Lecture 6: Effects at quantiles and quantile regression

Economics 527: Econometric Methods

Vadim Marmer, UBC

Effects at the mean and at quantiles

Effect at the mean

¢ One regressor:

Y, =5+ 6, X, + U, EU; | X;] =0

o Effect for the “average” individual, with U; = 0:

8, = By + b1 X;)
te X,

K2

e Under normality:

U; | X; ~ N(0, 0?)
= EY[X)]=58+5X;

o Average effect: 3.

Conditional quantile ¢} (X,)
o z for Z ~ N(0,1):

PZ<z,)=r, 7€(0,1)

« Definition. ¢¥ (X;), the 7-th quantile of Y; given X:
P(Y; </ (X;) | X;) =7

o Claim.
ar (X;) = By + B1X; + a7 (X))

e Claim. Under U, | X; ~ N(0, o?):

¢ (X;) =0z

T



Verification
o Check that 8, + 8, X, + 0%, is the 7-th quantile of Y; given X;:
P(Yz <Bo+BiXi+ oz | Xi)
a7 (X;)
P(Bo + 51X, + U; < By + 81X, + 02, | X)
P(U; <oz | X;)
P

g
N(0,1)

=

Same effect at every quantile

o Therefore:

‘ (X)) =By + 5 X+ oz,
=By toz)+ 51X,

o Effect at the 7-th quantile:

const.
0qY (X;) 0By + B X, + 0z, |
ox, X,

=5

o Same effect 8, at every quantile and at the mean.

o For example, z; o5 ~ —1.64:

Q@os(X;) ~ By + 51 X; — 1.640

Equal spread and parallel quantile lines

o Densities of Y; given X; = x on By + 12, and ¢} 75(z), ¢t o5(7):



Z1 €2

Heteroskedastic normal model

e Suppose:

U; | X, NN(Oa Uz(Xi) )

not const.

= ‘ 0l (X;) = By + B X, + 0(X)) 2,

o Exponential scale:

U(Xz) = Yot X;

e Effect at the 7-th quantile:

0qY (X;)  0[By+ B X; +0(X;) 2]
0X; 0X;

Jdo(X;)
0X;

HevotmX;

0X;

?

:/81+ZT

:61+Z‘r
>0 if v,>0
——

=p+z oX;) m
N2

ev0tr1X;



Effects above and below the median
o Sign of z_:
z, >0 ifr>05
25 =0
2. <0 ifT<05
z, —+—00 asT—0

e Suppose v, > 0:

> if 7> 0.5
oY (X,) honT
T:ﬂl‘i’ZTU(Xi)’yl :Bl if T=0.5

’ < B ifr<05
e At the median:
@ 5(Xi) = Bo + B X,
=E[Y; | X}]

Where heterogeneity comes from

o Given X, a distribution of U;:

E[U, | X;] =0, but U; and X; not independent

¢ Scale times a standard normal:
U, =0o(X;)e;, g; | X; ~N(0,1)
= (X)) =By +5X +0o(X))z,

o Individual at the 7-th quantile of Y; given X;:

Ei - ZT
= Y, =0+ X, +o(X,)z,
= qf(Xi)

Widening densities and fanning quantile curves

o Densities on 3, + B, then ¢ () and ¢f ,():



(I())jx(flf)

Bo + Bz

Q())jz(flf)

xy T2 Zs3

Quantile regression

Quantile regression without normality
 Explain ¢¥ (X,) instead of E[Y; | X,].
o No model for o(X;).

e Mean as an optimizer:

E[Y,] = argmin E {( Vv _ )2}

3
Rﬂu ceR 1x1  1x1

o Definition. Check function, 7 € (0,1):
pr(u) =u(r—1(u<0))

e Two branches:
u<0 = p.(u)y=(T—-1Du
u>0 = p(u)=71u

« Definition. ¢, the 7-th quantile of Y;:

P(Y;<q) =7

e Quantile as an optimizer:

) =argmin E[p(Y; - ¢)]
ceR



Median: 7= 0.5
¢ Check function:

po.5(u) = u (05— 1(u < 0))

B —%u ifu<O
N %u ifu>0
1

:§|U|

e Median as an optimizer:
qgjﬁ = argmin E [p, 5(Y; — ¢)]
ceR

= argmin E[|Y; —¢[]
ceR

<qy5) =05

2

P(Y;

Why “check function”
o Graph of p_:

slope 7 — 1 slope 7

e 7 < 0.5: a check mark, v.

Mean regression as a minimization
¢ X, now the k x 1 vector of regressors, rank (E [X,;X]) = k; 8,b € Rk
e Population, then sample:

p = E[Y] = argmin B[(Y; — o)?

ceR
1 n
/i = argmin — Y, —c)?
¢ n;( )

¢ Conditional mean:

EY; | X;] = argmin E [(Y; — ¢)? | X}]

ceR

o Assume E[Y; | X,] = X/ 3

B =argmin E [(Y; — X, )?
beRF



« OLS:

1
B = argmin — E (Y, — X, b)?
beRk T T

Quantile regression by analogy
e Population, then sample:

g =argmin E [p. (Y; - ¢)]

ceR

= argmin — Z .Y,

ceR

o Assume ¢¥ (X;) = X/ B,:

8, = argmin E [p, (Y, — X b)]
beRF

e Quantile regression:

5 —argmmprT T —X,b)

beRF

o Estimated conditional quantile:
(ﬁ/ (X;) = XZT B~
o Koenker and Bassett (1978), Econometrica.

Median regression
o Assume ¢} 5(X;) = X By 5:
Bo.s = argmin E [pg 5(V; — X,'b)]
beRF

« Estimator, with py5(u) = 2 |ul:

505—argm1n *2005 Y, - X,/0)

beRF

= argmin — Z Y, — X, b|

beRF n i=1

o Estimated conditional median:

(j()J/.S(Xi) = XiTﬁAo.s

Summary

Effects at quantiles
 Normal, homoskedastic: ¢¥ (X;) = By + 5, X; + 0z,; 9¢¥ (X,)/0X; = B, at every 7, the same as at the mean.

o Normal, heteroskedastic: ¢¥ (X;) = By + 5;X; + 0(X;)z; with o(X;) = "X 9¢Y(X,)/0X, = B, +
z.0(X;)n-

e 7y, > 0: effect above 5, for 7 > 0.5, equal to 5, at 7 = 0.5, below 3, for 7 < 0.5.
e U=0(X))ep 6| X; ~N(0,1); ¢, = 2z, &= Y, = ¢¥ (X,).



Check function and quantile regression
e p(u) =u(r—1(u<0)),slope T —1for u<0and 7 for u>0; py5(u) = %ul.
e j=argmin, E[(Y, — ¢)?] and ¢¥ = argmin,E p, (¥, — o)].
e ¢¥(X,)=X/B.: B, = argmin, 1 27:1 p.(Y; — X]b) and ¢¥ (X;) = X, 3,; Koenker and Bassett (1978).

? i

e 7=05: 3,5 = argmin, i Z:.L:l Y, — X/ b|.
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