Lecture 3: Geometry of OLS and partitioned regression

Economics 527: Econometric Methods

Vadim Marmer, UBC

Geometry of OLS

Least squares as a distance

e OLS, first lecture:
B =argmin (Y — Xb)T(Y — Xb)
beRF

=[[Y—Xb|?

e Norm of a € R™:

n
lal = /> _a?
i1

=Va'a

The column space S(X)

e Column space of X:
S(X)={veR":v= X b forsomebeRF}
nxkk;l

o Partition X column-wise:

X:[X Xk]’

X :1
nxk nx1 nx1

where Xj is the n x 1 vector of the observations on the j-th regressor.

e What the elements of S(X) look like, in terms of the columns of X:

by
X b =[X, X
nxkkxl Ty |b,

k
= ijij
7=1

e Each X € S(X), since we can take b; = 1, b; = 0 for i # j:
0

o S(X) C R™ k-dimensional subspace; rank (X) =k < n.



Y: closest to Y in S(X)
o We can re-state the OLS problem in terms of S(X):

B:argmin Y — Xb|?, ?:XB
beRK

<~
Y = argmin |Y — v]?
veS(X)

e When k = 1, n = 2, we can visualize the solution: You can find the closest element by dropping a perpendicular
from Y to S(X).

¢ Y =(Y,Yy), X = (X;,X,)", and S(X) = {(bX,bX,)" : b € R}
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o The coefficient 5 is determined by the angle 6 between X and Y:

0 X'y
cosl = ———
IXTIY]
- XY
b=
X1
1Yl
=cosf -
1X1

o Residuals, perpendicular to S(X):

U=Y-Y=Y-Xj3



Dropping the perpendicular

o Fitted values:

Y = X3
= X(XTX)'XTY
Py

I
<
~

¢ Residuals:
U=

v XB
—X(XTX)"1XxTYy

e Both n x n:

: the algebra

Py=X (X'X) x7
nxk kxk kxn

MX: ITL -

nxn

Py

nxn

Projection matrices
PyY and MY
e ForY e R™:

Py+My=1,
— PyY 4+ MyY =Y




MyY

=U

Y = PxY

Properties of Py
e Symmetric, by (AB)T = BTAT:

Pl = (X(XTx)'xT)"
— X(XTX)'XT

. PyX =X:
PyeX = X(XTX)1XT X

——————
Px

=X

e Column by column, PXK], = Xj forj=1,..k:

PyX =Py[X, ~ X, ]

nx1l nx1
= [lel PXK;C]

=X, X

L k]’

where the last equality holds because Py X = X.
e Idempotent:
P% = PxPx
=P X (X'TX)1XT



Py: p.s.d., trace k

e For a € R™:
aTPXa =a'X XTX)! XTa
va ~—————— ’IJJV
p.d.
>0

o We will use: tr(AB) = tr(BA).
tr(Py) = tr (X(XTX)1XT)
—tr (XTX) 1 XT X )

kxnnxk
NaAhgadaii
kxk
= tr(l)
=k

e Py: n X n, symmetric, p.s.d., idempotent, rank k.

« Py :R" — §(X).

Properties of M

e Symmetric:

ML =1 —P]
_'Lf_}&
_ZWX
[ MxX—O
MxX = (I, — Px)X
=1X—PyX
=X —-PyX
=X-X

e v=Xbe S(X), beRM
Myv = MyXb
=0
My Py =0 and idempotency
o MxPx =0and PyMyx =0:

=0

0
PxMy = (MXPX)T
0

e Idempotent:
MxMy = (I, — Px)Mx
=My — PxMy

= My



The orthogonal complement S*(X)
o Orthogonal complement of S(X):

SHX)={veR":v'X=0}

o Normal equations, first lecture:

XTU=X"(Y - Xp)
= XY -XTX B

= XY -XY
=0
— U'X=0
—  U=DMyY € §+(X)

o My :R" — SL(X).

M: rank n —k, p.s.d.
o Rank:
rank (My) = tr(My)

= tr(l,, — Py)

= tr(1,) — tr(Pyx)

=n—tr(Py)

=n—tr(X(XTX)1XT)

=n—tr((XTX)1XTX)
Ik,

=n—Fk

e My: n X n; no inverse.
e Claim. My: p.s.d. For a € R™ and w = M xa:

a'Mya=a"MyMya (idempotent)

=a"My, Mya (symmetric)
g G,

wT w
=w'lw
[lw]?
>0
Y=Y +U
e Decomposition:
Y =Y + U , SX)+5X)=R"
ER"  €85(X) eSL(X)

o Fitted values:

Y =X3
= PyY € S(X), dimension k



o Residuals:

U=Y-Y
= MyY € §4(X), dimension n—k

e Orthogonality:

YU =Y TPy MyY
=0

=0

Estimation of o2

Two estimators of o2
e Assumptions 2 and 3:

Var (U | X)=E[UU" | X]

— 52
=01,

e Unknown parameter:

o? =E[U? | X]
£

o Estimators:
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e Claim. Under Assumptions 1 to 4:

E[s?| X] = o2

Proof, step 1: residuals to errors
o Residuals:
U=MyY
=My(X8+U) (Assumption 1)

« Dimensions:

U =My U, rank (My) =n—k

nx1 nxn Nx1



e Sum of squared residuals:

ZU2 101

=U'U
— (MUY (M D)
=U"MyU (symmetric, idempotent)

Proof, step 2: a quadratic form

e To find:
1x1
~ ~ —
E[UTU|X]|=E|U My U |X
Ixn pyp nxl

¢ Does not factor:

E[UTMU|X] # E[UT | X] MyE[U | X]

e Quadratic form:

n n

Ul A U = A UU;
1xn nxn nx1 ; - g J
i=1 j=1

« E[U,U;] # E[U,]E [U;] unless uncorrelated; E [U?] # E[U,] E [U,].

Proof, step 3: the trace trick

e We will use:
— 1 x 1 matrix: its own trace;
— tr(AB) = tr(BA);

- ERSI=2E[]
— My known given X.
o We have:
E[UTU|X] =E[UTMyU | X]

E
E [tr (U MyU) | X]
E[tr (MxUU") | X]

=tr (E [Mx uut | X])
=tr (M UUuT | X] )
:0217l
=o%(n—k)
o2: biased
e Residuals:
E|) U2 X|=0*n—k)
i—1

i 1 2(n—k) (LIE)



e Errors:

E[UTU]=E

>-v?
i=1

:TLO'2

e Biased, by a known factor:

E[&Q\X]:%E[UT[}\X]
n—=k

=—0
n

+0?

2

s?: unbiased

« Correction:
n

n—k

E[6? | X] =02

§T = a

n—k
XL v
T on—k
(G- X[ 6P
n—=k
Y - XBP
n—=k

¢ Unbiased:

LIE

Standard errors

o Second lecture: Var (B | X) =0?(XTX)"1. Estimated:
Var(| X) = s2(X X)!
e Standard error against standard deviation:

std. err(8;) = /s2[(XTX)71]

=/ Var(5; | X)

std. dev(ﬁj) =4/ Var (Bj | X)

23

Partitioned regression

The partition

o Two blocks of regressors, k; + ky = k:

ﬁl} ky x 1
X =[x X,] -
nxk [nxlil nxlzz } 6 [ﬁQ k2 x1



e Model:

V=X, X,] {gj+U

= X0, + XpB, +U

o« OLS:
fl
a2 1 x1
kél N /BQ
kox1
= (XTX)1XTy

The Frisch-Waugh-Lovell theorem

e Claim.

51 = (X My X)) ' X MY, My=1I,—P,, P,=X,(X]X,)'X;

o M,: symmetric, idempotent, M, X, = 0.
o My :R" — SH(X,).
o My =1, - X (X] X;) "X}

32 = (X3 M, X,) ' Xy MY

Proof

o We will use:
U=Y—Xj
:Y_Xlél _X232
= Y=XB+TU
= X8+ Xof, + U

o We have:
(X] My X)X MyY
= (X1TM2X1>71XIM2(X151 + X6, + )
= (X] MuX,) 1 X[ My X, f
=1,
+ (XlTMzXl)ilXI]% By
=0
+ (X] My X, )7 X MU
=B, + (X] My X)X @
=0
=B, + <X1TM2X1>71)@
=0

251

10



MU =U
e Normal equations, block by block:

0=X"U
T~
= [X1 X } U
XIT} A
= U
X5
_[x]0
X, U
_fo
o 10
e Hence:
MU = (I, — P,)U
= ﬁ P,U
= Xy(Xy Xo) ! X;[j
=0
=U
e Hence:

XTM,U = XU
=0

Residuals on residuals

o We will use: My = M, and MyM, = M,.

o We have:
= (X{ M, X,) X] MY
= (X] M) M, X,) " X] M) M,Y

-1

( M2X1 M2X1)) (MQXl)T(MQY)
= (X]X)1X]Y

o X, =MX,, Y =MY,U=MU:

Y =X6+ X568, +U
MY = My X, By + My Xy By + MyU
-0
= MyX,5; + MU

F %5, 40



)~(1 and Y: OLS residuals

o Residuals from the regression of the columns of X; against X:

Xl = MyX,
= (I, — P)X;
=X, —-PBFX,
=X, — X, (XTXQ) 1X X,
¥
=X, —Xp¥

<~ X1:X2fy+)~(1

. XX, =0.
e Residuals from the regression of Y against X,:
YV = M,Y
=Y - X, (X5 X)) ' XJY
—
= Y =X,i+YV

o In general: 7 # 52, Y+ 0.

The regression in three steps

1. Remove from X, the part collinear with X,: X.
2. Remove from Y the part collinear with X,: Y.
3. (,: the OLS coeflicient from the regression of Y against X;.

. 51: the estimated effect of X; after controlling for X,.
e Step 2 optional:
= (X] M, X,) 1 X] M,Y
= (X{ M] M, X)) ' X MY
~1
= ((MyX1) " (MyXy))  (MpX))'Y
(XTXl) 1XTY

e Step 1 is not optional:

(X]X)X]Y # (X7 X)) X[V in general

Partitioned regression and the intercept

The intercept as a regressor

e One regressor and an intercept:

Yi=58 + 58 X, o +U;

1x1 I1x1 1x1

12



e Matrix form, with ¢ the n x 1 vector of ones:

I Xy,
X=1: :

I X,

=[l X,]

Y=8, € + By, X, +U

1x17mX1 1x1nx1

o Partitioned regression:

~ -1
By = <X2TM6X2) XQT MY

1x1 1x1 Ixn nx1
M,=1,— z(ﬁ)‘lﬂ
P, and M,
AN E
'
1 1
=Y"1-1
i1
=n
o Hence:
Py=0(eT0)~ 1"
o
on
-
gt
n
o Forv=(vy,...,v,)":
-
(€Ot = L0
n
Z?zl Ezvz
D
n
=0
P,: averaging
e For v e R™
Pw=0(LT0)"YT
7
=—0
n
—y Z:;l 1 Ui
n
=/{v

13



e Column space of £:

Sy ={weR":w=cl, ceR}

foome ()

M,: deviations from the mean

e ForveR™

Mo =v—Pp

=v—Afv

o Orthogonal complement of S(¢):

sty ={verr: vie -0}
Y

:{veﬂ?":;vi:()}

={veR":0=0}

X, =M, X,
e Mean of the regressor:

.
(€ToeT x, = L

=1
= X2
e The regressor:
Xz =M, X,
’X
n
=X, — X,/

X2 — X,
Xn,2 - X2

o The dependent variable: M,Y = (Y; —Y,...,Y, —Y)".

14



Slope: deviations from the mean
e We will use: MeT = M,, M;,M, = M,, and X, M,X,: 1x 1.
e We have:

By = (X3 M, Xp) "' X] MY
_ XJMY
XJ M, X,
(M, X,)'Y
(MX5) T (M X5)
XY
XJ X,
(X=X 0)7Y
(X, =X, 0T (X, = X5 0)
Z;L:l(Xm _X2) Y;
Y (Xp — X,)?
Y (X — Xp) (Y, —Y)

= ST (X X, (X3 MY = X; M/ M,Y)
i=1 7,2 2

Several regressors and an intercept

o Intercept 5, and slope coeflicients 3,:

Ba

X =[ ¢ X2)]7 5=<61>, Y =fil+ Xp6,+U

nxk nx1 nx(k—1

e Each regressor minus its mean:

Xz =M,X,
=M,[X, - X, ]
= [Meiz MZXk]
= [K2 Kk]

e Slope coefficients:

By = (X3 M, X,) ' X] MY
= (X7 X,)' XY

« Variation of X, in the sample, with X, , now (k—1) x 1 and X, = 2 3"

~

S ~ -
Xy Xy = XioX; o

1 10

~
Il
—

(X;2 — X)(X;

1,

2 —Xo)T

15
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Intercept, 1: deviations from means

e In the sample:

Y, =B+ X[,8, + U

Y =8 +X,8,+U
)/i_Y:(Xi,Q_XQ)T62+(Ui_U)
N —; _,.’_/

Y, X7, U,

T,

Y, = XZQﬁQ +U;

e In the population:
Y, =08, + X5252 +U;

ElY;] =5 +E [Xi,z]T B
Y, -E[Y]]=(X;, —E [Xi,2])T52 +U;

Intercept, 2: non-zero error mean
« E[U; [ X;]=p#0:

ElY;]=8,+E [Xi,Q]Tﬂz +p
(X;o—E [Xi,Q] ) By 4+ (U; — 1)

)-<
|
=
=
I

e Then:
Y, =B+ X008, + U
=p +X¢T,252+(Ui_ﬂ)+ﬂ
= (B + 1) +X58 + (U — 1)
=pB + X;,—252 +U;
. BU7 | X, =0.
o Estimable: 8, and 87 = 8, + p.

Summary

Projections
o Py=X(X"X)"'XT and My = I,, — Py: symmetric, idempotent, p.s.d.
« PyX =X, MyX =0, PyMy = 0.
o tr(Py) =k and rank (My) =tr(My) =n—k.
e Y=Y+ U withY =PyY € §(X), U =MyY € $5(X), YU =0.

s? and partitioned regression
« U=MU,UTU=U"MxU,E[UTU | X| =0 tx(My) = 0*(n— k).
e E[6?| X] =2k 6% 2 =UTU/(n— k) with E [s? | X] = 0% Var(8 | X) = s2(XTX)..
e Frisch-Waugh-Lovell: 3, = (X{ M, X,) X[ M,Y = (X] X,) X[V, with X, = M,X, and ¥ = M,Y.
« Intercept, one regressor: 3, = S (Xio— X))V, /3 (X, — Xp)2

16
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