Lecture 7: Omitted and irrelevant regressors

Economics 527: Econometric Methods

Vadim Marmer, UBC

Long and short regressions
Model and two estimators of 3,

o Two blocks of regressors, k; + ky = k:
Y=X 6 +Xy, f +U, X=[X, X,]

nxk; kyx1 nxky koyx1

e Assumptions 2, 3 and 4:
E[U|X,,X,]=0, Var (U | X, X,) = 0?1, rank (X) =k

o “Long” regression Y | X, X,, controlling for X, (FWL):

51 = (X My X)) ' X MY, My =1, — Xo(X] Xp) ' X5

o “Short” regression Y | X;, not controlling for X,:

g1 = (X{ X)) ' X|Y

Short against long in the sample

o Long regression’s fit (third lecture):

Y:X131 +X232+U

o Substitute into ,81:
B = (X] X)) X{Y
= (X1TX1)71X1T(X1/§1 + X2B2 + 0)
= B+ (X] X)X XoBy + (XT X)) XTU

——

=0

=| B+ (X{ X)) ' X] X,

+ B3, in general
51231 ifXIXzzo
Omitting a relevant regressor

Signal, bias and noise

o True model, estimated by the short regression Y | X;:

Y:X151+X252+U7 527&0



e Substitute the true model into 5’1:
51 = (X{ X)) 'X]Y
= (X{ X)X (X By + X8, + U)
= B + (X[ X)) 1X] X,8,+ (X] X)) 1X][U

signal bias noise

e Conditional mean of 51, by Assumption 2:

E [51 | XlaXZ] =By + (X X)) 71 X] Xo o + (X{ X)) 'XT E[U | Xy, X

=| B+ (X{ X)) X Xy,

bias

# [, in general

e Bias =0 if:
1. By=0
2. XIX2 =0

Example: return to education, ability omitted
o Wage equation, k; = ky = 1:
In Wage, = Education; 3, + Ability, 8, + U,

Xin X2

e [3;: return to education; 5, > 0.

 Suppose X| X, > 0:

X[ X, = Education, - Ability, >0
=1

3

e Sign of the bias, three positive factors:

+
Bias = (X X;)™' XX, 3, >0
Nt St VAt Yt
+ +
= E [51 ‘XlaXZ] >

¢ Return to education over-estimated.

Variances of the long and short estimators

Two conditional variances
o We will use, for I'' a function of X, X,:

Var (TU | X,, X,) =T Var (U | X;,X,) T'T

e Short regression, by Assumption 3:

=0

Var (B, | X,, X, ) = Var (8, + (X] X)) 71 X] X,8, + (X{ X)) IX[U | X, X,)

= Var (X{ X,) ' X[ U | X1, X))

= (X] X)) "X Var (U | X}, X,) X, (X] X,)™!

=02],

= (X[ X!



e Long regression:

Var (B, | X,, X,) = Var (B, + (X] M X)) 'X] MU | X, X,)
= Var ((X{ MpX,) 7' X[ MU | X1, X,)
= (X] MpX,) ' X| My o? I, My X, (X] My X))~
=0 (X| MpX,) ' X{ My M, X (X My X))~
22l

=XTM,X,
= 0% (X MyX,)™!

Larger variance for the long regression
o Claim. For §, # 0:

Var (8, | X1, X,) = Var (8, | X, X,) > 0 (ps.d)

o Difference of the two variances:

(M2T = M2>

Var (Bl | XlaX2> — Var <51 | X17X2) = o?(X{ My X)) = o?(X{ X))
= o [(X{ My X,) ™ — (X[ X,) 7]

e Need to show:

(X{ M, X)) ' — (X[ X)) >0

Proof, step 1: inverses to matrices
e Scalars a,b > 0:

1 1
b—a>0 <= -—-——=-2>0
a b

e Claim (homework). For A, B p.d.:

B—A>0 < A'-B1>0

e Apply the homework claim, A and B p.d. by Assumption 4:
(X Mo X)) — (X[ X)) >0

A-1 B—l
= X[X,—X]M,X, > 0
B A

Proof, step 2: X| P, X, p.s.d.
o Rewrite the difference, I,, — M, = P,:
X[ Xy — X{ My X, = X[ (I, — My) X,

= X[ X, Py = X5(X5 X)Xy

¢ P, p.s.d. = quadratic form of X| P, X, p.s.d., for ¢ € R*1:

"X P,Xjc=w"Pyw > 0, w=X;c

e Therefore:
XlTXl—XlTMQXlzXlTPQX1 >0
= (X{M,X) ' —(X{ X)) > 0 (step 1)

= | Var (B, | X,,X;) — Var (B, | X, X,) > 0




Why controlling for X, increases the variance
o X/ M,X, in terms of )N(lz
XM, X, = X[ M] M,X, (symmetric, idempotent)
22 =
bl X,
_ %%,
)~(1 = M, X, residual from regressing X; on X,.
Conditional variances of 31 and 51:
Var (Bl | X17X2> = o (X{ My X,)™

= o2(X] X))
Var (ﬁl | X1aX2> =o’(X] X))

X] X, against X] X, from step 2:

X[x,-X]X, >0

)?I)N(lz variation of X; not explained by X,.

Adding X, = variance 1.

Bias against variance

o If By #0:

B, : unbiased, larger variance

B, : biased in general, smaller variance

o Estimates from repeated samples, k; = 2; cross at the true f;:

A~

B

B+ .:. .




e« 0:

1x1

Mean squared error (MSE)
) : estimator of 0y -

1x1

e Expected loss, add and subtract E [é]

E[(6—6,?] =E [(é ~E[0] +E[0] - 90)2}
B [6-E[8)] + ®[7] -0

£ 2B [0 B [7])(E [7] - 6]
e Cross term, E [é] — 6, not random:

E[(0—E[0])® [0] —6,)]

_
=0
e Therefore:

E[(0—0,)2] =E[(0—E[0])2] + (B [8] — 0,)
MSE Var(é) Bias?
¢ A biased estimator can have a smaller MSE.
Estimated variances
Two estimated variances
« Long regression, U=Y — Xl/él - X252:
Var(R 2(yT —1 2 UTU
Var(By | X, X,) = s*(X] MyXy) ™, =T
e Short regression, U=Y — Xlﬁlz
~ NT 7
Var(f; | X;, X,) = 8(X{ X)), § = vy
n—=k;
e Standard errors, j-th entries:

std. err(BALj) = \/52[(X1TM2X1)*1]M,
std. err(fy ;) = /82[(X] X;) ]

Jj
o Third lecture: E [s? | X, X,| = o2
e Sums of squared residuals, in every sample:

U'U =Y = X, — Xof3|?
<Y — X6

=070



e In terms of s2 and 5%

2 UT
n—k
2 _ U'u
n—=k;

o Two estimated variances, factor by factor:

@(61 | X17X2) = 5_,2 (X1TM2X1)_1
E[s?[X1,X;5] =02

bigger
Var(8 | X, X,) = §2 (X X,)
E[5?|X1,X5] 202 smaller

Proof that E[5* | X, X,] > o2
e M, third lecture:
My =1, — X, (X] X)) ' X{

o M;: symmetric, idempotent, p.s.d., M; X; =0, tr(M;) =n —k;.

o U under the true model:
U= Y_Xlgl
=MY
= M1 (Xlﬁl + X252 + U)
= ]\ﬁ/& B+ My X558, + MU
=0
= M, X,8, + MU

e We will use, for a,b € R™:
(a+b)T(a+b)=aTa+b'b+bTa+a’b
b
=2a
=a'a+b'b+2a'b

Sum of squared residuals:

o T
U'U = (M, X85+ MU ) (M, Xy, + M,U)
a b

= BIX] M, XoBy + UT MU + 28] X] MU (M M, = M,)

Conditional mean of "/ term by term, trace argument (third lecture):
E[UTU| X,,X,| = 8] X] M, X,8, + E[UTM,U | X,, X,]
=o2tr(M,)=02(n—ky)
+28; X3 My BE[U | Xy, X,
N — e
=0
= B3 Xg My X585 + 0*(n— ky)

Divide by n — k;:
E[UTT| X, X,)

E[§2|X17X2}: Tl—kl
—| o2y B3 X3 My Xy
n—ky




o 52: biased upward in general.

Including an irrelevant regressor

Irrelevant regressor: both estimators unbiased

o True model, estimated by the long regression Y | X;, X,:

Y =X+ X5B,+U, py=0
— Y:X1,81+U

e Short regression:

gl = (X X)) X| (X8, +0)
=6+ (X] X,)'X[U

e Conditional mean of 51, by Assumption 2:
E [ﬂ1 | X17X2] =f
e Long regression:

51 = (X] M, X,)"'X| My (X, 8, + U)
= 01 + (X] MyX,) "' X[ MU

e Conditional mean of 51, by Assumption 2:
E [Bl ‘ XlaXz] =p
Irrelevant regressor: variances
e Same conditional variances as for g, # 0, by Assumption 3:
Var (51 | X1, X2> = o (X MpX,)™!

Var (51 | XlaX2> =o?(X] X))

e By the Claim on the larger variance of the long regression:

Var (B, | X1, X,) — Var (8, | X, X,) > 0

52 and s? both unbiased, trace argument, tr(M;) = n — ky, tr(My) = n — k:
E [§2 | X17X2} =k [52 | X17X2] = 02
Two cases: [, # 0 and 5, =0
 Suppose X X, # 0:

a. By #0 = 51 : biased in general

b. By =0 = Bl : larger variance than 51



Orthogonal regressors

Orthogonal blocks: M, X, = X,
 Suppose X| X, = 0:

X/X,=0 <= columns of X; € S*(X,)

e Then:

M,X, = X, — P, X,
=X, — Xo(X5 X,) 1 X, X,
-0

o Exactly orthogonal dummies, high school (HS) and college (C), &,

X, 1 = 1(Education, = HS)
X, 5 = 1(Education; = C)

)
e Never both equal to 1:
X;1X;2=0 foreveryi

= X[ X,= ZXM Xi2=0
=1

Same estimate, same variance
o Estimators coincide, by M, = M,:

-1

31 = (X1T M2X1) XlTMz Y
=X =(MyX,)T=X]
= (X{ X)) XY
=5

« Both unbiased:

E [51 | XlaXQ] =E [51 | X17X2] =p
e Equal conditional variances:

Var (Bl |X1,X2> = o?(X] MpXy)™!
=o?(X] X))
= Var (51 |X1aX2>

o X/ M,X, against X| X:

X[ X, — X[ MyX, >0
X[ M,X, = X] X, if X]X,=0

Adding X, with X] X, =0 = variance unchanged.



Which regression to run
o X/ X, = 0; two options: long Y | X;, X,, short Y | X;.

e Short regression’s error:

Y =X5+ X568, +U
_‘}—/

o M, X, = X,, by the same chain as M, X; = X;.
o Short regression’s residuals keep X, [,:
U = M Xo B + MU
= XoB, + MU

o U in terms of the long regression’s fit, 31 = 51:

ﬁ:Y*Xlgl
:Y_X1B1
:X232+ﬁ

. XQBQ: not removed from U.

Controlling for orthogonal X,: smaller estimated variance in general
« E[32] X, X,] with M, X, = X,:
2 BJX;M1X2ﬁ2
+ s £ - £ 2
n—ky
24 B X5 X5
n—Fk;
_ oy AP
n—=k;
>02=E[s?| X, Xy] if Xp8, #0

E[§2 | XI’X2} =0

o Estimated variances, same estimate 3, = f3;:

@(Bl | XlaX2) = 52(XIX1)71
Var(B, | X, X,) = 8(X{ X;) !

o Short regression’s estimated variance: biased upward if X,3, # 0.
o —> Use ffl, the long regression.

o Fourth and fifth lectures: std. err |=— confidence interval length |, power 1.

Summary

Omitted and irrelevant regressors
o In every sample: 51 =B, + (XlTXl)’leTXQﬂAQ; equal if X X, = 0.
« B[] X, X5] =By + (X[ X)) ' X[ X, 3, bias = 0if B, =0 or X[ X, =0; E[B, | X;,X,] = 6.

» Var (51 |X17X2> = o (X{ MyX,) ! = o*(X{ X;) !, Var (51 ‘ Xlaxz) = o?(X{ X))



X[ X, — X[ M,X, = X B,X, > 0= Var (6, | X;,X,) — Var (3, | X,,X;) >0.
By # 0= 51 unbiased, larger variance; 51 biased in general, smaller variance.
MSE = Var (f) + Bias”.

By = 0 => both unbiased, 3, larger variance; E [s2 | X;, X,] = E[52 | X}, X,] = 02

Estimated variances and orthogonal regressors

Var(By | X1, Xp) = $2(X] MpX,) 7Y, 52 = UTU/(n—k); Var(B, | Xy, Xp) = (X[ X)), 8 =TT/ (n— ky);
UTU< UTo.

U= M, XoBy + MU; E [3° | X1, Xo] = 0% + B3 Xy My X8,/ (n— k) > 0° = E[s* | X}, X,].
X[ X, =0= MpX, = X; = B, = B, and Var (Bl | X1aX2> (51 | X1aX2> = o (X] X))

XXy =0, Xofy # 0= U = X8y + MU, E[3%| X1, Xy] = 0% + 8] X] Xo8,/(n — ky) > 02 = use f3,, the

long regression.
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