Lecture 4: Confidence intervals

Economics 527: Econometric Methods

Vadim Marmer, UBC

Normal estimator

Normal regression model
e Assumption 1. Y = X3 + U for some 3 € RF.
o Assumption 2. E[U | X] =0.
o Assumption 3. For some o2 > 0:

Var (U | X) =E[UU" | X]
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Assumption 4. rank (X) = k.

Assumption 5.

U\XNN( 9 , o2, )
EUIX] varu|x)

Distribution of B
e We will use:

V. ~N(p, 3)

px1 px1l PXPp
= A V4 b ~N(Au+b, ASAT)

mxppx1 mx

o Write B as a linear function of U and apply the result:

B=(XTX)XTY
=B+ (XTX)"'XTU
A

— | Bl X ~N(B, c2(X X))

One coefficient 31

e Apply the same result to the first coefficient:

BlX=[10-0]5|X

-
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Var(B\X)
~ N(eT@7 e] o2(XTX) 1 e )
1~ 1 1
1xk kxk kx1

— N(By, Var (B | X))



Partitioned regression
o Regressionon X =[ X, X, |:
Y=05 X+ X, By +U

Ix1nx1 nxky kyx1

o Third lecture, the OLS coefficient on X, with M, = I, — X,(XJ X,) 1 X, :

s X[ MY
VXM, X,
N —— e’
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Distribution of 31
e Under Assumptions 1 to 5:

S
/81 | ﬁl Xir M2X1
Generic estimator 6
e The regression example in generic notation, conditional on X:

0.2

I=f 0=Ph ST
1 2<*1

¢ Generic problem, an exactly normal estimator of 6:

0 ~N(0, u?)
1x1 Ix1 1x1

o w?: known.
o In the regression example: ¢ known = w? known.

e Probability that 9 equals 0:

PO=0)=0

Confidence interval

Coverage

o Definition. C'I,_,, a confidence interval with coverage 1 — ¢, is a random interval such that:
PeCl_,)=1—«
e Chosen in advance: a € (0,1), for example 0.01, 0.05, 0.1.

e Regression example:

P(BelCl_,|X)=1-a

e At least 1 — « is acceptable, less is not:

PeCl,_,)>1—«
PleCl_,)<1l—a« X



Symmetric interval

e Symmetric around é, with ¢ > 0:

CI, ,=[0—c, 6+

e Length of the interval:
lengthzé—i—c—(é—c)
=2c

e Problem: choose ¢ for coverage 1 — a:

l-a=P0ecCI_,)
ran;lom ranﬂom
:P(He[é—g,éJrg])
fixed fixed fixed

Standard normal quantile

o Definition. z_ is the fixed number such that, for Z ~ N(0, 1):

P(Z<z)=7, T1€(0,1)

o The 7-th quantile of N(0,1):

2. =®7 (), O(z) =P(Z<2)

e For example:

20975 ~ 1.96, Z0.025 ~ —1.96
e Symmetry around zero:

Zr = TR1_r

Choice of ¢

e Subtract 6 and divide by w:

|
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=
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P@eCIl,_,)=Pl—c<0<0+c)
—P(—c<f0—0<c)
:P(—cgé—ﬂgc)
=P|— SL_ SE)

w



Value of ¢

o Standard normal density, area 1 — a between —c/w and ¢/w:

1—
|
/2 | ! \ a2
| [ |
| | |
| | |
Zaj2 = —c/w 0 c/w=z1_a/
e Read c off the picture:
c
2
w a/2
= TR1—q/2
c
— =z
w 1—a/2
— C = Zlfa/Q w

Coverage check

* Substitute ¢ = z;_, jp w:

P(O€CL ) =P(—2 o2 <Z <2 op)

a o«

:1————
2 2

=1—«

where each of the two tails has probability «/2.

Interval for 60

e Symmetric interval with coverage 1 — o

Cl_,= [é — Rl—a/2 W 0+ Z1—a/2 w]

« Centre 0, half-length wz, .
e For a = 0.05:

Z1—a/2 = Z0.975 ~ 1.96
e Coverage, written with an absolute value:

P(0 € CI, )= P(‘e;e‘ <2iap)



Length of CI,_,

o CI,_, around 9:

CIl—a
N
o I
[ | il
L ! i
é—wzl,a/z é é"‘&)Zl,Q/Z
o Length:
2w217a/2
e Effect of a:
al = ziapt
Numerical example
e Given:
6 = 0.06
a=0.05= 2_,/,~2.0
w=0.01

¢ Substitute into the interval:

CIlfa = [é — Fl—a/2W, é+ Al—a/2 UJ]
Ol o5 = [0.06 — 2.0-0.01, 0.06+2.0-0.01]
— [0.04, 0.08]

* Question. What does CI; g5 = [0.04, 0.08] mean?
1. P(0.04 <6 <0.08) = 0.95
2. P(0.04 <9 <0.08) =0.95
3. P(0 €[0.04, 0.08] | data) = 0.95
4. None of the above
Random and computed interval
o Before CI,_, is computed:

PeCIl,_,)=1-«

random

e Once computed:

Cly s = [0.04, 0.08]

not random



Interval for 3,
e With 8 = 3, and w? = 02/(X] M, X, ):

o2

Cli_o =01+ 2 a2 XTALX.
1 Ma &y

Other intervals

Asymmetric interval
e Tails of Z = (§ — 6)/w: «/3 below, 2a/3 above.

o Interval:

CI = [0 —wzy_g4/3, 0+ w2;_o 3]

e Ordering of the quantiles:

21 2a/3 < F1oa/2 < F1-a/3

e For a =0.1:
a/2 =0.05
1—a/2=0.95

1—a/3~0.967
1—2a/3 ~0.933

Coverage of 1

o Coverage of CTis1—a:

0

6— W2 g3 SO < 0+ W21 _q3)
0 € [0 —wzy 943, 0+w2y_q3])
0

where Zoy3 <0 and —Za/3 = F1-a/3-



Length of C1

e Asymmetric and symmetric intervals:
length of CT = w(21_24/3 + 21-a/3)
length of CI,_, = w(z1_n/2 + 21_a/2)
= 2wz o0
e The symmetric interval is shorter:
2w21_g/2 < W(21_2a/3 + Z1-ay3)

Upper quantiles
o Right tail of N(0,1) at o = 0.1, with three quantiles and two bands:

2a/3
a/2
a/3

/6

Z1—2a/3 Zl—a/2 Z1—a/3

A > A

e Fach band has the same area:

2¢ a o«
3 2 6
o o _a
2 3 6

o Density of N(0,1):

1 .
pdi(OJ)(z):\/%e /2

o Gaps between the quantiles:
Rl-a/2 T *1-2a/3 = A
Z1_a/3— Fl_a/2 > A
One-sided interval
e Only the lower boundary matters:

[t, +00)



o Interval:

[0 — Rl—a W, +OO)

o Coverage:

P(Oe[)—2_,w +0)=PO>0—2_,w)

Summary

Estimator and standardization
« B] X~ N(8,02(XTX)™) under Assumptions 1 to 5.
. 51 | X ~ N(51702/(X1TM2X1>>a with 8 = 3, é: Bu w? = 02/<X1TM2X1)~

e 0~ N(,w?) with w? known, and P(6 = ) = 0.

« Z=0—0)Jw~N(0,1;P(Z<z)=7and z, = —2 ..

Interval and coverage
e P(OeCI,_,)=1—awith a € (0,1); CI,_, random, its computed value not random.
« CI,_, = [é — Z1_a/2 W, 0+ Z1_ay2 w], of length 2Wz1_q)a-

o a=0.05: zg975 196l = 24T

« Regression example: CI, , = 3, + 2102V 02/ (X] MyX,), with P(8; € CI,_, | X) =1 -«

Asymmetric and one-sided intervals
. C1= [0 — WZ1_90/35 6+ wzy_q 3]s coverage 1 —a.
« Length of CT against CI, W(21_20/3 T 21—a/3) > 2021 _q/2-

o [0 —2_,w, +00): coverage 1 — a.
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