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LECTURE 2

SIMULTANEOUS EQUATIONS I: DEFINITION, IDENTIFICATION, INDIRECT LS,
SINGLE-EQUATION GMM

Definition

We consider the following system of equations:

IYy; = BZ;+U;, (1)
where Y; is an m-vector of endogenous variables:
Y1i
Yi= : )
Ymi
Z; is an l-vector of erogenous variables, U; is an m-vector of residuals:
U1
U;, =
Uy

The unknown parameters are given by the m x m matrix I' and m x [ matrix B. The econometrician observes
the data {(Y/,Z}):i=1,...,n}.
We have m equations determining m endogenous variables. The first equation is given by

m l
Zrljyji = ZBliji + U4
j=1 j=1

Multiplying all I';’s and By;’s by a nonzero constant would affect the variance of unobservable error term
u14., however, it would not change the relationship between the observable variables, i.e. I' and B can be
identified only up to scale. hence, we must introduce some normalization to the system. We will assume that
I'j; =1forall j =1,...,m. Later, this will allow us to treat y;; as the "dependent" variable in equation j.

Next, we assume that I'"! exists, since, otherwise, there is no unique expression for Y; in terms of
exogenous variables Z’s and shocks U’s. Let’s rewrite (1) as

Y, = I'''BZ +T7'U;, or

Y, = IIZ;+V;, where (3)
I = I !B,

VvV, = I''u,.

The system of equations in (3) is called the reduced form as opposed to structural equations in (1). Due to (2)
we have that EZ;V/ = 0, and, consequently, the matrix of the reduced form parameters II can be estimated
consistently by OLS. The reduced form is useful, for example, for forecasting of Y’s from Z’s, however,
we are usually interested in estimating economic relations that are given by the structural equations. The
structural parameters cannot be estimated directly by OLS, since each of the structural equations has Y'’s
on the right-hand side, and in general,

EY;U! = NEZU +T'EUU]
I Var (U;)
£ 0.



Hence, the first question is whether it is possible to recover the structural parameters I" from II.

Structural equation is said to be identified if its coefficients are uniquely determined by the elements of
II. The structural equation is not identified when the structural parameters cannot be recovered uniquely
from IT (we know that there is a solution for I' and B because by construction IT = I'"!B). Simple counting
shows that there are m? — m + ml unknown parameters in I' and B, while there are only ml reduced form
coefficients in II. Thus, without imposing additional restrictions on the structural parameters, the system
or its parts cannot be identified. The most common type of restrictions is a zero restriction or exclusion of
variables from equations. It is possible that some equations are identified while others are not, and, therefore,
identification should be considered equation by equation.

Without loss of generality, let’s consider the first equation. Suppose that the first equation has m;y
endogenous and [y exogenous variables included on the right-hand side. Write

r—( 1 -y o ’
ry Ts T3
where, in the first row, 7; is an mi-vector with all elements different from zero, and 0 is actually an

(m —my — 1)-vector of zeros;
_( /v
B = ( By By )’

where in the first row [; is an l;-vector with all elements different from zero, and 0 is an (I — I;)-vector of
zeros. Accordingly, let’s partition II such that I'Il = B:

T T2 / /
L =y 0 ) ( pr 0 )
I, 1II = , and
( Fl Fg F3 H:lg Hi Bl BQ
™ — 711_[1 = Bi, (4)
=Y = 0, (5)

where 7 is 1 X Iy, mg is 1 X (I — 1), Iy is my x Iy, and Iy is my X (I —I1) . The expression in (4) says that
we can find 8 if we know ~;. Next, (5) is a system of [ — I; equations with m; unknowns (y;). In order to
be able to solve for v, there should be at least as many equations as unknowns, which gives us the following
order condition:

=11 >my,

i.e. the number of exogenous variables excluded from the equation should exceed the number of endogenous
variables included on the right-hand side. The order condition is only necessary but not sufficient. Given
the fact that there is a solution (because II is determined by I and B), the necessary and sufficient condition
for there to be a unique solution for v, is the following rank condition:

rank (ITp) = my

(see the appendix for a proof). Thus, the equation is not identified when | — l; < my or the rank condition
fails. It is overidentified when [ — Iy > m1, and the rank condition is met. The equations is ezactly identified
when [ — [; = mq, and the rank condition is met In the exactly identified case, we have

Vi = molly (6)

Indirect LS

Since II can be estimated consistently by OLS, we can use (6) in order to estimate the structural parameters
of an exactly identified equation. The indirect LS estimator of v is given by

o\ —1
~ILS __ / ~/
"= (H2> T2,



where 79 and ﬁg are the LS estimators of mo and Il; respectively.

Let’s write
li

Y, = ( Y1i Y117i Yfi; ) ,

where Y7; is the mq-vector of the endogenous variables included on the right-hand side in equation 1, and
Y7 is the (m — my — 1)-vector of excluded endogenous variables. Similarly, write

Zi :( Zi,i Zik/z )/7

where Z; ; and Z7 ; are the vectors of included and excluded exogenous variables respectively (for the first
equation). Further, write

Note that 7 is the vector of reduced form coefficients of Z7; in the y;’s equation; and II, gives the coefficients
of Zj; in the Y7’s equation. We have

Rho= (Z7MizZD)" 2 M,
- * £\ —1 *
le = (leMlzl) Z1/M1Y17
where
Y11
B = 3
Yin
Y
Yl = )
Yll,n
Z7h
Zi = : ,
Zil,
Z1 4
Z, = : ,
Z1
M, = I,-2Z,(Z,2))" " Z,.
Hence,

AES = (Z7' M) Z My,

Note that this is just an IV estimator of Y; from the regression of y; against Y7 and Z;, where Z; were used
as instruments for Y7. Indeed, write the IV estimated equation as

g = YAl + 2181V +a,
where Z{uy; = 0 and Z{'u; = 0. Then,
AILS = (z¥MYY) Tt 2 M,y (Yﬁ{‘/ + 2,81V + al)

- . 1 ey~
= MYV +(ZyMh) ZY My,



and
Z¥My, = ZPy - 277 (202 Zi
0.

The Indirect LS estimator is unique only if the equation is exactly identified. In case of an overidentified
equation, one could choose some m; restrictions out of [ — I in (5), in order to construct the indirect LS
estimator. However, a better approach is to use GMM estimation.

Identification and GMM estimation of a single equation

Consider the case where the first equation is identified, i.e. [ —1; > mq, and Il has the rank m; (the rank
condition is satisfied). Let’s re-write the first equation again as

Y = Yf,ﬂl + Zi,iﬁl + Ui
= X101 4w, (7)
where
Xl,i = ( Yll,i Z{,i )/,
o= (n B8).

The equation can be estimated by GMM provided that the rank condition for GMM estimation is satisfied,
ie. rank(EZZ-XLi) = my + l. For this to hold, the necessary condition is that the number of instruments
in Z; must exceed the number of regressors in X;: [ > mq 411 or [ —l; > my, which gives us back the order
condition. Next, we will see that rank(EZiX{Vi) = my + [y is equivalent to rank(Ily) = m;.

7
EZX{, - E< Z}*f)(m 7z, )
3

y
= F < Ziﬂ ) ( (H1Z17i =+ Hngi + Vl,i)/ Z{,z )
1,2

_ E (Zl,izi,i) H/l +FE (Zl,iZi/i) H/2 E (Zl,iZ{,i)
B E (ZiiZ:/l,i) I +E (Zf,iZi/i) m, E (ZiiZi,i) '

Suppose this [ x (mq + [1) matrix does not have the full column rank. This is the case if and only if there
exists some nonzero (my + ly)-vector § = ( 0] 6} )I such that £Z; X] ;0 = 0:

o L ([ EZ) B2 2 B () ) (6
(Z1 A l) I, + £ (Zl A ) I, E (ZfiZ{ l) 0o
( E(Z0,7) 0, + E (2,27, Ty, + E (Z1,2},) 0
o (Z:UZ1 l) 11} 64 +E(ZMZ;"Z) 1156, +E(Z“le)9
_ ( (Zl lZi z) ( 11Ziklz) ) < 1_1101 +02 >
(Zl ZZ1 ’L) (Zl ’LZ ) H/291 .
Assuming that EZ;Z] is positive definite, £Z; X7 ; does not have the full rank if and only if

H'191 +6, = 0,
0, = 0, (8)
i.e. the my columns of IT}, are linearly dependent. (Note that both 6; and 6 must be non-zero, since if
61 = 0, then 0 = 1T} 0; + 62 = 0 + 63 = 6,.) Hence, rank(EZiX{,i) < my + [l; implies that rank(Ils) < m;.
Consequently, rank(Ils) = m; implies that rank(EZiX{,i) =mq + 1.



Next, for any 6 = (#},65})" we have that
vy ( E(Z:2],) E(Z,,27) IT} 61 + 65
(BZiX1;)0= ( (2,2, E(Zi,2)) T

Suppose that rank(Il3) < my. Then, there exists a nonzero 6; such that (8) holds. Next, define 8, = —II}6;.
For such a choice of § = (6},65) we have that (EZ;iX{;)0 = 0. Hence, rank(Ily) < m; implies that
rank(EZ; X{ ;) < my + l1, and, therefore, rank(EZ; X{ ;) = my + [, implies rank(Ily) = m;. Thus, the two
rank conditions are equivalent: EZ,;X] ; has the full column rank mq + [y if and only if the rank of II5 is m.

We have shown that the GMM rank condition on EZ; X7 ; is equivalent to the rank condition on the
corresponding matrix of the reduced form parameters. Thus, provided that the equation is identified, one
can use the usual GMM technique to estimate that equation:

01 (A1) = (ZXUZ/ (A} AuﬂiZiX{,i) ZXUZ/ (A} Aln)zn:ziyli~
im1 im1

The efficient Ay, is such that A}, A1, =, (Eu%iZiZz{)fl. The efficient GMM reduces to the 2SLS estimator

in the homoskedastic case (A}, 41, = (X1, ZiZg)_l), which in turn is the same as the IV estimator when
the system is exactly identified.

The estimators of §; are asymptotically correlated across the equations, even if different equations in the
system are estimated separately. Suppose that the first two equations are identified. We have

o [ 01 (A1) =6y _<Sl,n 0 ) v <ZU11)
< 62 (AZn) - 52 B 0 SZ,n " ZZ: Z U9; ’

where

Sjn (Ajn) = (”_1 D XiaZi (Aj Ajn)n Y Zng/',¢> n! Z XjiZ! (A Ajn) |
i=1 i=1
for j = 1,2. Next, under the usual assumptions
Sjn (Ajn) —p Sj (45)
-1
= (Q5454,Q;)  QjATA;,
where Q; = EZ; X} ;. Further,

Ziu
n-1/2 1i
>(Zu)
- ”_WZ ( i ) ® Zi =a N (0,41,2),
i=1

U2;
where A ® B denotes the Kronecker product of A and B,! and
u?, uitn;
Qo=FE ! ® Z; 7]
uiug; U3
1Suppose that A is k x [ and B is m x n. Then A® B is a (km) x (In) matrix given by

a1 ... ay anB ... ayB
A®B= ® B = .
ag1 ... ag ap1B ... auB

The properties of the Kronecker product include: (A® B) = A’ ® B, (A® B)"! = A~ ® B~! when A and B are invertible,
and (A® B)(C ® D) = AC ® BD for properly defined matrices C' and D.




Thus,

(%)

2 (81 (Aw) =6
( 2 (AQn) - 62 > —d N (0’ v (AlvAQ)) ’

V) = < K (OAI) S5 (0A2) >Q”< i (oAl) S, (OAQ) >

One can see that the asymptotic covariance between 5~1 (A1) and 5~2 (Asy,) is given by

!

(=]

where

(Q/1A/1A1Q1)71 QVATALE (uriu2, Z; Z)) AL A2Qo (62/2/1'2142622)71

Appendix: solving a linear system of equations

This discussion follows Magnus J.R. and H. Neudecker (2007): "Matriz Differential Calculus."
Consider a system of linear equations
Ax =b,

where A is a known [ x m matrix and b is a known [-vector. We are looking for an m-vector = that solves
the system. In the case of a system of simultaneous equations, A = II}, 2 = 71, and b = 7}.

A solution can be conveniently expresses using a generalized inverse of A. A generalized inverse of A is a
matrix A~ such that AA~A = A. A generalized inverse is not unique. A Moore-Penrose inverse of a matrix
A (denoted by AT) is a generalized inverse that satisfies the following conditions:

1. AATA=A.

2. ATAAT = AT,

3. AT A is symmetric.
4. AAT is symmetric.

A unique AT always exists for any matrix A. For example, if A has full column rank, i.e. rank(A) = m,
then
At = (AA)H A,
which can be easily checked by verifying conditions 1-4.
We will establish below several results useful in characterizing a solution to Ax = b. First, let’s consider

a homogeneous system of linear equations
Ax =0

(note that in this case there is always a solution z = 0).

Lemma 1 A general solution to the homogeneous system of linear equations Az = 0 is
T = (Im — A+A) q,

where q is an arbitrary m-vector.

Proof. Obviously, z = (I,, — AT A) q is a solutions since, due to property 1 of a Moore-Penrose inverse,

A(l,—ATA) g = (A—AATA)q
= (A-A4)q
= 0.

Next, suppose z is a solution. Then, it has to satisfy © = (I, — AT A)z, because (I, — ATA)x = z —
AT Ax =z — A0 = x. Thus, any solution can be written as = (I,, — AT A) q for some ¢. =



Lemma 2 Az =b has a solution if and only if rank (A) = rank ([ A b ]).

Proof. Write A = [ ay ... G ]7 where a; is an [-vector, ¢ = 1,...,m. Suppose the vector x =
(z1,...,xm,) is a solutions, i.e. Az =b. Then,

a1y + ...+ apmxy, = b,

and the last column in the extended matrix [ A b ] is a linear combination of the columns of A. Therefore,
rank ([ A b ]) =rank (A).

Now, suppose that rank (A) = rank ([ A b }) Since A is an [ X m matrix, its rank is less or equal to
m. Since [ A b ] is I x (m+ 1) and has rank at most m, its columns are linearly dependent. Thus, there
is a vector (z1,...,ZTm, $m+1)/ such that

a1z + ... + Ty + b1 = 0.

Suppose that x,,,+1 = 0. In this case, b is linearly independent of the columns of A, and since the column and
row ranks of a matrix are equal, rank ([ A b ]) = rank (A) + 1, which is a contradiction. Thus, z,,+1 # 0

and (—z1/Tmt1,-- -, —xm/xmﬂ)/ is a solution to Az =0b. m

Lemma 3 Ax = b has a solution if and only if AATb =b.

Proof. From the definition of AT, AATA = A, and AAt Az = Az. Suppose that z is a solution. Then,
Az = b, and AAT Az = Az implies that AATh = b. Now, suppose that AATH = b. Set £ = ATb. Then,

AT = AATb = b, and therefore 7 is a solution. m
Next, we describe a general solution to Ax = b, provided that it exists.

Lemma 4 If Az = b has a solution, then it takes the following general form:
z=ATb+ (I, — ATA)q,
where q is an arbitrary m-vector.

Proof. Since there is a solution by the assumption, AA*bh = b. It is easy to see that, due to the property
AATA = A of a Moore-Penrose inverse, x = ATb + (I,,, — AT A) q is a solution:

A(ATb+ (In — A*A)q) = AA*b+ (A— AA*A)g
= b+(A-A)q¢q
= b

Now, suppose Z is a solution. Then, A7 = b = AATb or A(Z — ATb) = 0. The last equation is a
homogeneous system of equations, and by Lemma 1,

F—Atb= (I, — ATA)q

for some g € R™. m
In the case of simultaneous equations, the identification depends on whether the structural parameters
can be solved uniquely from the reduced-form coefficients. Here is the main identification result:

Theorem 5 A system Ax =b, where A is| xm, x € R™, and b € R' has a unique solution if and only if

rank ([ A b ]) =rank (4) = m.



Proof. Existence of a solution follows from Lemma 2, so it is left to prove uniqueness. By Lemma 4, the

general solution is given by
x=ATb+ (Im — A+A) q,

where ¢ is arbitrary. Thus, uniqueness of the solution is equivalent to AT A = I,,,. Suppose that rank (A) =

/ -1 , —1
m. In this case, A has full column rank, and A* = (A A) A’. Tt follows that A+ A = (A A) ANA=T,.

Suppose now that AT A = I,,,. Then, min (rank (A%),rank (A)) > rank (I,,) = m. Therefore, since A
is [ X m, it has rank m. (The rank of A cannot exceed m. If rank (A) < m, then rank (AT A) < m and,
therefore, ATA# I,,.) ®

Note that in the case of simultaneous equations, the reduced-form coefficients are defined through the
structural parameters, II = I'"' B, and therefore there is at least one solution to I'll = B. Hence, identifica-
tion is stated as the rank condition rank (Ilz) = mj.



