APRIL 25, 2019

LECTURE 3
SIMULTANEOUS EQUATIONS II: MULTIPLE-EQUATION GMM, 3SLS.

In this lecture, we consider joint GMM estimation of more than one simultaneous equation. As we will
see, joint estimation can lead to efficiency gains.

Multiple-equation GMM estimator

Suppose that all m equations (in (1) in Lecture 2) are identified. Adopting the notation of Lecture 2, equation
(7), we can write the system of m equations as follows:

vy = X701+ u,

Ymi = Xy 0m + Ui,
where for all j =1,...,m, ; € RFi k;j = m; +1;, and the random [-vector Z; is such that
rank (EZiXJ/‘,i) = Kk
EZu; = 0.
Equivalently, the system can be re-written in the matrix notation as

y1 = X161 +uq,

Ym = Xm(sm + U,

where, for j =1,...,m, Xj collects the n observations on the right-hand side variables in the j-th equation:
X1
Xj= : ;
Xjn

y; collects the n observations on the left-hand side variable in the j-th equation:

Y51
Yj = : )
Yjn
and u; is defined similarly. Further, define
X1 0
X = ,
0 Xm
Y1
Y : ,
Ym
Ui
U = ,
Um,
o1
o= |
Om



Note that X is (nm) x k, where k = k1 + ...+ kyn, Y and U are (nm) x 1, and ¢ is k x 1. The system can
now be compactly written as
Y=X§+U.

In this system, we have ml population moment conditions:
Ziuy;
E : =FEU,®Z;) =0,
ZiUmi
where U; = (u14,...,Um;)’, and A ® B denotes the Kronecker product of A and B.! To define sample

moment conditions that can be used for estimation, consider the ml-vector of sample covariations between
the exogenous variables and errors:

Z’u1 Z/(yl —X151>

Z/U'm Z/(ym - Xm(sﬂ"L)

where Z denotes the n x [ matrix of observations on the exogenous variables. Using the Kronecker product
notation, this can be conveniently written as:

(Im ® 2)'U = (I, ® Z)'(Y — X6),

Let A, be an (ml) x (ml) weight matrix. The system or multiple-equation GMM estimator is obtained by
solving

min Y — Xd) (I, ® 2)A A, (I, ® Z)' (Y — Xd).
cRF

Thus, the system GMM estimator is given by?

6= (X' (I, ® 2) AL Ap (I, @ Z)' X) "2 X' (I, @ Z) AL A (I, @ Z)'Y.

Define
W, = Al A,
and introduce a partition
Wll,n A Wlm,n
W, = e e e ,
Woin - Womn

where each Wj; ,, is an | x | symmetric matrix. The system GMM estimators for the m equations can be

ISuppose that A is k x [ and B is m x n. Then A® B is a (km) x (In) matrix given by

ail e ay] allB e auB
A®B= ® B = .
agl ... G ap1B ... apB

The properties of the Kronecker product include: (A® B) = A’ ® B, (A® B)"! = A~ ® B~! when A and B are invertible,
and (A® B)(C ® D) = AC ® BD for properly defined matrices C' and D.

2Recall that in the single equation case, the GMM estimator solves min, (Y — Xb)'ZAl A, Z'(Y — Xb), and the solution is
given by B = (X' ZALAnZ' X) X' Z AL ApZ'Y .



written as

01
Om
Xz 0 Witn i Wimn 7'X, 0 -
0 X! 7 Winin - Woimm 0 Z'X,,
X!z 0 Witn . Wimn Z'y
X . e . : (1)
/
0 X! 7 Winin - Wimm Zm
X{ZWll’nZ/Xl XiZWhn,nZ,XnL -1 X{ZWll,nZ/yl =+ ... +X{ZW1m7"Z/y7n
— 1)
X! IWoinZ' X1 ... XL ZWimnZ' X X! ZWoinZ'y1 + -+ XL ZWomn Z Ym

We can compare the above expression with that for equation-by-equation GMM:
01 X Z A}, A Z' X, 0 X ZA, A2y
i 0 X! ZA ApnZ X, X! ZA ApnZ Ym

From the comparison, it is apparent that the equation-by-equation GMM estimator is a particular case of
the system GMM estimator with weighting matrices Wj;,, = 0 for i # j.

Large-sample properties of the multiple-equation GMM estimator

From (1), we can write

o — 0
Om
Zz 1 Xl J4 0 Wll,n o Wlm,n Z?:1 ZiXi,i 0
S X i Z] Winin - Wommn 0 S ZiX,
Zi:l Xl,iZj, 0 Wll,n e Wlm,n Z?:l Ziuli
0 Z?:l XmiZZ/ Wml,n T Wmm,n Z? 1 ZiUm

In addition to the previous assumptions, we assume:
o {(Y/,Z]):i>1} areiid.

o W, —, W positive definite (and symmetric).

e The elements of U; = (uy4,-..,Umn;)" and Z; have finite second moments (which together with the
reduced form equations implies that EZng)i is finite for all j =1,...,m).
Under these assumptions we have consistency of the system GMM estimator: 5]- —pdjforall j=1,...,m.

Next, for asymptotic normality we also assume that:



e The elements of U; and Z; have finite fourth moments (which implies that the elements of Y; have
finite fourth moments as well).

Under these assumptions,

Di1 Ziuy
n~1/2 —a N (07 Q) ,
Ylim1 Zitim
where
Ziuy; Ziwii \'
Q = B :
ZiUm ZiUmi
= EUi®Z)(U;Z)
E(UU; ® Z:;Z;) .
Then, we have that
01 — 01
nt/? : —a N (0,V (W)),
Om — O
where
V(W) = (C'wWe)te'wawce (C'we) T,
Q1 0
Cc = .. ,
0 Qm
Q; = EZiX]'-7i, forj=1,...,m.

Let’s assume that
e () is positive definite.
As usual, the efficient GMM estimator corresponds to W,, that satisfies
W, —p Q71

For example,

1

=
|
o))

n

=1

where [71 is constructed using some preliminary consistent estimators of §;’s, for example, equation-by-
equation 2SLS estimators:

Y1i — X{,ig%SLS

ﬁi = .

1 $2SLS
m,iém

ymi_X

The asymptotic variance of the efficient GMM estimator is given by

v =(coto) . (3)



Homoskedastic errors

In the case of homoskedastic errors, i.e. if
EWUU]|Z) =%
where ¥ is some positive definite m x m matrix, we have

QO = EWUU ®ZZ)
E(E(UU]|Z:) ® Z; Z;)
Z@EZiZ{.

In this case,

where

A GMM estimator with .

Wn = E;l & (n_l ZZZZ;>
i=1

is called the three-stage LS estimator (3SLS).
The 3SLS estimator can be written in the matrix notation as follows:

§3SLS (

"I
(X’ ( “lg ( 7'7)"t Z’)) X)71 X' (i;l ® (Z(Z’Z)‘1 Z’)) Y
(X’( 1®PZ) )_ X' (§;1®PZ>Y

where Py = Z(Z'Z)~1Z'. Further, let 5 be the (i, j)-th element of £, and define

X, = PzX;,

- X, 0

X =

0 Xom
We have,

$3SLS _
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Using (3), the asymptotic variance of the 3SLS estimator is given by the inverse of

Q1 0

. . o

Q1 0
= 0 ... Qm

where

Thus, the asymptotic variance of the 3SLS estimator is

o EX,,Z/(EZ;Z})" ' EZ; X},

V(e =

Single- vs. multiple-equation GMM

/
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As we have seen, the equation-by-equation GMM corresponds to the case where W,, has a diagonal structure.
Since in general Q! does not take this form, even the "efficient" version of the equation-by-equation GMM
estimator is inefficient when compared to the multiple-equation GMM. The reason for this is that the single
equation estimator for equation j ignores the information about that equation contained in other equations.
However, there are two exceptions to that rule.

First, let’s assume conditional homoskedasticity. Suppose further that the errors are uncorrelated across

the equations, i.e. ¥ is diagonal:

In this case,
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First, one can see that the estimators are asymptotically independent across the equation. Second, the
asymptotic variance of the multiple-equation efficient GMM estimator is the same as that of the equation-
by-equation 2SLS estimator. Hence, in the homoskedastic case and when the errors are uncorrelated across
the equations (conditional on Z’s), the equation-by-equation 2SLS estimator is efficient.

The equation-by-equation estimator is also efficient when all equations are exactly identified. In fact,
single- and multiple-equations estimators are the same when the system is exactly identified:

81
= (X Un@Z)Wo(In®2) X)X (In ® Z) Wy, (Im @ Z)' Y

O’))...

= (Un22) X)W X Un©®2) " X (I @ Z) Wy, (I, ® Z) Y
= ((In22)X)  In22)Y
(Z'X1) "' 2"y

(Z' X)) Z'ym,

Thus, when the system is exactly identified, all the estimators discussed so far reduce to the equation-by-
equation IV estimator.



