Lecture 8: Asymptotic theory

Economics 527: Econometric Methods

Vadim Marmer, UBC

Convergence in probability

OLS as a function of sample averages

e Model and OLS estimator:

Y,=X/B+U, f= (zn:XinfZXiYi
=1 A

e Normal errors, exact distribution given the regressors:
Ui | X; ~ N(0702)

= B|X,...X, ~N<57 UQ(iXinT)il)
=

e Without normality, write OLS in terms of sample averages:
. 1 n . 1 1 n
(> X)) S>oxy,
p (n; v n,; v
e Use approximations; all limits below are as n — oc.

Limit of a non-random sequence

¢ Non-random sequence:

{a, eR:n>1}
1x1

o Definition. a, converges to a, a,, = a, a = lima,, if for all € > 0 there is NV, € N:

la, —a|l <e foralln> N,

e a: good approximation of a,, for all n > N,.

o Sequence a,, with bands a + ¢ and a+¢’, €’ < e:
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Estimator as a random sequence

o 0 :

. estimator of f from n observations; random sequence:

{én 27121}7 én:én<w>7 weN

1x1

« OLS from n observations: 3, = f,,(w), random.
e Non-random sequences from én; apply the definition of a limit to them:
Moments, 7 >0: a, =E [|§n — 9|T]
Probabilities, § > 0: a,, = P(|0,, — 0] > 6)

Convergence in r-th mean

e Definition. én converges to 6 in r-th mean, r > 0, if:

E [0, —0]"] —0

e a,=E [|§n — Q\T] — 0: for all € > 0 there is N, € N:

E [0, —0"] <& foralln> N,
o 7 =2, mean squared error (MSE):

Definition of convergence in probability

e Non-random sequence, § > 0 fixed:

a, =P(|6, — 0] > 9), n>1

¢ Definition. én converges in probability to 6, én —, 0, if for all 6 > 0:

P(|6, — 0] > 8) =0



e Equivalently, for all § > 0:

P(|d, — 6] < 6) = 1—-P(]d, — 6] > )
-0

—1

Densities of én as n grows
« Example: densities for 6, ~ N(6,1/n).
« Shaded: P(|6, — 6] > 6).

. én —, 0: distribution of én more concentrated around 6.

Markov’s inequality

e Markov’s inequality connects tail probabilities to expectations; the core device for establishing convergence in
probability.

e Theorem. X: random variable, M > 0:

E[1X]]
M

P(|X] > M) <



o Expectation of an indicator, X with density fx, split at
B(L(X) > M) = [ 1(e] > M) fx (o) do

-M
— [ el = M) p(o)da

M

+/?1W:2Mukwwx

=0 for |z|<M

+/M 1(\a:| > M) fx(x)dx

M
X <—M)+P(X > M)

(X[ > M)

=/ et [ fle)de
P(
P(

e Split 1 into two indicators:

= 1(X| = M) + 1(X| < M)

o Expectation of | X|:
E[lX]]=E[X]-1]
= E[[X](1(X] = M) + 1(|X] < M))]
= E[X[1([X]| = M)] + E[|X]1(]X] < M)]

>0
> E[|X]1(X| > M)]
>EMI(X] > M) e s 5
= ME[1(]X]| > M)]
= MP(|X| > M)
e Divide by M:
E[X]]
Pl X|>M) <
(1% > M) < =7

Convergence in r-th mean and in probability

¢ Claim.

E[|§n—9|r]—>0 for somer >0 = 6, — 60

n "~ ’p
e Markov’s inequality, for all § > 0:

P(ld, — 6] > 6) = P

—M and M:



e Therefore:

0 — 0

n p

Chebyshev’s inequality

o As on the previous slide, r = 2, Y — E[Y] in place of én —6,6>0:
P<|Y—E[Y]|>6><fEHY E[Y]P]

= 6—2 Var (Y)

Bias and variance tending to zero
e Claim. For an estimator én of 6:
1L E[A,] -6
2. Var (én> —0

= @n—>p9

¢ Recall:
B[, — 0)2] = Var (3,) + (B[3,] - 0)°

MSE Bias®

e Markov with r = 2, for all § > 0:

P(|0, — 6> 9) < [(én—eﬂ
(%(Var [Hn] —9)2)
—)Oby2 m
—0

o Therefore:

0 — 0

n p

Law of large numbers (LLN)

LLN for uncorrelated observations

e Theorem. X,,..., X,:

. random variables; for all ¢ and all j # i:

E[X,] =upu, Var (X;) = 02 < o0, Cov (X;,X;) =0
1 n
- n ZXi “p H
i

Proof of the LLN, step 1: mean and variance

e E [Xn] = i, so bias is zero:

1 n
:E;E[X

=u



e Variance of X, :

Proof of the LLN, step 2: Chebyshev’s inequality
+ Chebyshev with E [X,] = g, for all § > 0:

_ 1 _
P(1X, —pl>6) < ﬁvar(xn—u)
1
52
_10
T 82 n
—0

Var (X'n)

2

e Therefore:

Extension to different means
« E[X,] = p;, not constant; Var (X;) = 0 < oo; Cov (X;, X;) = 0 for i # j.
o Centre each X, at its mean:
Yi = Xi —E [Xi]
= E[Y;] =0, Var (Y;) = o2, Cov (Y;,Y;) =0 fori+j

g

e LLN for YV7,...,Y,:



Extension to different variances

e Y},...,Y : random variables; for all ¢ and all j # 4:

E[Y;] =0, Var (Y;) = E[V?] = 07 not constant
Cov (Y Y) =0

1) 7]

o Bounded variances, 62 not depending on n:

0? < max 032 < a2
Jj=1,...,n

« Variance of the average — 0 = + Z?Zl Y; —, 0, by Chebyshev:

1 ¢ 1 .
ar (n;Yl) = ﬁVar (;K)

IA
|
S
Y

n
—0
Extension to dependent observations

e Variance of the average, non-zero covariances:

1 n
ar (n;YZ> = nQZZCOV S ]

i=1 j=

|
ol
M:
<
=
=
+
ol =
NgE
Q
2
=
<

i=1 n i=1 j#i
1 n 1 n—1 n
_ ﬁz;\/ar(yl) +2 5 1 ‘ZlCov (Y;,Y;)
i= i=1 j=1

o Number of distinct covariances, order n?:

n?—n nn-—1)

2 2

o Triangle inequality, |a + b| < |a| + |b]:

ZZCOV Y ‘ ZZ’COV Y |

i=1 j#i i=1 j#i

if of smaller order than n?

—0

« Double sum smaller order than n?: for example, each observation correlated with only a fixed number of others,
with bounded covariances.



Example: Y, =¢, +¢,,;

(2

o £1,Eq,...: iid (independent and identically distributed), 0 < Var (g;) < 0.

e Neighbours share one ¢:

Yi=ei+ei
Yioi=¢ei +€i40

Yiio=¢€ioteis

o Covariances of Y; and Y;_;:

Cov (Y;,Y;,,) #0, Cov (Y;,Y;,,) =0 for h>2

Weak LLN for iid observations
o Independence instead of uncorrelatedness: finite variance not required.

e Theorem. X,,..., X, :

. iid random variables:

E[1X,]] < o0

_ 1M
= X, =- X. EIX
n n ; i *>p [ 1]
E[X,] :/ x fx(z)dr with density fy
—o0
e Stated without proof; this is the LLN we will use.

Vectors and Slutsky’s theorem

Convergence in probability of a random vector

o Estimator 5” and parameter 6, k x 1:

. én,l 61
o =1 1, o=|:
en,k 0k

Definition. én converges in probability to 6, én —, 0, two versions:

1. Element by element: én,j —,0; forallj=1,..k
2. In norm: ||én -0 —, 0, |z = \/m

e Claim. 1 < 2.

16, = 017 = (B0 — 01)2 + -+ (0,1 — 6)°

e 1 = 2: each element converges to zero, so the finite sum converges to zero.

e 2 = 1: non-negative summands; the sum converges to zero only if each summand does.



Sum of two sequences

o Claim. For 1 x 1 sequences én,l and én,Q:
é\n,l %p 913 én,Q %p 92
= én,l + én,Q —p 01+ 0,
e Triangle inequality, then a union bound, for all § > 0

P(|§n,1 + én,Q — (6, +6,)] > 9)
<P(|0,1 =0, +10,0— 05 >9)

- ) ~ )
< P10, =0 > 5 or 10,,—0s]>5)

01— 01] > g) +P(|§n)2 — 0y > g)

gP(
—0

o Therefore:

Oy + 0,0 —, 00 +0,

Slutsky’s theorem

e More general than sums: convergence is preserved by continuous functions.

e Theorem. én: k x 1; € R* non-random; h : R¥ — R™ continuous at 6; —, in norm:
0, —,0 = h(d,)—,n0)

o h continuous at 0: for all § > O there is n; > 0:

10, =0l <ns = [h(B,) —hO)] <

o Inclusion of events, then probabilities, for all § > 0:
{16, — 61l < ns} < {I1(6,,) — h(O)] < 5}
= P(0, — 0l < ns) <P(Ja(6,) —h(®)] <) <1
—1 (in norm)

= P(Ih(@,) —h(O)] <8) > 1

= | h(8,) =, h(0)

Examples: product, ratio
o 0,1 —, 04, én’Q —,, 023 element by element = in norm; Slutsky for product and ratio:

én,l émz —, 01 0,

énl 0 s
: %pé if 6, # 0

e h(6,,65) = 60,/05: not continuous at 6, = 0.

o Xy,..., X, iid, E[|X;|] < oo; weak LLN, then Slutsky for h(u) = u? and h(u) = 1/u:
- 2

(Xn)Q _>p (E [Xl] )

1 1 .
Z%Z)E[Xl] le[Xl]SéO




Example: inverse of a matrix

e X,: kx1,iid, E [X,;X,] finite; weak LLN, element by element:

1 n
- ZXin —, E[X,X]]

=1

o E[X;X/]: symmetric, p.s.d.
o Assume E [X,;X] p.d;; h(-) = (-)7': continuous at a p.d. matrix.

o Element by element = in norm, then Slutsky on the k? elements:
1 & -1 -1
(= xx]) =, (B[XX]])
i
Convergence in distribution

Normal distributions and ®

¢ Standard normal CDF":

() =P(Z<t), Z~N(01)

e For X ~ N(u,0?), 0> 0:

I
g
~~
s
|
=
IA
~
|
=
~—

_g(lTH
=*(5)
e Forany X, p € Rand o> 0:

P(th):@(ﬂ) forallt€R < X~ N(p,o0?)
g

Asymptotic normality
« 0,,0:1x1.

e Definition. gn asymptotically normal: for some w > O:

P(v/n(d, —0) <t) = P(W < 3)
— (I)(£> forallt € R
= w —, N(0,1)

=  /n, —0) =, N(0,w?)

o Convergence in distribution concerns distribution functions, not convergence of the random variables them-
selves.

e Approximate using the normal CDF; valid as n — oc:

P(Vn(@, —0) <t)~ @(f)

w

10



Why /n

e X,,..., X, iid, mean 6, variance 0 < 02 < oo; én = )_(n:

6, —0—,0 (LLN)

« Variance of 6, — 6 (proof of the LLN, step 1):

Var (én — 9) = Var ()_(n)
2

O3‘Q

N

e Scaled by /n:

Var (\/ﬁ(én — 9)) =nVa

(6, —9)

=

o2
=n- - —
n
:0’2
e Scaled by n™:
R n2a
V. “f. —0)) = —o?
ar (n 0, )) —0
:n2a710_2

00 ifa>%

— < o2 ifoz:%

0 ifa<i

Central limit theorem (CLT)

Univariate CLT

e Theorem. Xi,..., X, iid random variables:

E(X;]=0, Var(X;,)=E[X?] =02 0<o’<oc0

1 n
= — )Y X,—,N(0,0?
\/ﬁ; 7 d (70)
e CDF form, for all t € R:
1 <« t
= < -
P<\/7E;Xz_t)—>q)<0)
o In terms of X,
_ 1 &
X =—N"Xx. N(0, 02
\/77’ n \/ﬁ; i 7d (70)

Non-zero mean
o Xy, X, iid, E[X;]=p#0, Var (X;) =02, 0 < 0? < cc:

11



e Add and subtract u:

FYK fiaiuw;ﬁw
= 7R )+

1E[X #] 0 —4oo

N(0,02)

o CLT for X; — p, for all t € R:

P(VA(X, —p) <6) = P(via - S (X, — ) < 1)

|

o Therefore:

| V(X =) =4 NO0,0) |

Why 02 > 0
e Zero variance:

E[X;]=0, Var(X;)=0
X; =0 with probability 1

l

l

1
ﬁ;xi:o +4 N(0,w?) for any w >0

Proof of the CLT, step 1: moment generating function (MGF)
e MGEF of X, assumed finite for ¢ near 0:

M(t) = E [e™] 2[ e fy(z) dx

e Normal MGF:

X ~ N(p,0%) < E[e!X]=emt*/2 forallt € R

e One can show: MGFs converge for all ¢ = convergence in distribution.

e Need to show, for all t € R:

E |:et\/% PO Xi:| —y e t?/2

12



Proof of the CLT, step 2: product of MGFs
o Factorise, with M (t) = E [e!Xi]:

E {etﬁzzlxi} —E 6211 \/L%Xl]
—E {eﬁxl+-~+ﬁxﬂ
[t Xx X
=Elev""! x .- xevnTn
E

n

<E [eﬁxi} ) (identical distributions)
- ((7))

Proof of the CLT, step 3: expansion of M(t/\/n)

¢ Definition. Small o:

a, -0 < a, =o0(1) 0<i> _2 o(1)
n n ’ n - IL
-0

e M and its derivatives at 0:
M(0) = E [e'¥]

d
) tX;
dt [e ]

t=0

=E [X;e"]

(3

MW(0)=E[X;] =0

@) d?
_ tX,
M (t)_E[dth ]
E[Xfetxi

M®(0) =E [X2] = o2

¢ Second-order expansion around 0, then substitute the derivatives:

() = ar0) o) L 4 MO 22

2 42 2
o°t t
=14+0+—=—+—o(1
+0+ 5 —+ (1)
242 242
c ot ot
=loh =t -

Proof of the CLT, step 4: limit of (M(t/\/n))"

o We will use, for a,, — oo:

lim (1 + i)an =e

Anp,

13



o MGEF of ﬁ 27:1 X, from steps 2 and 3, t # 0, a,, = n/c,, — oco:

] o)
1+ C—")n

(45
)
|

n/cn qcn
(1+72)"]

—e

— e 12 (¢, — 02122, step 3)

e t=0: both sides equal 1.
o 7?2 MGF of N(0,02) (step 1).

e Therefore:

1 <& 9
%;X‘ %d N(O,U )

Limit (1+1/n)" — e
o I'Hopital’s rule in 1/n:
In(1+1/n) — lim 1/(141/n)
1/n 1
=1

lim

o Take logarithms:

In [(1 + %)n} = nin 1+ %)
_ In(1+1/n)
1/n
—1

= (14)" = emiasm
n

—el=e
o Same steps, 1/a,, — 0 in place of 1/n: (1+1/a,)* — e.

Multivariate CLT

e Theorem. X,..., X iid random k x 1 vectors:

’ n

E[X,] =0, Y =E[X,X]] finite and p.d.
! kxk v

1 n
— X, N(0,X

 Recall: linear map of a normal vector; a € R¥, a # 0:

W ~N(0,%) = a'W~ N(0,a Za)
kx1 1x1 1x1

14



o Equivalent statements (one can show):

1 &
= Xi —d N(O,Z)
Vi

= aT<% iani —4 N(0,a"Sa) foralla+#0
— P(aT(% Y Xi)gt)—wb(\/%) foralla #0, ¢t € R
i=1 a’ 2.a

Proof of the multivariate CLT
e Y pd.:

a'Ya>0 foralla#0

e Linear combination with a:
1 & 1 &
T (7 XA) = TX.
a a
VPR AP BLIES

e a'Xy,...,a" X, iid.

Recall mean and variance with I' = a', Var (X;) = E [X,X]] = %:

Ela"X;] =a"E[X;] =0
Var (a' X;) =a'Var (X;) a=a"3a

(2

Univariate CLT, 0 < a' 3a < oo:

1 n
N ZaTXZ- —4 N(0,a"Sa) for all a+# 0
i

1 n
= N E X, =4 N(0,%) | (equivalent statements)
i

Summary

Convergence in probability and the LLN
e a, — a: for all € > 0, some N, with |a, —a|] < ¢ for all n > N,.
e 7-th mean, r > 0: E [|én — 9|r] — 0; r =2: MSE.

« 0, —,0:P(f, — 0] >8) — 0 for all § > 0.

« Markov, M > 0: P(|X| > M) < E[|X]] /M; Chebyshev, § > 0: P([Y —E[Y]| > ) < Var (Y) /62

e r-th mean = — ; E [én] — 0, Var (én) - 0= én =, 0.

« LLN: uncorrelated, E [X;] = p, Var (X;) = 02 < 0o = Var (X,,) = 0?/n, X,, =, p.

« Y, = X; — E[X}], Var(Y;) < ¢° not depending on n, ), Z#i |Cov (Y;,Y

L3Y, =, 0.
« Weak LLN: iid, E[|X,|] < 0o = X,, =, E[X,].

15
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) | of smaller order than n
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Vectors and Slutsky’s theorem

e Vectors: 0, ; —, 0, for all j <= [|0,, — 0] —, 0.

Slutsky: 6, —, 0, h continuous at § => hb,) =, 1(O).

—1 _
X, iid, B [X,X]] finite and p.d. = (1 X,X]) =, (BIXX]]) .

Convergence in distribution and the CLT

Va0, —0) =, N(0,w?), w> 0: P(y/n(b, —6) <t) — (t/w) for all .

X, iid, mean 6, variance 0 < 02 < oo => Var (n®(X,, —0)) = n®>*1o?; a = i: variance o°.
CLT: iid, E[X;] = 0, Var (X;) = 0, 0 < 0% <00 = = 3 X; =4 N(0,07).

E[X,] = u, other conditions the same = \/n(X,, — ) —, N(0,0?).

Proof of the CLT, E[X,] = 0, MGF M(t) = E[¢/X:] finite near 0: (M(t/vn))" = (1+¢,/n)" — e /2,
¢, — o2t /2.

Multivariate CLT: iid k x 1, E[X,] =0, £ = E [X,X/] finite and p.d. = ﬁ X, =4 N(0,%).

Equivalent statements: ﬁ X, =4 N(0,Y) = ﬁ Ya'X; =, N(0,a"Sa) for all a +# 0.

16
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