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LECTURE 12

GMM II

Efficient GMM

The GMM estimator depends on the choice of the weight matrix A,. The efficient GMM estimator is the
estimator with the smallest asymptotic variance among all GMM estimators (defined by different choices of

A,). We show that the efficient GMM estimator corresponds to A,, such that

ArA, =, Q7L

Theorem 1. (a) A lower bound for the asymptotic variance of the class of GMM estimators indexed by A,

is (QT1Q) 1.
(b) The lower bound is achieved if A} A, —, QL.

Proof. To prove part (a), we show that
(QTO7Q) " —(QTATAQ)  QTATAQATAQ (QTATAQ)™
is negative semidefinite for any A that has rank [. Equivalently, we can show that
QT 'Q-QTATAQ (QMTAQAMQ)‘1 QTATAQ

is positive semidefinite.
Since € is positive definite, we can write

QO t=c'c,

where C' is invertible as well. Rewrite (1) as

QTCTCQ - QTATAQ (QTATAc—l N ATAQy1 QT AT AQ

—QTCT <1 —(€T) T ATaQ (@ ATac (€T) ATAQ)_1 QTATAc*l) Q.

Define )
H=(C")  ATAQ,

and note that, using this definition, (2) becomes
QTCT(1-m(H H) " HT)CQ.
The above matrix is positive semidefinite if I — H (H H ) THT s positive semidefinite. Next,
(r-m@E ) 1) (1-H@EH) )

—I-2H(H'H) 'H' +H(H'H) H'H(H'H)  H'
=I-H(H"H) 'H'.

Therefore, I — H (H TH )_1 HT is symmetric and idempotent, and consequently positive semidefinite. This

completes the proof of part (a).



For part (b), if A} A, —, ATA= Q7! then the asymptotic variance becomes

(QTQ—IQ)_l QTQ—lQQ—lQ (QTQ—IQ)_I
= QT 'Q) .

A natural choice for such A A,, is (AZ:L 1. This suggests the following two-step procedure:

1. Set A A,, = I;. Obtain the corresponding (inefficient) estimator of 3, denoted En Using the inefficient
but consistent estimator of 3, obtain €,,. For example, in the linear case,

n
Q,=n"" E U2Z;Z, where
i=1

ﬁl:}/l_Xq,TB'n7

and, in the general case,

8, =S g (WiB) o (W)
i=1

2. Obtain the efficient GMM estimates of § by minimizing

(n‘l Zg(Wi,b)> O <n—1 Zg(Wi,b)> ,

where ﬁn is from step 1.

An alternative to ﬁn in step 1 is

T
n

w3 (o (W) = S0 (W, 5) | (o (Wih) —n g (W35 |
i=1 j=1

j=1

the centered version of Q,,. The two versions are asymptotically equivalent because E[g(W;, 5)] = 0. However,
the centered version often performs better in finite samples.
In the linear case, a better choice for the first-stage weight matrix is

n —1
A A, = (Z zZz] ) (3)
=1
1

=(Z"z) .

The reason for this becomes clear in the next section.
The variance-covariance matrix of the efficient GMM estimator can be estimated consistently by

(@18.a.)

where @n was defined in Lecture 11. One can use ﬁn from the first stage or recompute it using the efficient
GMM estimator to construct U; in the linear case or g(W;, BSMM) in the general case.



Two-stage Least Squares (2SLS)
Consider the linear IV regression model, and assume that

E[U?|Z] = 0% (4)
In this case,

Q=E[U?Z:Z]]
=E[E[U}| Z] Z:Z]]
=d’E[z:Z]].

A natural estimator of E [Z;Z, | is

7122 ]

which gives the optimal weight matrix as in (3). Note that, in this case, the efficient GMM estimator can be
obtained without the first step, since the weight matrix in (3) does not depend on U;. The efficient GMM
estimator is given by

-1 n -1 n n -1 n
B28LS — ZX z7 (ZZ ZT> SzxT| Y xiz! <Z Z@T) >z,
=1 =1 =1 =1
=(x"z(z72)" ZTX)il S PAVANA NS

Its asymptotic distribution is
nl/2 (672LSLS _ 5) —a N (0,02 (E[XiZZT] (E[ZiZiT]) E[ZZ—XZ-T]> ) .

This estimator is also called the two-stage least-squares estimator for the following reason. Define

X=27(2"2)"72"x
= P,X,

the orthogonal projection of X onto the column space of Z. Since Py is idempotent, we can write
BQSLS (XTX) XTY

The estimator B?LSLS can be obtained via the following two-step procedure. In the first step, regress X on
the instruments to obtain fitted values X. This replaces the endogenous regressors with fitted values that
lie in the column space of Z and are uncorrelated with U;. In the second step, regress Y on X.

The 2SLS estimator is not efficient when the conditional homoskedasticity assumption (4) fails. In this
case, the efficient GMM estimator is

n n -1 5 -1 n n -1 5
s (S (Yozar) Yoaxr) Sz (Yomar) Yo
i=1 i=1 i=1 i=1 i=1 i=1



Exactly identified case

When the number of instruments is equal to the number of regressors (I = k), and the k x k matrix Z' X is
of full rank, the 2SLS estimator reduces to the IV estimator discussed in Lecture 10:

Bsts — (X772 (272)" ZTX)_l XTz(z72) ' ZTy
—(ZTX) " (272)(XT2) X 2(272) " 2Ty
=(Z"X)" 2Ty
-

The IV estimator is a linear example of the exactly identified case. In this case, the weight matrix A,

plays no role. If the model is exactly identified, then we have k equations in k unknowns. Therefore, it is
possible to solve n=t Y7 | g(W;,b) = 0 exactly. As a result, the solution to the GMM minimization problem

n 2

A,nt Z g(W;,b)

i=1

min
beB

does not depend on A,,.
Since, in the exactly identified case, @ is k x k and invertible, the asymptotic variance-covariance matrix
takes the following form:

(QTATAQ)’1 QTATAQATAQ (QTATAQ) -

—Q 7 (ATA) T (QT)TQTATANATAQQ (ATA) T ()
—oe@)

= (Q"07'Q) ",

independent of A and therefore efficient.

Confidence intervals and hypothesis testing in the GMM framework

In this section, we discuss the construction of confidence intervals and hypothesis testing. Let Bf MM e the

efficient GMM estimator with the asymptotic variance-covariance matrix V' = (QTQ*Q) ' Let IA/” denote
a consistent estimator of V.

Since BSMM is approximately normal in large samples, a confidence interval with the nominal coverage
probability 1 — « for element j of 3 is given by

[Ag,éuM — Z1_a/21/ [‘A/nL] /n,@fg‘/fM + zla/z\/m ;
forj=1,...,k.

For example, in the linear and homoskedastic case, the asymptotic variance of B\%SLS is
1 -1
V=0 (E[XizzT (Blz:iz]])  ElZix] ]) ,
and its consistent estimator is
N n n -1 n
V=02 [n') XizZ] (n_lzZiZiT> n 'y ZiX)
i=1 i=1 i=1

—no2 (X772 (272) 27 X) -

-1



. 2
where 52 = n~! S (Yi — X, g25ES ) . Therefore, the asymptotic 1 — « confidence interval for j5; is given
by

~ —1
T2L:S;LS izla/g\/&% [(XTz(ZTZ)—l ZTX) ]

One can construct a test of the null hypothesis Hy : 8; = fo,; against Hy : 3; # Bo,; by using the
following test statistic:

Jj

3GMM .
Ty = T
1] m
3J
Since, under the null hypothesis, T}, ; —q4 N (0,1), the asymptotic a-size test is given by
Reject Ho if [T}, ;| > z1_q/2-

A Wald statistic can be used to test Hy : 5 = Sy against H; : 5 # So:

T o

W =n (BEMM = go) Ut (B9 = 6y)

More generally, suppose that the null and alternative are given by Hy : h(8) = 0 and H;y : h(8) # 0, where
h: R* — R?. By the delta method, under the null hypothesis,

' PRI = N <0, OrB)y, <ah(ﬂ)>T> .

oBT oBT

Therefore, the Wald statistic is given by

~ ~ T\ !
W, = na(germyT [ ORBE) o (ah(@?M”f)) BN,

opT opT
The asymptotic a-size test is given by

Reject Hy if W, > nglfa.

Testing overidentified restrictions

In this section, we discuss a specification test for whether the moment condition E[g(W;, )] = 0 holds.
Unlike the tests discussed before, this is not a test of whether 3 takes a specific value but rather whether the
model, as defined by the moment conditions, is correctly specified. The null hypothesis is that there exists
some 3 such that E[g(W;, 3)] = 0. The alternative hypothesis is that E[g(W;, 8)] # 0 for all 3 € R¥. Note
that, when the model is exactly identified, the system of k equations in & unknowns E[g(W;,b)] = 0 can be
solved exactly. Thus, we can test the validity of the moment restrictions only if the model is overidentified.

When the model is overidentified, in general, it is impossible to choose b such that n~! Z?:l g(W;, b) is ex-
actly zero. However, if the moment condition E[g(W;, )] = 0 holds, we should expect that n=! >""" | g(W;, 8)
is close to zero, and further,

o172 Zg(Wi’ B) —a N (0,E[g(Wi, B)g(W;,5) 7))
B — N(0,9).

If we use the efficient matrix A,,, then
ArA, =, Q7L (5)



In this case, the weighted distance

n T n
(n—1/2 Zg(%ﬁ)) A) A, (n—W Zg(%ﬁ))
i=1 i=1

asymptotically has the x7 distribution (the degrees of freedom are determined by the I moment restrictions).
When f is replaced by its efficient GMM estimator EE MM the degrees of freedom change from [ to | — k.
We have the following result. Under the null hypothesis Hy : E[g(W;, 3)] = 0 for some 8 € R*, and provided
that A, satisfies (5) and BGMM is efficient,

<n1/2 En:g (Wi, BSMM)> ' AlA, <n1/2 En:g (Wia ESMM)> —d Xi—k-
i=1 i=1

The reason for the change in degrees of freedom is that we have to estimate k parameters 8 before constructing
the test statistic. Another explanation is that we need k restrictions to estimate 8. Thus, we can test only
the additional (overidentified) { — k restrictions.

Consider the linear and homoskedastic case. The efficient GMM estimator is the 2SLS estimator, and
the efficient weight matrix is given by (Z?:l ZZ' )71. One should reject the null of a correctly specified
model if

n n -1 n
77/_1/22(71’Z'L‘T (’I’L_lzZiZiT> n_l/QZZiﬁi//O'\i
=1 =1 =1
n T n -1 n
_ (z (i - X7 55) zi> (z z—z;) (z (i - X7 55) zz-) /32
=1

im1 i=1
2
> Xi—k1—a>

~ 2
where 02 is any consistent estimator of o2 = E[U?], such as n™' Y"1 | (Yi — X" BEMM ) Here, we test

jointly the exogeneity of the instruments and other assumptions, such as linearity of the model.



