APRIL 5, 2026

LECTURE 8

LARGE SAMPLE PROPERTIES OF OLS, ASYMPTOTIC CONFIDENCE INTERVALS
AND HYPOTHESIS TESTING

This lecture discusses the large sample properties of the OLS estimator for the linear regression model
defined by the following assumptions:

(A1) YV, = X, B+ U..

(A2*%) E[U;X;] = 0.

(A6) {(V;,X;):i=1,...,n} are iid.

The large sample properties will be derived under one or more of the following additional assumptions:
(A7) E[X;X,'] is a finite positive definite matrix.

(A8) E[X};] <ooforall j=1,...,k

(A9) E[U}] < .

(A10) E[U2X;X,'] is positive definite.

Consistency

The estimator Bn is consistent for 3 if Bn —p B as n — oo. Write the OLS estimator of 3 as

n -1 n
= (Sar) S
=1 =1

The following theorem establishes consistency of the OLS estimator.
Theorem 1. Under Assumptions (A1), (A2%), (A6), and (A7), B\n —p B asn — oo.
Proof. The U;’s and X;U,;’s are iid by Assumption (A6). Write

n -1 n
=1 =1



By the WLLN,!
Tlil ZXlU’L —>p E [XlUl]
=1
=0.

Since E [XleT} is finite, the WLLN implies that

nY XX o, B[X X[
i=1

Since E [Xle—r } is positive definite, it follows from Slutsky’s Theorem that

—1
n
<n—1 ZXJ(I) —, (B[X:X7]) 7. (2)
=1
Hence,
n -1 n
<n—1 ZXZ-XZ-T> n' > XU =, 0,
i=1 i=1

and, therefore, B\n —p 8.0

Asymptotic normality
In this section, we describe the asymptotic distribution of Bn

Theorem 2. Under Assumptions (A1), (A2*), (A6)-(A10), n'/? (B\n - ﬁ) —a N (0,V), where

V=07'0Q™,
Q=E[X;X/],
Q=E[UfX,X]].

Proof. Rewrite (1) as

n -1 n
nl/? (Bn - 5) - <n1 ZXQ(J) n 23" XU
i=1 i=1

1Let X be a random variable and define

Xt = max(0, X),
X7 = max(0,—X),

so that
X=Xxt-Xx".

Both Xt and X~ are nonnegative random variables. When at least one of the following conditions holds: E[XT] < oo or
E[X 7] < oo, the expected value of X is given by

E[X]=E[XT]-E[X™].
The expectation E[X] is not defined when E[XT] = 0o and E[X ] = oo (thus, we prohibit co — 00). Since
|X| =Xt + X7,

E[|X|] < oo if and only if E[XT] < co and E[X~] < co. When we say that E[X] = u for some p, we therefore assume that
either E[XT] < co or E[X~] < oo in order for E[X] to be defined. If p is finite, it has to be the case that E[X '] < co and
E[X ] < o0 and, consequently, E [| X|] < co.



Consider n=1/23"" | X;U;. By Assumption (A2*), E[X;U;] = 0. Next, consider Var(X;U;) = E [UEX1 X[ ].
The (r,s)-th element of Var(X1Uh) is E [UfX1,X1,]. By the Cauchy-Schwarz inequality, and due to
Assumptions (A8) and (A9),

B[|U2X:,X1,|) < (EWUHTE [XE,TX%,S])I/Q

1/2 1/4
< (rd) (B, B
< 0.
By the CLT;
n-1/2 ZXiUi —4 N (0,E [U7X:1X]])
=1
=N (0,Q). ¥

Finally, it follows from (2), (3) and the Cramér Convergence Theorem (multivariate version), that

n -1 n
<n_1 Yoxix[ ) n 2N XU —a QTN (0,9)
i=1

=1
=N (0,Q7'Q 7).

O
Remarks:

1. The assumptions of the theorem allow for the conditional variance of U;’s to depend on X, that is, it is
possible that the errors U; are heteroskedastic: E [U? | X;] = 0* (X;) for some function o2 : R* — R.

2. The asymptotic variance-covariance matrix of En is given by the “sandwich” formula
—1 -1
V=(E[XX]) E[UIXX]](E[XX/]) .

If Assumption (A3) holds, so that E [Uf | X1] = ¢?, then V simplifies to o2 (E [XleT])fl. By the
LIE,

E[U2X:X]] =E[E [UEX:1X] | X1]]
=E[X1X] E[U} | X41]]
=o’E[X1X]].

Therefore, in this case,

and



Variance-covariance matrix estimation

Given the estimator of 3, construct the fitted residuals as (71 =Y, - X, Bn Consider the following estimator
of V implied by the MM principle:

-~

PP
Vo=@, 2,Q,, ", where
n
A -1 T
Qn=mn E XX, ,

i=1

Qn=n"1Y UX;X].
i=1
As shown above, Q —p Q1. Next, consider Q and note that U depends onallU;’s,i=1,...,n, through

,Bn, so the WLLN cannot be applied directly to averages involving U For Qn, one cannot dlrectly apply
properties (ii) and (iii) of probability limits from Lecture 7, because the number of summands grows with
n. Write

ﬁi:Yi*XiTBn
=U; - X (Bn—ﬁ)-

Therefore,

n n
n Y UPX X =) URX X, — 2Ry, + Ran, where (4)
i=1 i=1

=n"t Z ((B\n - B)T XiUi) XX,
i=1

n

T 2
Ryp=n""Y" ((gﬂ - 5) Xl-) XX/
i=1

Under the assumptions of Theorem 2, E [UinXiT ] is finite, as was shown in its proof. Consequently, by
the WLLN,

'Y UPX X 5, E[UP XX
i=1

Both R, and R, , converge in probability to zero (see the Appendix), and consequently
I7n —p V.

The variance-covariance matrix estimator ‘A/n = @; 1?%@; I relies on the sandwich formula, and, therefore,
gives consistent estimates of the asymptotic variance of the OLS estimator in the cases of homoskedastic
or heteroskedastic errors. It is often called the robust, heteroskedasticity-consistent, or White estimator
(White, 1980, Econometrica). Many statistical software packages can compute standard errors using the
White estimator; by default, however, they report standard errors based on the homoskedastic estimator

s(n7tyl, XiXi—'—)_1 (here s? is a sequence indexed by n, and one can show that s> —, o2 = E[UZ]).

Asymptotic confidence intervals

In this section, we discuss asymptotic confidence intervals for the elements of 5. Consider the following
confidence interval for the j-th element of 3:

Clyji—a = {an — Z1—a/24/ [XA/HLJ_ /n,gmj + 21—a/24/ [‘A/n} i /n|,



where z1_q /7 is the (1 — /2) quantile of the standard normal distribution, and {‘7”} ~ denotes the (j,7)
73
element of the matrix V,,. We will show that Pr (Bj € ClL,j1-o) = 1—aasn — oo. Since n'/? (,/B\n — 5) —4

N(0,V) and vV, —, V, it follows from Slutsky’s Theorem and the Cramér Convergence Theorem that

V12,172 (Bn . 5) S VTU2N(0,V)

=N (07 Ik) )
and, consequently,
Vit (Bus - 8))
—————" 2 N(0,1),
"1,
3j

which can also be written as

Vn (an - 53‘)

Pr <z| 2Pr(Z<z) foralzeR,

where Z is an N(0,1) random variable. Now,

Pr (ﬂj S CIn)]"lfa) =Pr

Nap

— Pr (|Z‘ < Zl—a/2)

=1-oa.

Consider, for example, the case of homoskedastic errors. We saw that in this case, v/n (Bn — B) —4

N (O7 o2 (E [XleT])_l>. Since s> —,, 02, we can estimate the asymptotic variance by s* (n™! 37" | X; X,") -

Then, the confidence interval for 3; is given by

n -1 T
B\n,j + 21 02 52 (n—l ZXJ(J) /n| = {B\HJ + zla/Q\/[SQ (XTX)leJ ,
i=1 g :

27

which is the same as the finite sample confidence interval, except for the fact that we are using the standard
normal quantiles instead of the quantiles of the ¢-distribution.

Hypothesis testing

In this section, we discuss asymptotic tests of the null hypothesis Hy : h(8) = 0 against the alternative
Hy : h(B) # 0, where h : R¥ — R? is continuously differentiable in a neighborhood of 3. The restriction
under Hy includes the linear restrictions discussed in Lecture 5 as a special case (set h(8) = RS —r). We
consider a Wald test statistic:

W, = nh (Bn)
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where AsyVar denotes the asymptotic variance. The asymptotic a-size test of Hy : h(8) = 0 is given by
Reject Hy if W,, > ngl,a,

where x2, , is the (1 — a) quantile of the x2 distribution. A test based on W, is called consistent if
Pr(W, >x2, | Hi) = 1.

Theorem 3. Under Assumptions (A1), (A2%), (A6)-(A10),

(a) Pr (Wn > XZ,HX | Ho) — .

(b) Pr (Wn > X(21,1—o¢ | Hl) — 1.

Proof. (a) Under Hy, since n'/? (Bn - 6) —4 N (0,V) and h is continuously differentiable at 3, the delta

method gives
2 On (8) ,0n(8)"
/
. 2h(/3n) ﬂN<0, 5 95 )

Furthermore,

oh(B)  onp)

8T P BpT
V, —p V.
By the Cramér Convergence Theorem, under Hy,
TN\ —1/2
2 2 ~1/2
on (Bn) . o (5n) W2 (B) o [ 21Dy 00 B\ "y (o 2B 0B
T " 0B " opT 0B T opT op
=N(0,1,).
Then, by the CMT, under Hy,
Wn —d X37

which completes the proof of part (a).
(b) Under the alternative, h(8) # 0. Hence, by Slutsky’s Theorem,

h (En) —p h(B)
#0.

Therefore,

T\ -1
W/ =y h(5)T <a§ﬁ(f)v8h§§) ) (o).

and, therefore, under Hy,
W,, — oo.

. In the case of a linear restriction h (8) = RS —r,
W =n (RB. - r)T (RKA/nRT)_l (BB —1).

Further, in the homoskedastic case, one can replace ‘7n with s? (X TX /n)_l. Then, the Wald statistic
becomes

W, = (RB, - r)T (2R(XTx)" RT)_l (RB. 7).

which resembles the F-statistic from Lecture 5 but without the division by ¢ (the number of restrictions).



Appendix

In this section, we show that R, , and Rs, in equation (4) converge in probability to zero. The proof uses
Hoélder’s inequality.

Holder’s Inequality. Let X and Y be two random variables. If p > 1, ¢ > 1, and 1/p + 1/q = 1, then
E[XY] < (E[X[?)"" (E[Y])"" For p=q = 2, one obtains the Cauchy-Schwarz inequality.

Element-by-element convergence in probability to zero is equivalent to convergence of norms to zero in
probability. The norm of a matrix A is given by

1A = (tr (AT 4))"?
1/2

_ 2
= ZZ%‘ )
i

where a;; is the (4, ) element of A. For R ,,

nl zn: ((gﬂ - 5)T XZ-UZ-> XX
i=1

((Bn - 5)T XiUZ-) XX,

<n! En:
i=1
n N T 2 1/2
n Y b (UE (5~ 8) x) xxTxxs )
i=1

. —~ T 1/2
=0 3| (B - B) X 1G] (X.XTT)
i=1
—1 - > T 2
=n"' Y (U (Bn—ﬁ) X 11"
i=1
By the Cauchy-Schwarz inequality,
~ T ~
(Bu—8) x| < || -8 1x:0-

Therefore,

|Ruall < |

Bu = B 2 Ul X
i=1
By Holder’s inequality with p =4 and ¢ = 4/3,
/ /4
B [lon1x0] < (Bflwn]) " (2 [1x])”
< 00,
since E [|U1|4} < oo by Assumption (A9), and
A 2
BlIx)'] =© <Z Xfm) (5)
r=1

k
E[X7,X7.],

Il
™=

1s=1

1
I



where E [X7 X7 ] < oo due to Assumption (A8), as was shown in the proof of Theorem 2. Hence, by the
WLLN,

RSO X = B 0] 1]
i=1

and since Hfj\n — BH —p 0, Rin —p 0.
Next, consider R5 ,. By a similar argument to the one before, we can bound R, ,, by

-t i ((B\n - B)TXi>2XiX¢T <nl i ((En ~ ﬁ)T XZ-)Q X (XiXiT)l/2
=l i=1
|G-
=1

From (5) and by the WLLN,
_ 4
RS B 1X
=1

and, therefore, Ry, —, 0.



