Lecture 9: Large-sample properties of OLS and robust standard errors

Economics 527: Econometric Methods

Vadim Marmer, UBC

Consistency of OLS

OLS in terms of sample averages

o Regression, {(Y;, X,):i=1,...,n} iid:
Xin
Y, =X/p+U, X; = :

« OLS from n observations, rank (X) = k (Lecture 1); substitute Y; = X 8+ U;:

B, = (XTX)'XTY

e Squares and cross-products:
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o Element (r,s):

n n

[ZXiXiT] = ZXi,rXi,s
i=1 s i
1
LLN for - > XU,
o X Uy, ..., X, U, iid; weak LLN, element by element:

= ZXiUi —, B[X;U}]
gt



e Assume:

E[XiUi] =

Weak LLN for element j requires:
E[|IX;;Uil] <oo,  j=1,..,k

e Cauchy-Schwarz inequality:

E[1X,,Uil] <E [ng] E [U2]

e Assume:

E[U?] < oo, E[X2]<oo, j=1,...k

]

1 T
o Element (r,s) of E[X,;X,] well defined, Cauchy-Schwarz:

BIX,, X)) < /E[X2,] E[X2,] < oo

Weak LLN, element by element:
1 n
- ZXiXiT —, BIX;X]]
N

o E[X,X/]]: symmetric, p.s.d.

¢ Assume:

E[X,X]] p.d.

o Slutsky, h(-) = (-)~! continuous at a p.d. matrix (Lecture 8):
LS xx7) | o, (BxX]])
(E; 21) =, (B[XX])

Assumptions
o Assumptions for consistency:

((V;,X;):i=1,..,n} iid

Y= X{ ﬁ +U
E[X, ] =
E[U7] <
E[X ”] <oo, j=1,..,k
E[X,X]] p.d. (no perfect multicollinearity)

« U =Y, — X/ B

{(¥;, Xy} iid - = {({U;,X,)} iid
o (Y;,X,) independent of (Y5, X,); ¥; and X, need not be independent.
o Weaker than E[U; | X;] = 0:

EX,U;]=0 =» E[Y;|X,]=X/8 (in general)



Consistency

¢ Definition. Bn is a consistent estimator of 5 if ﬁAn —, B

e Element by element, by definition (Lecture 8):

Bp—=pB = Bn;—pB, =1,k

¢ Theorem. Under the assumptions for consistency, Bn —, B

e The two limits, then Slutsky for the product:

~ 1 & . -11
ﬂnzﬂ+<E;XiXi > E;XiUi
—p B[X; X7 —p0

= A+ (BIXX]]) -0
=B

o Therefore:

B —p B

Asymptotic normality of OLS

Assumptions I and 11
. 3,—8 —, 0. Approximate the distribution of B, — B: scale by v/n (Lecture 8).
e Assumption I.
{(V;,,X;):i=1,...,n} iid
Y, =X/ B+ U, BeRF

« OLS:

=0+ < 2 XiXiT) 2 XU,
= G-s= (X xxT) X
i=1 =1

e Assumption II.

Q =E[X,;X]] p.d. and finite
kxk

e Weak LLN, then Slutsky:

n
SoX X =, BXX][]=Q

1
i

Cyxar) o0 =@Ex])
1=1



Scaling by /n
o Multiply by /n:

Assumption IIT and the CLT
e Assumption III.

E[X,U;,] =0 (X’sand U’s uncorrelated)
ka = Var (X,U;) finite and p.d.
X

o Variance of X,U,, with E [X,U,] = 0:

= Var (X,U;)
=E [XiUi(XiUi)T]
-E [XiUi Uixj}
1x11x1
- BU2X,X]]
o X Uy,..., X, U, iid k x 1 (Assumption I), mean 0, variance Q2 finite and p.d. (Assumption IIT).
o Multivariate CLT (Lecture 8):

1 n
— XU, N(0, E[U2X.X"
\/’ﬁ; LUL —d (07 [UZQz z])

Limit of \/n(3, — f8)
+ We will use, without proof (Cramér convergence theorem): A, —, A, A non-random, and Z,, —, Z:

A, Z, =4 AZ
e The two limits:

R n 1 n
Vil =)= (3L XXT) = XU 4 Q N 0.9
=1 S =1

=, QL —4N(0,9Q)

o Linear map of a normal vector (Lecture 4):
W~N(uY) = TW~NTpy I'SCT)
c T=QHQ=EXX/]=Q7, 50 Q) =Q"

QIN(0,Q) L NQ -0, Q7I(Q )
= N(O, Q*IQQ*I)



Asymptotic variance

e Theorem. Under Assumptions I to III:

VB, —8) =4 N(0, (B[XX]]) E02XX]] EB[xX]]) )

AsyVar(3,,)

AsyVar(3,) = Q'QQ ' (sandwich)
o CDF form, for all a # 0 and t € R:

P(a"Vn(B, —B) <t) = (I)<\/aTQtlm)

s a=e;j, element j:

\/ﬁ(ﬁn,j —Bj) = N(0, [QilQQil]jj)

Homoskedasticity
e Suppose:

E[U?| X;] =0? (homoskedasticity)

e Law of iterated expectations:

Q=E[U?X;X]]
=E [E [UiZXinT \ Xi“

E

E[U? | X] XZ-XJ]
70.2

= o’E[X;X]]

=02Q

e The sandwich collapses:

AsyVar(3,) = Q1QQ*
=Q '(c*Q)Q!
— 0_2Q71

e Therefore:

VB, — B) = N(O, 2 (E[X;X/] )_1)

Finite sample against large sample

o Normal errors (Lecture 4, Assumptions 1 to 5), exact for every n (requires stronger assumptions), a # 0:

Y =XB+U, U|X~N(0,0)
= B, X ~N(8, c2(XTX)™)

= PG 0 =8 )




o Homoskedastic errors, large sample, a # 0:
Assumptions I and II, E[X,U;] =0, E[U?|X;]=02>0

= P(aT\/ﬁ(ﬁn—ﬁ) <t)— P ! -
<\/o2aT(E X, X7]) a)

e General, large sample, a # 0:
Assumptions I to III; Q =E[X,X]], Q=E[U?X,X]]
~ t
T _ < s
= P(a"Vn(B, 5)_t)—>¢<\/m)

Estimation of the asymptotic variance

The estimator Vn
e Unknown:

V = AsyVar(,) = Q710Q
Q=E[X]], Q=E[U7XX]]

o Estimator, sample averages in place of expectations:

Vo =Q,'0,Q,"
. @n: weak LLN, then Slutsky (Assumption IT):

. 1
Qn:EZXinT —>pE[XiXiT] =q

i=1

le -, Q!
. Qm residuals U, in place of Uj:

0, = z 72X, XT

S|

o Residual and error, 7 fixed (continuous mapping theorem, without proof):
= X]B+U;— X B

=Ui+X] (B—5,)

N1/

—p0

n

= U, -, U,
= U12+U22—>pU12+U22

Can we use the LLN on Qn?

¢ Definition. Small Op:

Z,=o0,1) <= Z,-,0



¢ One o,(1) term for each i, U,=U,+ 0L (1):

>

N
N

<
4‘

Sl 3= 3|+

S
(U +05(1))" X, X,

[I-~

UZX, X +o0,(1)

M 1 1

<
Il
_

e Y., 0b(1) can be large.

e Weak LLN? Summands not iid:
ﬁi = Ui_XzT(/BAn_ﬁ)
random

. ﬁl and 02: correlated via Bn

Matrix norm

e To show:

_1 Y URXX] -, E[UX,X]] =9, Q. X.x7
pt ) P 7 1401 k ka

3

o Frobenius norm, chk (Euclidean norm of the k? elements):
X

1A= 4 ;SZA

tr(ATA)

o Element by element <= in norm (Lecture 8); to show:

[C——
kxk

Expansion of Qn

« Substitute U; = U, — XZT(BAH — B); square, (a — b)? = a® + b* — 2ab:

1N -~
0 :*E U2X. X!
n 4 1 K3 3

nz 1
U’i
1 n R 9
== U — XTI — X. X
52 U HES 8)) XX,
=%Z(U2 (X[ (B, =) —20.X] (B, - B)) X, X]
=1
1< 12
:E; E; XTB *B XXT
—2% N (UXT (B, — )X, XT



o First term, weak LLN, © finite (Assumption III):

1 > U2X,X] -, E[UIX,X]] =Q
n ':

e To show: the other two terms = 0.

Cross term: triangle inequality

 Triangle inequality, |a + b| < |a| + ||b]; then |cA| = |¢| |A] for 1 x 1 ¢; then |ab| = |a||b] for 1 x 1 a, b:

H— > UXT (B, - N XX <

ZH U,X7 (B, - B8) X, X[

1x1

1< -
> U XT (B, - B 1X,X]|
ni=

1< 5
~ > IUX] (B, = B1X.X] |
i=1

Cauchy-Schwarz and | X, X/ |
e Cauchy-Schwarz:

X7 (B, — B < I1X:118, -8l

. kAk X, X =A"; tr(BC) = tr(CB):

1X, X7 = \/tr<XiXJ X,X])
X X] XX/
AT A

=X

- \/tr (X, XX, X7)

tr (Xi X117 XD

1x1
] tr (X3.X7)
= | Xilly/tr (X3X])
= | Xilly/tr (X X5)

= X IVIX]?

= | X[

Cross term —, 0

o Cauchy-Schwarz and | X, X | = | X,]?:

H— N (WX (B, - 8)X.X]|| <

-~ Z Uil X7 (B, = B)] 1X,X] |
i:l

1x1

I/\

*Z Uil X] llﬁn Bl ||2

7411><

¢ Z 1X)2 ) nB: i

= Bl 1X;1°]



e Weak LLN, provided E [|U;| | X;|?] < co. Cauchy-Schwarz twice:
E ([T [1XI°] = B [JU] 1X] - 1X:17]
< JEUZIX,12] B1X]]

< VR BIXI B

e Assume:

E[Uf] <00, E[IX]"] < o0
o Slutsky, bound —, 0; non-negative norm:

» 0

Hf S (w.x] B, - )X X]| -

Squared term —, 0
o Triangle inequality and |cA| = || |A||, then Cauchy-Schwarz and || X; X, || = || X;|*:

1 n
H— > (X[ (B, —B) x.X] ng (X7 (B, — ) 1X:X] |
a1 i=1
1
< LS IXIRIB, - B 1X
i=1
1<& ~
= (=X ) - 18, — B
" i=1 —p 0

—p B X[ <00
o Slutsky, bound —, 0; non-negative norm:

H’ XTﬁ -9) XXTH—> 0

Q, =, Qand V, =,V

e Three terms:

1< ~ 2

—p0

o LS wxy 6, - pyxx)

—, 0

1 n
==Y UZX,X] +o0,(1)
n =1

~p E[UEXiXiT]:Q

—>pQ

o Theorem. Under Assumptions I to III, E [U}] < oo and E [| X;|*] < oo, with or without homoskedasticity:

V,=Q;'0,Q," =, Q0@ =V | (Slutsky, Q;' —, Q1)




Robust and usual standard errors

Robust standard errors

o ~: approximately distributed, for large n:

VB, —B) AN, V) = B~ N(ﬁj, [V]jj)

n

o Definition. Robust (heteroskedasticity-consistent, White) standard error; @n = %X TX:

std. err,., (an)
[Vn]jj/n

\/i (XTX)L %i T2X X - n(XTX)_l]

« Lecture 2, heteroskedastic errors, Var (U, | X) = 02; U2 in place of o2:

Var (6] X) = (X7X) (ZU2XXT)(XTX)

t-ratio with robust standard errors

+ We will use, without proof (Cramér convergence theorem): Z,, —, Z, ¢, —, ¢ # 0, ¢ non-random:

z, Z
o e
« Slutsky, F o V/[V]5 >0 (V p.d); va(B, ; — B;) —a N(0,[V],):
B — B B — B
std. err,.,(5,.;) m
_ VB —8)
\/ [‘A/n]jg
N N0, [V]y;)
VIV
2 N(0,1)

e Asymptotic confidence interval:

Cll—a = ﬂn,j - Zl—a/2 std. errrob(ﬂn,j)’

/én,j + 21_q 2 std. err,g, (57”)]

10



o Coverage, t-ratio —,; Z ~ N(0,1):

P(B;€CI_,) = P(‘W‘ < Zka/z)

Usual standard errors

e Lecture 3:
std. err(@n,j) = 52[(XTX)71]37" o= n i k= ?

o Interms of Q, = LXTX:

1 —1
52( XTX)

2xTX—1: -
2(XTX) -

Q!

SI—=3I

e Usual: s%};l, built for 02Q~! (homoskedasticity); robust: Vn, for V:

std. err(, ;) = [s%};l}jj/n, std. err, (8, ;) = [Vn]Jj/n

2 > B[UZ]

« U, =U, — X/ (B, —B); UX] (B, —B) = (B, — B)TX,U;; E[U2] < \/E[U} < o0; weak LLN, consistency,

Slutsky:
Ignry 1 3 2
E;Ug:ﬁZ;(Ui_X?(Bn_ﬁ))
1 & 1 .
ZE;Uf—Qg;UiXﬂBn—ﬁ)
3 (G- )
=1
Iy, iy xw
nZ:1 i n ni:1 1Y
R 1 oA
+ B =07 (- Y X XT) (B~ B)
i=1
—, E[U2]=2-070+07Q0
=E[U7]
* nﬁk_>1

o I5mp
s_n—k: n;Ul
S, 1-E[UF] = B[]

o Homoskedasticity, law of iterated expectations:

E[U2) =B [E[U? | X)]] = o*

11



Homoskedasticity: robust and usual agree

« Both estimators of AsyVar(3,) = 02Q " consistent:
¥ -100-1 — 5201
Vi =, @ QQ7 =0°Q
SQQ;I _>p U2Q—1
« Ratio of the two standard errors, Slutsky, o*[Q~'];; = [V];; > 0:

std. errmb(ﬁn ) W

»J
std. err(ﬁn_j) [82@51]”‘/"
[s2@Q1];
o? [Qil]jj

\ 2@,

o Therefore:

std. err,p, (B, )
- =~ 4)

»J 1
P
std. err(3, ;)

o Usual t-ratio, 4,72, —, AZ:

n,j) . ﬂn,j - BJA
std. err(f3,, ;) std. err(B, ;) std. err,, (8, ;)
—pl —a N(0,1)

—d N<07 1)

ﬂn,j - /8] . Std. errrob(

Heteroskedasticity: usual standard errors fail

o Without homoskedasticity:

Q' =, E[U7] Q' #Q7'0Q =V (in general)

o« Example, k = 1, no intercept: Q = E[X?], Q@ = E[U2X?]:

_BlUEx?  E[UF]
®[x7])" B
,_E[U?] _E[U2x?} —E[U?] E[X}]
B ®[x7])°
_ Cov (U2, X2)
®[x3])°

o Cov (U2, X?) > 0, errors more variable where |X;,| is large: usual standard error too small.

» Robust: I7n —, V with or without homoskedasticity.

12



Normality: exact and asymptotic

e Normal errors (Lecture 4, Assumptions 1 to 5):

U| X~ N(0,02I,)
— B,] X ~N(B, 02(XTX)™) for every n

e Variance of \/ﬁ(én — f) given X, and its limit under Assumptions I and II:

Var (Vi(3, - B) | X) = nVar (3, | X)
= no?(XTX)!

o o2 estimated by s? (typed notes, Lecture 4):

M ‘X ~t, , foreveryn
std. err(ﬁmj)

bnk,1-a/2 ™ Z1—a/2

« Normal errors are homoskedastic, so robust and usual agree in large samples (E [U}] = 30*, E [| X;|*] < o0):

E[U? | X] = [01,], = o
— B[U?|X]=E[E[U? | X]| X = o?

std. err,,(B,,.,)
- W

J
std. err(B,, ;) b

n,j

1

Usual and robust standard errors compared

« Validity of the t-ratio (large n: conditions for f/n =, V)

Errors Usual std. err Robust std. err
Ul X~ N(0,0%L,) exact, t,,_j large n, N(0,1)
E[U? | X,] = o? large n, N(0,1) large n, N(0,1)
E[U? | X,] depends on X; invalid in general large n, N(0,1)

e Rows land 2, %, ;1 o5 = 21_q/2 and std. err,,,/std. err —, 1; the three intervals agree in large samples:

usual, exact (row 1): ﬁ:w» £ty 1-a)2 Std. err(ﬁAn’j)
usual, large n: ﬂAnJ + Z1_q o std. err(BAn}j)
robust, large n: Bn,j + 2o std. erryy, (Bn])
Summary

Consistency and asymptotic normality

~ —1 .. ~
« B,=B+ (X XX]) LY X,U;iid, E[X,U;] =0, E[U?] < o0, E [X7,] < o0, E[X;X]] pd. = 5, =, 8.
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~ -1
. VB, —8) = AL X)) LT XU,
« Assumptions I to Il = /n (3, — 8) =4 N(0,Q7'QQ™Y), Q = E[X,X/], Q = E[U2X,X]].
« B[U2] X,] =0 = Q=02Q, AsyVar(§,) = 02Q".

Variance estimation and standard errors

e Q,=23U2X,X] +0,(1) under Assumptions I to IIL, E [U}'] < oo, E [|X,[*] < o0; V,, =, V.

o std. errmb(ﬁn)j) = \/[(XTX)—l(ZﬁinXiT)(XTX)—l}jj; t-ratio —, N(0,1); BA,” + 21_q/28td. err,gy,: cover-
age - 1 —a.

o std. err(8, ;) = [52Q;1]jj/n, s> =, E [U?]; homoskedasticity: std. err,,/std. err —, 1.

o Heteroskedasticity: 526.?;1 —, E [Uf] Q! # V in general; only the robust standard error is always valid.

o Normality: Var (\/ﬁ(ﬁn —0) | X) = 02Q;! —, 0°Q"; usual t-ratio exactly ¢, , tok,1—aj2 — Z1_aj2; ho-

moskedastic, so std. err,,/std. err —, 1.

14
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