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What we have so far

e Simple linear regression model:

Y, =a+pX; + U,

E[U; [ X] =0,

Var (U; | X) = o2,

Cov (U;,U; | X) =0 for all i # j.

e OLS estimator:

B _ Z?:l(Xi - 5{)}/1
Zzll(Xz - X)2 '

o Unbiasedness: E [3 | X] =p.
e Variance:

0.2

Var(é\X) = m

e Question: Is OLS the best we can do?

There are many alternative estimators

e The OLS estimator is not the only estimator we can construct.
e There are alternative estimators with some desirable properties.

Example of an alternative estimator
o Using only the first two observations, suppose that X, # Xj.

G- =%
X2_X1

. 5 is linear:
B = Y] + Yy,
where

Y _ v and Cy = ﬁ



 Signal/noise decomposition of 5:

5_ YoV
6_X2_X1
(a+BX, +U,y) — (a+ X, +Uy)

X2 - Xl
B(X27X1) U27U1
X2_X1 X2_X1
U~ Uy

R

e Unbiasedness of 5:
A _ U,-U,
E 3| X] —ﬂ+E[X2_X1 X}

E[U, [ X]-E[U, [ X]
X2_X1

:5+
= 0.

Optimality of an estimator: BLUE

e Among all linear and unbiased estimators, an estimator with the smallest variance is called the Best
Linear Unbiased Estimator (BLUE).

Gauss-Markov Theorem

Suppose that
e YV, =a+B8X,+U,.
« E[U; | X]=0.
e E[U?|X]=0?forall i =1,...,n (homoskedasticity).
o Foralli+j, E[U,U; | X] =0.
o Then the OLS estimator is BLUE.
Gauss-Markov Theorem (setup)
e We already know that the OLS estimator B is linear and unbiased.
o Let 5 be any other estimator of 8 such that

— 5 is linear:

5 = ici)/;a
i=1

where ¢’s depend only on X.
— 5 is unbiased: E [5 | X] = 4.
o We need to show that for any such ﬁ + B,

Var (6] X) > Var (8| X).

An outline of the proof

1. Show that the ¢’s in 3 = 3" ¢,Y; satisfy 27:1 ¢; =0 and Z?Zl X, =1

i=1 "1

2. Using the results of Step 1, show that Cov (5, B | X) = Var (B | X).



3. Using the results of Step 2, show that Var (5’ | X) > Var (B | X).

4. Show that Var (f | X) = Var (8 | X) if and only if 3 = 3.

Proof: Step 1

« Since f = Zl 1 &Y, (linearity),

n

Zci(a + BX; +U;)

i=1

3 ¢ +5zn:ciXi + Zn:CiUz
= =1 =1

~

B

e Therefore,
E [B\ X] =E aZci—FﬂZciXi—&—ZciUl | X
i=1 i=1 i=1
:azci +BZQ‘X¢+ZC¢E[Ui | X]
i=1 i=1 i=1
= aZci +ﬂZciXi.
i=1 i=1
e From the linearity we have that
E [5 \ X] = OzZCi —|—ﬂZciXi.
i=1 i=1
e From the unbiasedness we have that

B=E[3|X] = aici +3§n:cixi.
=1 i=1

e Since this has to be true for any «, 8, and the X'’s, it follows now that

n

Zci =0, iciXi =1.

i=1 =1

Proof: Step 2
e We have

B = ﬁJrzn:ciUi, with ici = O,Xn:ciXi =1
i=1 i=1 i=1

X, — X

6 ﬁ—i-szUl, with w, = ——F——==.
ijl(Xj - X)2

B)(B—B)|X]

o) (B 1

l
E[U? | X] +ZchE X].

i=1 i=1 j#i

H
A Ql



Since E [U? | X] = o for all i’s:
n
chE U X] =0 chi.
i=1
e Since E [Uin | X] =0 for all i # j,

ZchE [U,U; | X] =o0.

i=1 j#i
U Thus,
Cov (5, B X) =o0? chwz
=1
and
X, — X
w, =
bOXL X - X)?
o We have:

Cov (B,01X) =03 cremii X

Proof: Step 3

e We know now that for any linear and unbiased 5,
Cov (8,8 |X) = Var (8] X).
e Let’s consider Var (6 B | X)

Var (3— 8| X) = Var (5

o But since Var (5— B | X) >0,

Var (8] X) — Var (3] X) >0
or

Var(ﬁ\X)2Var(B|X).



Proof: Step 4 (Uniqueness)

Suppose that Var (5 | X) = Var (B | X).

Then,

Var(é—[ﬂX):Var(5|X)—Var<B|X>:0.

Thus, 5 — B is not random or

5 — 3 = constant.

This constant also has to be zero because

E [5 \ X] =E [B | X] + constant
= [ + constant,

and in order for 5 to be unbiased

constant = 0 or ,é = 0.

Why does unbiasedness matter?

The Gauss-Markov Theorem says that OLS is the best among linear unbiased estimators. Can we do better
if we drop unbiasedness?

~

Consider 8 = 0 (always “estimate” the slope as zero, regardless of the data).
3 =0 is linear: B:Z?:lo.yl.:o,

5 =0 is biased: E [5 | X] =0+ 3 (unless g =0).

Var<5|X) :0<Var(B\X).

~

So 8 = 0 has a smaller variance than OLS, but it is useless as an estimator because it ignores the data
entirely.

This illustrates why the unbiasedness requirement in the Gauss-Markov Theorem is essential: without it, one
can trivially achieve zero variance by using a constant.

What if homoskedasticity fails?

Suppose that

E[U? | X] =0*(X;) = 07,
where o7 may differ across observations (heteroskedasticity).
Unbiasedness of the OLS estimator B still holds. The proof of unbiasedness only uses:
1.Y,=a+8X,+U,.
2. E[U; | X]=0.
— It does not require homoskedasticity.
However, the OLS estimator is no longer BLUE.
The Gauss-Markov proof relied on E [U? | X] = 02 being the same for all i’s.

There exists another linear unbiased estimator with a smaller variance than OLS.



Transforming the model

« Suppose we know o7 = Var (U, | X) for each i. Divide both sides of

by o;:

o We have:
Y, 1 X U
7:a.i+ﬁ.7+7'

¢ Define the transformed variables:

Y. 1 X, U,
* ? X'* _ X* _ 1 *x 1
)/i - ) 0 — ) 1e — ’ Uz - .

0; 0; 0; 7;

e The transformed model is:

Vi =aXy +8X5;+ U

o The transformed errors U; satisfy:

- E[U7 | X] = ZE[U; | X] =0.

~ Var (Up | X) = LVar(U; | X)= % = 1.
o The transformed errors are homoskedastic: Var (U} | X) =1 for all i’s.

e The Gauss-Markov assumptions hold for the transformed model, so OLS applied to the transformed data is
BLUE.

Weighted Least Squares (WLS)
o OLS applied to the transformed model minimizes (w.r.t. a and b):
ST A
where w; = 1/0?.
o This is called Weighted Least Squares (WLS).

o Interpretation: WLS gives more weight to observations with smaller variance (more precise observations)
and less weight to observations with larger variance (noisier observations).

e The WLS estimator is BLUE for /3 in the original model.
e The WLS estimator of f3 is:

5 _ Lei=1 i
Pwrs = m X )2
2o wi( Xy — X))
e £y - St gy S
where w; = 1/07, X,, = S w0 and Y, = S ws

 Practical limitation: WLS requires knowledge of o, which is typically unknown.
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