVs are weak).

Remark. Recall that in part (b), ||\ + Z,||> ~ X121(H)‘”2)7 which is an increasing function of
the concentration parameter ||A||2. Hence, the probability of the AR CS taking the form of
a compact interval depends on the strength of identification. However, for every finite value
of the concentration parameter, the probability that a Xl21 (JIA||?)-distributed random variable

takes a value greater than X121,17 ., 1s strictly less than 1.

Proof. Write:

/
Yo My
an = yéPM2Z1y2 — Xl21,1—a 2 n . (412)

Since both terms on the right-hand side are quadratic forms constructed using positive-
semidefinite matrices, a, > 0 when the first term dominates the second. For the first term,

we have:

yIQPM2zly2 _ (Zl’iTl + U)/Mgzl(Z{M2Z1)71Z1M2(Zlﬂ'1 + ’U)

n n
FiZ{MQZlﬂ'l + v/Mng Z{MQZI -1 ZngU + 27T1121M2’U
N n n n n n
—p 71'/1@1.27'['1. (413)

Hence,

Y2 Paryz, Y2 = Op(n),
i.e. it diverges to +00 as n — oco. For the second term, similar calculations show that

yhbMys v Mav 9
= —p T2
n n
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Hence
an = Op(n) — Xlzl,l—aop(l)7

and the result in part (a) follows.
For part (b), one can show that the two terms in (4.12) are of the same magnitude. For

the first term, we have:

/
YoPus 202 = (ZlC/nl/Q + ’U) Priyz, (Z1C'/nl/2 + v)

o C”Z{MQZlC v/Mng ZiMQZl -1 ZiMQU CIZ1M2U
o nl/2 nl/2

n nl/2 n

—4 C'Q1.2C + U, Q7 3V 1.0 + 20"V 5
2
= etz c + @uy v,

=1 Ug ”)‘ + Z'UH2 )
where ¥y.9 and Z, are defined in (2.7) and (2.4) respectively. Therefore,

P(a,>0)— P (HA +Z® = X 1m0 > 0)

=P (xi, (INI?) > x¢: 1-a)
<1,

where the inequality in the last line holds for every ||A||? < oo. O

In the case when the model is over-identified (I; > 1), there is one additional possibility
for form of the AR CS: it can be empty. AR-based CSs would be empty when there is no
value g that makes the null-restricted residuals y; — y2vo uncorrelated with the IVs 7y, i.e.
even for the true value v, y1 — y2y = u remain correlated with the IVs Z; . This would imply
that the IVs are invalid in the sense that the restriction Fu;Z1; = 0 does not hold. Another
possibility is that the model is grossly misspecified and the relationship between y; and yo is
non-linear. In either case, one should not use IVs in such situation. Thus, AR CSs have a
built-in model specification test with empty CSs implying that the model (y1; = yoy+ Z2i 5+u;
with EZy;u; = 0 and EZgu; = 0) is rejected.

To conclude this section, we will show that AR CSs will correctly capture the true param-

eter value when IVs are strong and n — oc.

Theorem 4.7. Suppose that Assumption 1.1 holds and m is fized (i.e. IVs are strong). Then,
P(CS{E ={~}) — 1.
Remark. The theorem indicates that in the case of strong IVs, AR CSs will collapse to a single
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point, which is the true value of the coefficient v, as n — oco. This is the behavior one would
expect from a good CS/CI when identification is strong as usual CIs based on the IV estimator

and its standard error have this property.

Proof. First note that
an’)/g_bn 0+cn <0

if and only if

As is show in the proof of Theorem 4.6(a),

(079 ’
; — 7T1Q1.27T1.

Next,
25 (P, —ny? M
by, Yo\ 'M2zy — T "X 1—a n
n n
/
P
_ 2y2 M2Z1y1 +0p(1)
(Zymy +v) Mo Zy (Z Mo Zy) ™" Zi M (yoy + u)
=2 - + 0p(1)
(Zymy +0) MaZy [ Z\MaZy\ ™" Z) My (Zymiy + vy + )
=2 + 0p(1)
n n n
—p 2m Qr.27m17,
Cn yll (PM221 - n_lxl%,l*aM) -
n n
(Z17T1’y+”u’y—|—u)/Mng ZiMQZl -1 Z{MQ (Z17r1fy+1)’y+u)
= + Op(l)
n n n
—p T Qramy.
Therefore,
an o bn Cn ’ 2 _9 2
;’Yo - ;’Yo + o —7p m1Q1.2m1 (’Yo — 27+ )

= 71 Qram (70 — 7)°.

Hence, as n — 0o, 79 = 7 is the only value that satisfies the limiting version of the inequality
defining the AR CS. O
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5 Improving the power of robust inference

The AR approach described in Section 4 allows one to test hypotheses about the structural
coefficient v and construct confidence sets for v despite having potentially weak IVs. The ap-
proach “works” in the sense that it remains valid whether IVs are weak or strong. Nevertheless,
it turns out that when IVs are strong, the AR approach is not as powerful as the traditional
approach based on the IV estimator of v and its standard error. This section discusses the
power issues of the AR approach and how they can be alleviated. We will discuss alternative
weak-IV-robust test statistics that can be used to design inference procedures that remain
valid when IVs are weak, and are as powerful as the traditional ¢-statistic-based inference

when I'Vs are strong.

5.1 Power of the t-test under strong I'Vs

Consider again testing Hy : 7 = 79 against a two-sided alternative Hy : v # 9. Recall from
Section 1.3 equation (1.20), that the ¢-statistic is defined as

1/2(A _

n (% =)

t(yo) = = ;
V voPryz,y2/n

and the two-sided t-test rejects Hy when

(5.1)

[t(y0)] > 21-q/2-

The following theorem shows that the power of the t-test can be described using a non-central
X3 random variable, and thus is completely characterized by a scalar non-centrality parameter.
In the case of strong IVs to describe the power of a test, we should consider small deviations

of the truth from the null hypothesis:
v="0+n""%

for some unknown § € R.

Theorem 5.1. Suppose that Assumption 1.1 holds, v = vo +n~ Y25, and m is fized, i.e Vs

are strong. Then,

2
7F'1Q1-27T1 1/2 2
P (’t(70)| > Zl—a/?) — P d 2 +Z2 > X1,1-a | »

O

where Z ~ N(0,1).
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Remark. By the definition of the non-central y? distribution,

/ 1/2 2 /
(5 (771%12-2771> —|—Z> - <527716(2712-2771> . (5.2)

The non-centrality parameter on the right-hand side of equation (5.2) describes the power of
the t-test in the case of strong IVs. It depends on two components: 62 measures the distance
from Hy, and 7] Q1.271/ ag measures the strength of IVs relatively to the noise of the errors in
the structural equation. Thus, the power of the t-test increases with the distance between ~y

and ~p; it also increases with the strength of I'Vs.

Proof of Theorem 5.1. Recall that from (1.19) that

and, when I'Vs are strong,
/
Yo Priy 2, Y2
e ; == = T Q1271, (5.4)

as shown in (4.13) and earlier in the proof of Theorem 1.2. Similarly to the proof of Theorem
1.2,

/
. Yo Priyz, U
Y=Y =7—"%+ %
Yo" M221 Y2
— 025 + y/éPMzzfu' :
Yo Priyz, Y2

so that

7 2 Mou/n'? + (V' My Zy /n) (Z4 My Zy /n) = Z) Myu/n'/?

1/2(A _
n/“(y —v) =9+
y/QPMQZ1y2

/
m P12

77in~2771
2

—d N <5 "u> , (5.5)

’ 7T/1Q1-27F1

—>d5+

since ®1.9 ~ N(0,02Q1.2). The definition of the t-statistic in (5.1) and the results in (5.3)-(5.5)
imply that

on
N (5’ T Q1271 >

oq
!
7T1Q1~27F1

t(y0) —a
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/ 1/2
—d N <5 (771%1227”) ,1) . (5.6)

(t(vo)|l > 2102

Next, note that

holds if and only if

(t(30))* > 272

2
- Xl,l—om

where the result in the second line holds by the definition of the y? distribution in equation
(A.1), see Appendix A.5. Hence,

P (1t00)] > 21-a/2) = P (#0000 > X310
2
T Qr.om 1/2
~p (5 <101u2“> +Z2| >3],

where the result in the last line holds by (5.6) and the definition of the non-central x? distri-
bution in (A.2). O

5.2 Power of the AR test under strong I'Vs

In this section, we derive the power of the AR weak-IV-robust test from Section 4 when IVs
are strong. Note that Theorem 4.2 in Section 4.1 analyzes the power of the AR test when
IVs are weak (11 = n~'/2C and ||\||> < o), while the distance between the truth and the
null hypothesis v — 7 is fixed. Here, we proceed under the assumption that 7y is fixed while
v =70 +n"128, ie. the distance between the truth and the null hypothesis is small in the

local-to-zero sense.

Theorem 5.2. Suppose that Assumption 1.1 holds, v = vo +n~'/28, and 1 is fived, i.e IVs

are strong. Then,

T Q.07
AR(Y0) —a X, <521Q;221> :

u

Proof. From (4.6),

(y1 — y270) M2 Z1 /n'/?) (Zi My Zy /) ™" Z; Ma(y1 — yoyo) /n*/?
(y1 — y270)' M (y1 — y270) /7 '

AR(v0) = (
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We hayve:

ZIMyZy \ o
<n —p Q12
ZiMy(y1 — y2v0)  Z1Ma(y2(y — o) +u)
nl/2 - nl/2
Zi My ((Zimy 4+ )6 /nt/? +u)
= nl/2
7'My Z 7' M. Z| M.
_atha s 4 2U+ 1472V ¢
n1/2 n

—d Q1.2m0 + P12

= O—UQ;/QQ ( }./227(-15/0—7.1, + Zu) ,

where recall that Z, ~ N(0, I;,) as defined in (2.4). In the denominator of the AR statistic,

we have a null-restricted estimator of 2:

52(70) = (y1 — ym)’f(m — ¥270)

(vé/n1/2 + u),MQ (1}(5/711/2 + u)

n
uw' Mu
= 1
n + Op( )

—p Oy (5.7)

where the 0,(1) term is due to §/n'/2. We now have:

1/2 2
AR('YO) —d HQl.Q 7715/Uu + Z,

2 (52 T Q1.2m1
~ X o2 :

u

O]

By comparing Theorems 5.1 and 5.2, one can see that when IVs are strong, the power of

the t- and AR tests depends on the same non-centrality parameter:

Q.0
P ([t(vo)| > z1-ay2) = P (X% <“Ci1221) > xila> :

u

7T’Q1.27T1
P(AR(0) > X} 1-0) = P <X121 (102 > XP1a ) -

u

The only difference between the two expressions for the power is the number of degrees of

freedom: one in the case of the ¢t-test and /1 in the case of the AR test. Thus, the power of
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the two tests under strong IVs is identical only when the number of IVs [y = 1 (the exactly
identified model). When the model is over-identified (i.e. I; > 1), recall that the non-central

x? distribution with {; degrees of freedom can be written as

2
T Qr.om T Qram \ /2
X121< 1Q122 1> _d (( 1Q122 1) +2 | +234+...+ 2,

Ou O

where Z1, 25, ... Z;, areiid N(0, 1) random variables. Thus, in the case of the AR test we have
extra noise components Zs, ... Z;,, which appear because the AR test tests /1 restrictions, while
the t-test tests only one restriction. At the same time, the signal component: 7} Q1.0m1/ o2 is
the same for both tests. As a result, the AR test is not going to be as powerful as the t-test
(under strong IVs) if [; > 1, i.e. the model is over-identified.

5.3 LM test

We saw in the previous section that, when IVs are strong and the model is over-identified
(I4 > 1), the AR test is not going to be as powerful as the ¢-test. Although the AR test still
has the advantage of remaining valid when IVs are weak, it is important to see if it is possible
to improve on the power of the AR test when IVs are strong while preserving the validity when
IVs are weak.

The loss of power of the AR approach occurs because it tests hypotheses about v € R by
testing [ restrictions: each of the [y IVs Z; is uncorrelated with the error. Thus, we can try
to improve the power by transforming /; > 1 restrictions into a single restriction by taking
linear combinations. The transformation will be efficient if the power of the resulting test is

determined by the same non-centrality parameter as that of the ¢-test under strong I'Vs:

/
52 TF1Q1-2771
—
Ou

Recall that the AR test is driven by [; sample covariances between Z; and the null-restricted
residuals:
Zi Ma(y1 — y2y0) € R

Consider the following (infeasible) linear transformation:
WiZ{Mg(yl — yg’yo) eR.
When IVs are strong and v = 9 + §/4/n,

T Zy Ma(yr — yayo) ™ Zy Mo (u+ y2(y — Y0))

nl/2 nl/2
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T Z My (u + n~Y25(Zym1 + v))

1/2
_ 57r’1ZiM2Z17r1n+/ ﬂ’lZ{li\jgu N 57T/1Z1M2U
n n n
—q O Qrom + T P1o
=4 51 Qram + oum, QL2 2,
~ N (57T’1Ql.Q7T1, aZﬂllQl.QTrl) . (5.8)

Hence, the following (infeasible) statistic will have a non-central x? distribution with one

degree of freedom and the desired non-centrality parameter:
(m1 21 Ma(y1 — yﬂo))2
5 (Y0)m Z1 M2 Zymy

2
(7L Z{Ma(y1 — yavo) /nt?)
o4 (vo)m Z1 My Zyy

(N (671 Qur.om1, 05773621-27?1))2
027 Q1.2

_ (N( 52”1@1‘271 1))
o2

/
2 (2™ Q1271
~ Xl (5 0_2 ) 9

u

(5.9)

—d

2

where the null-restricted estimator 62(vo) = (y1 — y270)'M (y1 — y270)/n remains consistent

for o2 when y = o + §/n'/?

as we saw in (5.7).
The statistic described above is infeasible because 71 is unknown. One could try to replace
it with the estimator

1= (Z1MaZ1) ™" Z) Mays.

When IVs are strong, 71 —, 71, which would produce the desired result. However, when IVs

are weak and as is shown in the proof of Theorem 3.1,

R 2 Mo Zy7ey = yyMaZy (Z Mo Z1) ™" 24 Mays
_ (Z{Mzzlc+ Z{Mzu>’ (Z{M221>_1 <Z{M2Z1

n n1/2

ZiMQU
n nt/2 n . )

—q T2IA+ 2,12
Moreover, when IVs are weak and under the null v = g

R -1
7rllz{]\@(yl —y2%0) = yéMng (ZiM2Z1) Zngu
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C+

ZIMyZy ., ZIMyo\' ([ ZMyZy\ "' Z) Mou
n n1/2 n1/2

—d 0wy (AC + Z,) Z,.

n

Hence, the null distribution of the statistic in (5.9) with 7 replaced by by 71 would be

(AC + 2,) 2.)°
[AC + 2,2

This distribution is nonstandard when Z, and Z, are correlated, which happens when the
regressor Yo is endogenous and py, # 0 (see the definition of Z, and Z, in (2.4)). However, if
puv = 0, then Z, and Z, are independent by the properties of joint normal distributions, see

Section A.2 in the Appendix. In that case,

\C + 2, 2, |AC + Z,||?
Ve T 2v) Suy oz N (o, 122 T2l ) o, 1),
e+ 2 | S ey ze) =N

Thus, when (AC' + Z,) and Z,, are uncorrelated,

(AC + 2,) 2,)°

IAC + Z,|]?

| 2o~ 22, (5.10)

Since the conditional distribution in (5.10) does not depend on Z,, it is the same for all
realizations of Z,, i.e. it is the same as the unconditional distribution: x3.

The result in (5.10) suggests the following approach for obtaining a test statistic that:
1. has a x? distribution under Hy whether IVs are strong or weak.

2. has a non-central X% distribution with the non-centrality parameter 52771621.2%1 / UZ when

IVs are strong and vy = v9 +n~/24.
To obtain such a statistic, one needs to replace 71 with an alternative estimator that:

1. converges in probability to m; when IVs are strong (so that we have the right non-

centrality parameter under the alternative.

2. is asymptotically uncorrelated /independent with Z, when IVs are weak and v = 79 (so

that we have x? distribution under the null).

The approach was suggested and developed in Kleibergen (2002)and Moreira (2001). Let S(vo)

denote the statistic that measures the violation of the null hypothesis:

7 M. —

n
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We need to construct an estimator of m; that would be uncorrelated with S(vp). To construct

such an estimator, consider “regressing” 71 and keeping the residuals from that “regression”
_— . -1
#1(70) = 71 — AsyCou(1, S(20)) (AsyVar (S(0))  S(0),

where As/yC’\ov(le, S(10)) denotes an estimator of the asymptotic covariance between 7; and
S(), and As/y%r (S(70)) denotes and estimator of the asymptotic variance of S(7p).
Recall that

ZIMa(y1 — o) ZMou

1/2 L i2\yr — Y27y) 4 iVi2

n S(r}/)_ n1/2 - ’I’Ll/2 bl
. Z' My Z1\ L Z! Myw

Hence, the asymptotic variance of S(vp) and the asymptotic covariance between 71 and S(~p)

are given by

AsyVar (S(v) = 0’3@1.2,
AsyCouv (71, S(70)) = Q130uwQ1.2 = Tuuly,.

We therefore can define the following null-restricted estimator of 7y:

~ / —1
) = i - Z ) (2R gy 5.11)

where G.,(70) and 62(r0) denote the null-restricted estimators of o, and 2 respectively:

/
. M(y; —
Fun(0) = 22 (yln yﬂo), (5.12)
/
. Y1 — y27) M (y1 — y270
52(0) = | ) n/( ), (5.13)

With those definitions, Kleibergen/Moreira’s statistic (referred to as the LM statistic”)

can be written as

(71(70) 2, Ma(y1 — y270))°

EMG0 = 52 (70)71(70)' 21 M2 Z171(70) (5.14)
_ (nm (’)’0)’5(70))2
~ 62(0) (R1(0)' 21 MaZ1 71 (7)) (5.15)

where the expression in the first line matches the infeasible efficient statistic in equation

(5.9), but with unknown m; replaced with the estimator 71(7p). The lemma below gives an

9LM stands for Lagrange Multiplier.
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alternative and more compact expression for the LM statistic.

Lemma 5.3. The LM statistic in (5.14) can be also written as

(Y1 — ¥270) Pya(+0) (1 — ¥270)
(y1 —y270)' M (y1 — y2y0) /0’

LM(v) =

where

92(v0) = M2Z171(70), and
Py, = F2(70) (52(70)52(70)) " G2(70)'".

Proof. Using the definition of gs,

(M1 (70) Zi M2 (1 — y270))* _ (F2(70)' (1 = 9270))”
71(v0)' Z1 M2 Z171 (70) 2(70)'2(70)
_ (11— 9270)92(70)72(70)" (1 — y270)
2(70)"92(70)

= (11 — y270)%2(70) (F2(70)' G2 (70 ) 52(70) (Y1 — y270)

= (y1 — ¥270) Py, (70) (¥1 — ¥270),

and the result follows from the definition of the LM statistic in (5.14). O

The next theorem shows that the LM statistic has the same x? asymptotic null distribution
whether Vs are strong of weak, i.e. the LM statistic is robust to weak IVs. Therefore, the
size a weak-IV-robust LM test of Hy : v = g against Hy : v # g is

Reject Hy when K (79) > X3_,.-
Theorem 5.4. Suppose that Assumption 1.1 holds.

(a) Suppose that v = ~o +n~/25, and 7| is fived (i.e. IVs are strong). Then,

Qo7
LM(y0) =4 X3 (621%122 1) .

In particular when v = o (i.e. 6 =0), LM (v0) —a X3
(b) LM (y0) —q X3 when 11 = n~Y2C (i.e. IVs weak as in Assumption 2.1 and ||\||? < oo).

Proof. For part (a), first note that when IVs are strong and m is fixed,

ﬁ'l —p 1.
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Furthermore,

S('YO) _ ZiMZ(u +32(’Y — 70))

 ZiMs(u+ n~Y2§(Zym +v))
n

+ 0p(1)

_ ZiMsu

—p 0.
Hence, by the definition of 71 (7o) in (5.11),

7?'1(’70) —>p .

The rest of the proof for part (a) follows the same steps as those for the infeasible statistic in
(5.9):

(71.(70)' Z3 Ma(y1 — y27%))°
LMy} = 62(70)71(10) Z1 M2 Z171(70)
(71(70) 2} Mo (u + n=Y25(Zymy +v))/v/n)
62(v0)T1(v0)' Z1 M2 Z1 71 (0) /10
_ (F1(0)' 21 Mo/ + 571 (10) Z{ Mo Zi 71 /n + 0p(1))?
a 62(v0)71(v0) Z1 M2 Z171(70) /2
(1 ® 1.9 + 67, Q1.0m1 )
U?ﬂfllQmm
N (N(57T/1Q1~2W1,7F1Q1-2771))2
057T/1Q1-27T1

_d <N (5 7T/1Q12-27r1’1>>
O-'u

/
d_2 [ 2mQiam
= X1 (5 2) :

—d

2

Ou

For part (b), suppose that IVs are weak and v = 79, so that

Ms(y1 — y2y0) = Mou.

In that case,

Z{ Msou
n'2S(v0) = =75 1/22 —a P12
n
R u' Mu
Gu(h0) = —— —=p o0, (5.16)
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v Mu

Ouv (’70) = —p Ouo-

Moreover,

/ =1
nl24 = /20, 4 (Z1M2Z1) Z1]1\421)
nl/2

ZIMaZi\ "' Z) Myw
—o (A L

—d C+ Ql_%\plg

Therefore,

~ p— O-'U/U —
n1/2771(70) —d (C + Qlé\l’l.g) - ?Qléq)l.g. (517)

Denote the expression for the limiting distribution of n'/27 () as T:
-1 Tuv ~—1
T=(C+QrV12) — ?Qw@l.g, (5.18)

u

and note that T is normally distributed. We have
(n/271(20),n25(10) ) =va (T, 12). (5.19)
Next, the asymptotic covariance of /27 (o) and n'/25 () is zero by construction of 71 (7p):

Ouv ~—
COU (T, (1)1.2) = Q;%CO’U(\I’LQ, (131.2) — ?Qlécov(@l.g, (131.2)

= Q;% (quQl-Z) - %QI% (0-'12LQ1-2)

u

- quIll - qulll

=0,

where the equality in the second line follows from the definition of ®;.9 and ¥i.5 in (2.7).
Hence T and ®1.o are uncorrelated. However, since T and ®1.o are jointly normal, they are

also independent.

The results in (5.16) and (5.19) as well as the representation of the LM statistic in (5.15)
imply that

(n"/271(0)'n"/25 (7))
52(v0) (n'/271(70) (Z{ MaZy1/n) n'/271(70))

LM (y) = (5.20)
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(T'®1.9)>

T2 (T'Qr5T)

Since T and ®;.0 are independent,

T'®10 | T ~ N (0,027'Q12Y).

Therefore,
(T'®1.)° 't (N (0,027'Q107))”
02 (T'Q127) 72T'Q12T
= (N(0,1))*

2
~ X1-

Since the conditional distribution given T does not depend on T, it is the same for all values
of T, i.e.

(Y®12)*
o2 (T'Q12Y) M
O
5.4 Robust CSs based on the LM test
Similarly to AR CSs, one can construct robust CSs for v by inverting the LM test:
OSSN = {70 : LM (70) < xi1-a)- (5.21)

Since the LM test is more powerful than the AR test when IVs are strong and the model is
over-identified (I; > 1), LM-based CSs are expected to be more precise than AR-based CSs in
such situations. Moreover unlike AR CSs, LM-based CSs cannot be empty even when [y > 1.

Theorem 5.5. CSIM defined in (5.21) cannot be empty.

Proof. The result will be established by showing that (i) the LM statistic is proportional to
the derivative of AR(vy) with respect to 7o, and that (ii) AR(7o) has a minimum as a function
of 7p. This implies that the value v that minimizes AR(-) also satisfies LM () = 0 , which in
turn implies that v € CSFM .

We first show (i).

ldAR('VO) _ 1 d ((yl - yﬂo),PMzZl (y1 — y2’Yo)>

2 dy  2dyo \ (y1 — v27%0)' M(y1 — y270)/n
_ Y5Pupz (Y1 — y20) YsM (y1 — y270) /7 ((y1 — y270) Prsnz, (Y1 — ¥270))
(y1 — y270)" M (y1 — y270) /1 ((y1 — y270)' M (y1 — y270)/n)*
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1
(y1 — y270)' M (y1 — y270) /1

(y1 — y270) Prayz, (11 — y270)>
(Y1 — y270)' M (y1 — y270)
IP _ /M _
_ %Pz (y21 Y270) <1 __v (y1 — y270) AR(70)> .
g yQPM221 (yl - y270)

u

X (yéPMzzl (y1 — y270) — yaM (y1 — y270)

(5.22)
At the same time, in the numerator of the LM statistic we have:

(y1 — y270) M2 Z171(70) =

.0 ZIMoZy\ Y ZE My (yr —
:(yl—yﬂo)/Mng <7T1— uv(%)( 1442 1) 1 Ma(1 yﬂo))

52(70) n n
= (y1 — y2v0) MaZy

/
YoM (y1 — y270) ) 1 )
Zi1MoZ 77 M- —y
(91 — y2v0) M(yr — yﬂo)( 1MaZy) ™" Z1 Ma(y1 — y270)

(yl - ywo)'PMgzl (yl - yﬂo)
(y1 — y270)" M (y1 — y270)

/M _
= y5 P20 (Y1 — y270) <1 _ My~ yoo) AR('YO))

Yo Priy 2, (Y1 — y270)
_ Ga(v0) dAR(y0)

_ 5.23
2 dvo (5.23)

X ((Z{Mzzl)—lngzy2 _

= (y1 — ¥27) Pz, Y2 — Yo M (1 — y270)

where the equality in the last line holds by (5.22).
Next, we show (ii). Minimization of AR(7p) is related to the theory of the LIML estimator,
see for example p. 549 in Davidson and MacKinnon (2004).

1 (y1 — y27) Pay z, (Y1 — y270)
n “AR(v) =
O0) = S oy M (1 — 90)

_ a6Y’PMQZIYa0
ayY'MYag
where
1
ap = and Y =[y1 yol,
—70
so that
Yao = y1 — y270-
Next,
1.d (agY'PyyzYao\ _ Y'PayzYao Y'MYaq aoY ' Prryz, Y ao
2dag \ alY'MYaq ahY'MY ag (ahY' MY ag)®
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1
=——(Y'P Yag— Y'MYagAR .
VY ap ¥ Pz Yo a0AR(0))
Setting this to zero and denoting by v the minimizer of AR(yy), a = (1 v)’, and & = AR(y),
we obtain:

Y,PM2Z1 Ya—kY'MYa =0,

or

0= (Y'Pu,z,Y —kY'MY)a

= (' MY)'/? ((Y’MY)‘” 2

Y Pa ¥ (Y'MY) T = k) (v'MY)
Now, defining
at = (Y'MY)"?q,

we can re-write the first-order condition for minimization of AR(~yg) as

~1/2 —1/2

((O7"ay) Y Pagy v (YY) TP = mly) ot =0

The last equation means that

£ = min AR(~)
70

is the smallest eigenvalue of the 2 x 2 matrix (Y/MY)~'/? Y' Pz, Y (Y'MY) V2
Using the derivative of AR(vp) in (5.22), the first order condition for minimization of the
AR statistic implies that

0=1-

/
YoM (y1 — y27)
V ——AR(y)
Yo Pry 2, (yl - y21)
YoM (y1 — y27)

= 1 — ﬁ.
Yo Priyzy (Y1 — y2y)

Hence,

Yo Pz (Y1 — y27) = YoM (y1 — y27)k,

which can be re-written as

y/2 (Prtyzy — EM)y1 = yé (Pryzy — EM) Y27,

or
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We conclude that AR(p) is minimized at 7, therefore

dAR(y)
dvo
Equation (5.23) now implies that
ga(y) dAR(y)
— /M Z T = LRSS — = 0
(y1 yzj) 2 17T1(1) B) o

Hence

LM(y) =0,
and therefore

v e CS{M.

Remark.

1. The minimizer of the AR statistic v appearing in the proof of Theorem 5.5 is known as

the limited information mazimum likelihood (LIML) estimator:

Thus, the LIML estimator is always included in CSs constructed by inverting the LM
test.

2. The proof of Theorem 5.5 reveals a peculiar property of CSs based on the LM statistic.
Define
R = max AR (o),
Yo

and let 7 denote the maximizer of AR(7p), i.e.
y = argmax AR(o),
Y0

and
AR(%) = R.

Since & is the largest possible value of the AR statistic, 7 is the value that the AR test

would reject as long as CSlAfza does not contain the entire real line. At the same time,
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~ must satisfy the first-order condition for maximization of AR(7p), and therefore,

d
2 AR(%) = 0.
- )

By the same arguments as in the proof of Theorem 5.5,
LM(7) =0

and therefore,
5 e s,

This implies, that CSs based on inversion of the LM test are built around two values
7 and 7. Including the first in a CS makes a lot of sense: this is the value of g that
makes the correlation between the null restricted errors y; — y279 and IVs Z; as small
as possible (given the data). On the other hand including the latter, 4, appears to be
wrong as this is the value that maximizes the correlation between the null-restricted

errors and I'Vs.

3. Since LM(y) = LM (¥) = 0, the LM test can suffer form undesirable loss of power
around the values 4. In practice, this issue can be a problem only when IVs are weak
since, as we have seen, in the case of strong IVs and the LM test has the same optimal
power as usual tests based on the IV estimator. Thus, when IVs are strong, the LM test
is expected to outperform the AR test. Nevertheless, the AR test can be more powerful
than the LM test when IVs are weak.

4. Computation of LM-test-based CSs is discussed in Mikusheva (2010). She shows that
LM test CSs can be constructed by solving three quadratic equations, and as a result
LM test CSs can take one of the three possible forms: i) [y1, 2] U [v3,74], ii) (—00, 1] U
[v2, 73] U [74,00), and iii) (—o0,00). Cases ii) and iii) tend to occur when IVs are weak.

Also, when IVs are strong, case i) typically becomes [v1, y2].

5. The fast and accurate methods of Mikusheva (2010) for construction of robust CSs
have been implemented in Stata (see Mikusheva and Poi (2006)). Stata command is

condivreg; its option ar provides AR-based CSs, and option lm provides LM-based
CSs.

5.5 CLR test and CSs

The LM test discussed in the previous section, delivers weak-IV-robust inference. Moreover
when IVs are strong, it attains efficiency in the sense that it has the same power properties of

the t-test under strong IVs. Nevertheless when IVs are weak, the LM test might suffer from
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power loss and be inferior to the AR test. These issues to a great extent can be alleviated
by using the conditional likelihood ratio (CLR) test proposed by Moreira (2003) (see also
Andrews et al., 2006).

The CLR statistic is derived following the Likelihood Ratio principle and its construction
assumes that the errors u; and v; are jointly normal.'® It turns out, however, that the CLR
statistic combines the AR and LM statistics. When IVs are strong, it becomes equivalent to
the LM statistic in large samples. When [Vs are weak it utilizes the information contained in
the AR statistic to deliver inference that is always more powerful than that of the LM test
and typically more powerful than that of the AR test. However, there are certain scenarios
where the AR approach can dominate the CLR approach. This occurs when the correlation
between the structural error w; and the first-stage error v; is zero or very close to zero (see
Andrews et al., 2016). While there is no optimal test when IVs are weak, the CLR test is the
preferred test overall.

To introduce the CLR statistic, we need some additional definitions. Recall from (5.17)

and (5.18) that when IVs are weak,

3 _ Tuv
n'/27(10) =4 C + Q3010 — %Qlé@m

u

= C + Ql_;/2 <UUZU - O(;-U’U Zu)

u

—1/2
= C+00Q1 2 (Zo — puvZa)
where pyy = oy /(040y) is the correlation between w; and v;. Let

Zv - puvZu N (07 (1 - pzv)Ill)

a \/1_p12w Vl_p%w

Z’U”U,

= N(0,1;,).

Thus,
n'271(30) =4 C + 00v/T— p2,Q1 2o,

and the limiting variance of 71 (7o) is

2 2 2
00y — Owy

o2(1—p2,)Qrs = Q13-

2
Ou

Let T (o) denote the standardized version of the estimator 71 (yy) constructed so that the

limiting variance of 71(~g) is I,

~9 7' Mo 7 1/2
1/2T* _ O-u('y()) 141241 1/2~ 24
nr \/&%&3@0) e\ ) o 62

10CLR’s large sample properties are unaffected by the distributional assumption.
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where the estimators 62, 6.,(70), and 62(vg) were previously defined in (3.4), (5.12), and
(5.16). Note that when IVs are weak and v = 7o,

o2
nl/QT* (7) —d ﬁ@1/20 + ZU u = XT) where
0v0u — Ouw

0202 126 A
Xp~N v_u L2715 | =N —— 1, (5.25)
( 0-7%0-1% - 0-1%1) Oy ' V 1- puv

A= 1/20/0'1,, and ||A|? is the concentration parameter. Also, note that Z,., and Z, are

independent by construction since

COU( Zu) - pquaT(Zu) _ puvIll - puth

C Zous 2 = =0. 5.26
ov( ) ﬁ 12“) %1 12“) ( )
Since
7' M- —
nl/ZS(’y) — 21 2(y1 927) —d Ou 1./2231”

nl/2

T*() and S(7p) are asymptotically independent. Let S*(7p) denote the standardized version
of S(70):

/ 71/2
n25% () = (ZARA g
O'U('VO) n

—q Zy, when v9 = 7. (5.27)
Lastly, note that

ZIMaZ\ 7t
n

AR(y0) = nS(r0) ( S(10)/8%(10) = nS* (10)'S" (10).

Recall from (5.20) that

(nl/Qﬁl(,yO)/nl/QS(,YO))Q
62(v0) (n'/271(70) (Z1 M2 Z1 /n) n'/271(70))
2
( V2T (y0) (24 MaZy fn) /2 nl/QS(%))
62(v0) (n'/2T*(0)'n/2T*(y0))
n (T*(70)'S* ()’
T*(%)'T*(v0)

LM (o) =
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The CLR statistic is defined as

CLR(v) =0.5 (st(’Yo) — Qrr(0) + \/(QSS(’YO) — Qrr(70))* + 4Q§T(%)> ;o (5.28)

where
Qss(70) = nS*(70)"S™ (), (5.29)
Qrr(Y0) = nT™(70)'T" (70), (5.30)
Qsr(70) = nS* (%) T* (0). (5.31)
Since

AR(v0) = Qss(70),
LM (v0) = (Qsr(70))* /Qrr(70),

the CLR statistic can also be re-written as

CLR(y) = 0.5 (AR('YO) = Qrr(0) + \/(AR(’YO) — Qrr(70))* + 4QTT(70)LM(70)> ;

which establishes the connection between the AR, LM and CLR statistics.
The null distribution of the CLR statistic under weak IVs is described in the following

theorem.

Theorem 5.6. Suppose that Assumptions 1.1 and 2.1 hold. Then,

CLR(y) —40.5 <Z;Zu — XrXr + \/(Z;Zu - X%XT)Q + 4 (XpXr) (X{FZU)> ,

where Xr is defined in (5.25) and independent of Z,.

Remark. 1. The null distribution of the CLR statistic is non-standard and cannot be tab-

ulated as

and therefore depends on the strength of IVs through unknown A. However under Hy,
the strength of IVs affects only 7™ (7p) and its limiting counterpart Xp.

2. Since the asymptotic null distribution depends on A only through X7, and Xr and Z,
are independent, the null distribution of the CLR statistic can be easily simulated by

conditioning on T* (7o) as described below.
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Proof of Theorem 5.6. The result follows since by (5.25) and (5.27),

n1/25*(7) 4)d ZU7
n'’T*(y) =4 Xr,
and Z, and X are independent by (5.26). O
One can simulate critical values for the CLR test by following the steps below:

1. Compute n'/28*(yp), n'/2T*(y), and the CLR statistic CLR(vo) as described in (5.28)-
(5.31).

2. Generate R independent standard normal [;-vectors {Z, : v =1,..., R}, Z ~ N(0, I},).

3. Generate R values from the conditional null distribution of the CLR statistic given
T* (7o) by using (5.28)-(5.31), but with n'/25*(yo) replaced with Z,, r =1,...,R:

CLR, () = 0.5 (2.2, — nT*(70)'T*(10)

1 (@2, T (o) T (10)) + 4n <T*<w>'zr>2) , (5.32)

which simulates the null distribution of (5.28). Note that Z, ~ N(0,[;,) captures the

null distribution of n'/29 *(70), which is free of any parameters.

4. The critical value cv1_q(70) is given by the (1 — a)-th empirical quantile of {C' LR, (7o) :
r=1,...,R}.

Remark.

1. Note that critical values for the CLR test depend on the value 7y and data: thus, different

data sets and different null hypotheses would require different critical values.

2. Instead of simulations, one can compute p-values for the CLR test by numerical integra-

tion as shown in Andrews et al. (2007).

3. Mikusheva (2010) shows how to compute CLR CSs CS{LE = {vy : CLR1_4(y) <
cv1—a(70)} fast and accurately using the numerical integration approach of Andrews
et al. (2007). She also shows that CLR CSs cannot be empty and include the LIML
estimator of . In fact, CLR(-) is minimized at the LIML estimator. Mikusheva (2010)
also shows that CLR CSs exclude as undesirable point that maximizes AR(:) (and is

always included in LM CSs).

4. Stata command condivreg produces CLR-based CSs (see Mikusheva and Poi, 2006).
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We conclude this section by showing that the CLR statistic is asymptotically equivalent to the
LM statistic when I'Vs are strong. This would verify that CLR-based inference is efficient when
IVs are strong (in the sense that it attains the same power as that of the usual ¢-test-based

inference under strong IVs).

Theorem 5.7. Suppose that Assumption 1.1 holds, v = vo +n~Y/28, and w1 is fived, i.e. IVs

are strong. Then,

CLR(70) = LM(0) + 0p(1). (5.33)
cvi—a(70) = Xi 10 + 0p(1)- (5.34)
Proof of Theorem 5.7. We show the result in (5.33) first. Recall that when IVs are strong and

v =0 +n"125, 71 () —p 71 as implied by (5.11). It follows then from the definition of
T* (o) in (5.24) that

& 7 My Zy \ /2
' (o) \/&3&5(70) —02,(v) n n“71(y0) — Loo,

or
Qrr(10) = nT*(70) T (70) = o0

In what follows, we omit the dependence on g for simplicity. Let
J=AR—- LM,

and note that both AR and LM are Op(1) when IVs are strong and v = 79 +n~1/25. We have

CLR=0.5 <AR - Qrr + \/(AR — QTT)2 + 4QTTLM>

—0.5 (LM YT = Qrr+VIM+J—Qrr)® + 4QTTLM>

=0.5 <LM+JQTT+\/(LMJ+QTT)2+4J-LM) , (5.35)
where the result in the last line follows because

J+ + Q% — 2Qrr(J + LM) + 4Qrr LM
+ Q% — 2Qpr(J — LM

(LM + J — Qrr)* + 4Qrr LM = (
= (J
=(J = LM)* + Q%7 — 2Qrr(J — LM
= (
= (

LM)? (
LM)? (
)? (
LM — J)? + Q3 +2Qrr(LM — J) +4J - LM
LM —J + Qrr)® +4J - LM,



Consider a mean-value expansion of \/ (LM — J + Qrr)* +4J - LM around (LM — J + Qrr)*:

4J - LM
2/( — LM — Qrr) +¢€
= LM — J+ Qrr + 0p(1), (5.36)

\/(LM—J+QTT)2+4J-LM: \/(LM—J+QTT)2_

where ¢ is the mean-value (i.e. || < 4]J|- LM), and the 0p(1) term in the second line is due
to the fact that Qrr — oo in the denominator of the second term in the first line. By (5.35)
and (5.36),

CLR=0.5(LM+J —Qprr + (LM — J + Qrr + 0,(1)))
= LM + 0,(1).

The result in (5.34) can be shown by re-writing the simulated CLR statistic in (5.32) as

CLR(v) = 0.5 (2.2, — nT*(7)'T* (70)

+Waa—wwwme+mwwW&@

=0.5 (Zf«Zr — Q7r(0) + \/(Zﬁzr — Qrr(0))* + 4Q%T,r(’70)> ,
where

2
Q¥r,(10) = (/2T (20) 2,
= Qrr - LM,(70), and
(nV/2T* (10)' 2,)

2
~ for any n.
nT* (o) T*(Y0) X1 Y

LM, (’YO) =

The rest of the proof of the result in (5.34) follows the same steps as that of (5.33). One can
show that
CLR.(70) —a X1,

and therefore the quantiles of the empirical distribution of {CLR, () : r = 1,..., R} converge
to the quantiles of the x? distribution, since the x? distribution has a continuous CDF. [

Remark. Examination of the proof of Theorem 5.7 reveals that the CLR attains efficiency

when n'/2T*(yy) — co. By inspecting the limiting distribution of n'/2T*(vo) in (5.25),

A
malv

n'/*T*(70) —+a N (
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one can see that n'/2T*(yy) — oo when ||A||> = oo, i.e. IVs are strong. However, it is
possible that n'/2T*(yy) — oo even when IVs are weak (||A||? < oo). With finite values of the
concentration parameter, that can happen when p,, — +£1, i.e. the correlation between the

structural error u; and v; approaches one. This idea is formalized in Andrews et al. (2016).

5.6 Concluding remarks

While weak I'Vs can pose serious challenges for empirical research, robust and computationally
simple methods are available for inference with weak IVs. Robust methods are as reliable
with weak IVs as with strong IVs, and when using them the researcher does not need to
be concerned with the strength of identification. Moreover, if the regression model contains
only one endogenous regressor (which is the main object of interest of the econometrician),
weak-IV-robust methods based on the CLR (or LM) approach will be as powerful as the usual
t-statistic-based inference in case I'Vs are strong. The form of AR, LM, and CLR-based CSs
can also provide information about the strength of IVs. In addition, AR CSs come with built-in

model specification diagnostics.
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A Appendix: Results from probability and linear algebra

A.1 Limit theorems

Large-sample or asymptotic properties of estimators are established using weak laws of large
numbers (WLLNs) and central limit theorems (CLTs), see for example White (2001) for details

and references.

Theorem A.1 (WLLN for iid data). Suppose that {X; : i = 1,...,n} are iid random variables,
and E|X;| < co. Then, n* 3" | X; —, EX;.

Theorem A.2 (CLT for iid data). Suppose that{X; :i =1,...,n} are iid random vectors, and
Var(X;) is positive definite and finite, Then, n=*/23"" (X;—EX;) —4 N(0,Var(X;)), where
N(u, Q) denotes the multivariate normal distribution with mean p and variance-covariance
matriz €.

A.2 Multivariate normal distributions

Suppose that X and Y are jointly normally distributed:

()= () ()

Here, px and py denote the means of X and Y respectively, ¥ xx and Xyy denote their

respective variances, and Yxy = Cov(X,Y).
Theorem A.3. X and Y are independent if ¥xy =0, i.e. Cov(X,Y) =0.

Theorem A.4. The conditional distribution of Y given X is normal:

YIX~N (/.Ly|X(X),Zy|X), where
py|x (X) = py + Yy xSy (X — px) (a vector-valued function of X).

Yyix =Yyy — Yy xExZxy (a fived matriz).
Theorem A.5. Let I' be a fired matriz.
X ~ N (Tpyx,ISxxI).

A.3 O notation

Definition A.6. A sequence of random variables X, is said to be O,(1) if for all € > 0 there
are constants K. > 0 and N, > 0 such that

P(X,|<K:)>1-¢
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for all n > N-;.

Definition A.7. A sequence of random variables X, is said to be o,(1) if X,, —, 0.

A.4 Kronecker product

Definition A.8. Let A be a k x [ matrix, and let B be an m x n matrix. The Kronecker
product of A and B, denoted as A ® B, is defined as

AHB - AllB
A®B = e
Ale . Ale
The properties of the Kronecker product as as follows:

1. The dimensions of A ® B are km X nl.
2. (A B) =A"® B
3. A B) t=A"1e B L

4. (A® B)(C ® D) = AC ® BD.

A.5 Non-central y? distributions

Let Z ~ N(0, ;) be an [-vector where each component is a standard normal random variable,
and the components are independent of each other. The y? distribution with [ degrees of

freedom is defined as

!
ZE=|ZIP=)_2Z ~xi (A1)
i=1

This distribution depends only on the number of components, i.e. the number of degrees of
freedom [ is the single parameter determining the x? distribution.
This discussion can be extended to the case of independent normal variables with non-zero

means and unit variances. For A = (A1,...,\;)’, consider
A+ Z~ N D).
While the distribution of A + Z involves [ parameters the distribution of (A + Z)'(A 4+ 2) =

A+ Z||? depends only on two parameters: [ and ||A||, the norm of the vector of means M.

Definition A.9 (Equality in distribution). We say that two random I-vectors X and Y are
equal in distribution, denoted X =% Y if the CDF of X is equal to the CDF of Y: for all
u e R

P(X <u)=P(Y <u).
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Lemma A.10. Let Z, = (Zy1,...,2u1) and 2, = (Zy1,...,2,,) be two l-vectors with a

normal joint distribution:
Z 0 1
“ I~ N , P QI .
Zy 0 p 1

Then,
l
X+ Zol? = (1N + 200)* + D 225, (A.2)
=2
l
()\ + Zv)/ Zu —d (H)\H + Zv,l)Zu,l + Z Zv,qu,j' (A3)
=2

Remark. 1. Note that the expressions on the right-hand sides of (A.2) and (A.3) depend

on a scalar parameter ||A|| and not on the entire vector A.

2. The distribution ||A + Z,||* of is called non-central x? with I degrees of freedom and

denoted as
X+ ZolI” ~ xZ(IAIP).

When ||A|| = 0, the non-central x? distribution becomes the usual (central) x?.

Proof of Lemma A.10. Let by, ..., b be orthonormal I-vectors (b.b;=1 and bib; = 0 for i # j)
such that by = A/ ||A||. Define an ! x [ matrix

N

AT

/

B=| 7|,
by
and note that BB’ = I;, (B~'YB~! = I}, and

1A

0

Br=|

0

Define
X, =BZ, and X, = BZ,.
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We have

(AP

where the result in the second line follows by Property (iv) of the Kronecker product in Section
A.4. Now,

!/

()‘ + Zv)/ (/\ + Zv) = (B (>‘ + Zv))/ (Bil) Bil (B (>‘ + Zv))
— (BA+ ) (BA+ )

I
_ 2 2
= (Il +X0)?+ > &2,
j=2
Z,(A+2,) = (B2) (B)' B (BO\+2))
= X' (BA+X,)
1
= (M + X )Xug + > XXy,

=2
The result follows since

X, _d

Xy

Z u
Zy

B Matlab programs

B.1 Graphing the distribution of the ¢-statistic under weak I'Vs

The code below is used to generate Figure 1. It compares the null distribution (PDF) of the
t-statistic under weak IVs as described in Theorem 2.3 with the PDF of the standard normal

distribution.

1=2; Y%number of IVs
cp=1; %concentration parameter

rho=0.95; %endogeneity parameter
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alpha=0.05; Ynominal significance level

R=10000; %the number of simulations

%grid for density plotting
step=0.1; xi=[-4:step:4];
Sigma=[1 rho; rho 1];
V=kron(Sigma,eye(1));
H=chol(V);

T=zeros(R,1);

for i=1:R
Z=H’*normrnd(0,1,2*1,1);
Zu=Z(1:1);
Zv=Z(1+1:2*x1)+[sqrt(cp);
zeros(1-1,1)];
Ch1=(Zv’*Zu) ;
Ch2=(Zv’*Zv) ;
Numer=Ch1x*sqrt(Ch2);
Denom=Ch2~2+Ch1~2-2*rho*Ch1*Ch2;
T(i,1)=Numer/sqrt(Denom) ;

end

[f,xjl=ksdensity(T); %kernel smoothing of the distribution of T
plot(xj,f,’k’,xi,normpdf (xi),’k--);

axis([-4 12 0 0.41])

%legend(’T under weak IVs’,’N(0,1)’,’location’,’best’)

disp(’Null Rejection Rate:’)
disp(sum(abs(T)>norminv(1-alpha/2))/R)

B.2 Simulating the maximum rejection probabilities of the t¢-test under
weak I'Vs

The code below is used to generate data for Table 1, which reports the maximum rejection
probabilities of the two-sided t-test when IVs are weak, i.e. the values of the R™a(||\||?)

a,ly
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function in Section 3.1. The code somewhat overlaps with the code in Section B.1, however,

here it is implemented without loops over simulation iterations to reduce computational time.

1=1; %number of IVs
alpha=0.05; %alpha value for choosing normal crit.vals
B=100000; Y%number of simulations

%grid of values for the concentration parameter
CP=[0.01 0.1 0.25 1 4 9 16 25 36 49 64 81 100 1000]’;

%grid of values for rho_uv
Rho=[-.99:0.01:.99];

RAND_N=normrnd(0,1,2%1,B);

Rmax=zeros(length(CP),1);

randseedoffset=81474;

parfor i=1:length(CP);

rng(randseedoffset+i, ’twister’); ’to generate the same random sequences

cp=CP(i);
R=zeros(length(Rho),1);

for j=1:length(Rho)
rho=Rho(j);

Sigma=[1 rho; rho 1];

V=kron(Sigma,eye(1l));

H=chol (V) ;

Z=H’*RAND_N;

Zu=Z(1:1,:);

Zv=Z(1+1:2%1,:)+repmat ([sqrt(cp); zeros(1-1,1)]1,1,B);
X=sum(Zv."2,1);

Y=sum(Zv.*Zu,1);
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Numer=(sqrt (X) . *Y) ;
Denom=Y. " 2+X."2-2*rho*X. *Y;
T=Numer./sqrt (Denom) ;

%rejections: R function for alpha, the concentr.parm, rho, and # of IVs
R(j)=sum(abs(T)>norminv(1-alpha/2))/B;
Rmax (i)=max (R) ;

end

end
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